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ARAKELOV MOTIVIC COHOMOLOGY 1I

JAKOB SCHOLBACH

Abstract

We show that the constructions done in part I generalize their classi-
cal counterparts: firstly, the classical Beilinson regulator is induced by
the abstract Chern class map from BGL to the Deligne cohomology
spectrum. Secondly, Arakelov motivic cohomology is a generalization
of arithmetic K-theory and arithmetic Chow groups. For example, this
implies a decomposition of higher arithmetic K-groups in its Adams
eigenspaces. Finally, we give a conceptual explanation of the height
pairing: it is the natural pairing of motivic homology and Arakelov
motivic cohomology.

The purpose of this work is to compare the abstract constructions of the
regulator map and the newly minted Arakelov motivic cohomology groups
done in part I (in this issue) with their classical, more concrete counterparts.
In a nutshell, Arakelov motivic generalizes and simplifies a number of classical
constructions pertaining to arithmetic K- and Chow groups.

We show that the Chern class chp : BGL — €D, Hp{p} between the spectra
representing K-theory and Deligne cohomology constructed in Definition 3. 7.
induces the Beilinson regulator

K, (X) - GHT (X, p)
P
for any smooth scheme X over an arithmetic field (Theorem [5.7)).

Next, we turn to the relation of Arakelov motivic cohomology and arith-
metic K- and Chow groups. Arithmetic K-groups were defined by Gillet-Soulé
and generalized to higher K-theory by Takeda [GS90bL[GS90cTak05]. We de-
note these groups by IA(:,C(X ). They fit into an exact sequence

Kns1(X) = Dpy1(X)/imdp — KE(X) = K, (X) = 0,
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where D, (X) is a certain complex of differential forms. The presence of
the group D, 11(X)/imdp, as opposed to the Deligne cohomology group
kerdp/imdp = €, H?~""'(X,p) implies that the groups K7 (X) are not
homotopy invariant. Therefore they cannot be addressed using A'-homotopy
theory. Instead, we focus on the subgroup (see Section 6)

Kn(X) = ker (ch RT(X) = Dn(X)) .
and show a canonical isomorphism
(*) H™(X) = K, (X)

for smooth schemes X and n > 0. All our comparison results concern the
groups K, (X) and, in a similar vein, the subgroup CH*(X ) of Gillet-Soulé’s
group [GS90a] consisting of arithmetic cycles (Z, g) satisfying 6, = ddg/(27i);
cf. ([GI6). The homotopy-theoretic approach taken in this paper conceptu-
ally explains, improves, and generalizes classical constructions such as the
arithmetic Riemann-Roch theorem, as far as these smaller groups are con-
cerned. The simplification stems from the fact that it is no longer necessary
to construct explicit homotopies between the complexes representing arith-
metic K-groups, say. For example, the Adams operations on IA{,L(X ) defined
by Feliu [Fell(] were not known to induce a decomposition

K.(X)o = PK.(X)P.
p

Using that the isomorphism () is compatible with Adams operations, this
statement follows from the entirely formal analogue for ﬁ*, namely the
Arakelov-Chern class isomorphism (4.7). We conclude a canonical isomor-
phism

H*? (X, p) = CH (X)q.

Moreover, the pushforward on Arakelov motivic cohomology established in
Definition and Lemma 4.10 is shown to agree with the one on arithmetic
Chow groups in two cases, namely for the map SpecF, — SpecZ and for
a smooth proper map X — S, S C SpecOp for a number ring Op. The
non-formal input in the second statement is the finiteness of the Chow group
CHY™ X (X) proven by Kato and Saito [KS86]. In a similar vein, we identify
the pushforward on K, with the one on H° (Theorem [6.4). In Section [T it is
shown that the height pairing

CH™(X)xCHI™ X=m(x) - CH'(S)

coincides, after tensoring with Q, with the Arakelov intersection pairing of
the motive M := M(X)(m — dim X + 1)[2(m — dim X + 1)] of any smooth
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ARAKELOV MOTIVIC COHOMOLOGY II 757

proper scheme X/S:

Homggy(s) (%, M)xHom(M, A5 5(1)[2])) — H2(S,1),
(a,8) = poa.

Conjecturally, the L-values of schemes (or motives) over Z are given by the
determinant of this pairing [Sch13].

In the light of these results, stable homotopy theory offers a conceptual
clarification of hitherto difficult or cumbersome explicit constructions of chain
maps and homotopies representing the expected maps on arithmetic K-theory,
such as the Adams operations. The bridge between these concrete construc-
tions and the abstract path taken here is provided by a strong unicity theorem.
Recall that there is a distinguished triangle

P Hp{p}-1] — BGL — BGL 3 (P Hp {p}

PEZL pEZ

in the stable homotopy category. Among other things we prove that BGL
is unique, up to unique isomorphism fitting into the obvious map of distin-
guished triangles (see Theorem [61] for the precise statement). The proof of
this theorem takes advantage of the motivic machinery, especially the com-
putations of Riou pertaining to endomorphisms of BGL. Its only non-formal
input is a mild condition involving the K-theory and Deligne cohomology of
the base scheme. The unicity trickles down to the unstable homotopy cate-
gory. It can therefore be paraphrased as: any construction for the groups K.
that is functorially representable by zig-zags of chain maps and compatible
with its non-Arakelov counterpart is necessarily unique. The above-mentioned
identification of the Adams operations and the K-theory module structure
on K are consequences of this principle. In order to show that the arith-
metic Riemann-Roch theorem by Gillet, Roessler and Soulé [GRS0§], when
restricted to KO(X) C KOT(X) (1), is a formal consequence of the motivic
framework it remains to show that their arithmetic Chern class [GS90d, cf.
Thm. 7.2.1],

Ko(¥)o = (D KRo(X)g.
P
agrees with the Arakelov Chern class established in (4.7). This will be a
consequence of the above unicity result, once the arithmetic Chern class has

been extended to higher arithmetic K-theory by means of a canonical (i.e.,
functorial) zig-zag of appropriate chain complexes.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



758 JAKOB SCHOLBACH

5. Comparison of the regulator

After recalling some details of the construction of BGL in Section B
we construct a Chern class map ch : BGL — P, Hp{p} that induces the
Beilinson regulator. This is done in Section The strategy is to take
Burgos’ and Wang’s representation of the Beilinson regulator as a map of
simplicial presheaves and lift it to a map in SH(S). We finish this section by
proving that this Chern class ch and the one obtained in Definition 3.7,

chp : BGL % BGLg A Hp M @D Hi{p} A Hp "4 (D Hp{p},
PEZ 2
agree. In particular, chp also induces the Beilinson regulator. This result is
certainly not surprising—after all, Beilinson’s regulator is the Chern character
map for Deligne cohomology.

Throughout, we will use the notation of part I. In particular, Hoe(S) and
SH(S) are the unstable and the stable homotopy category of smooth schemes
over some Noetherian base scheme S (Sections 2.1, 2.2).

5.1. Reminders on the object BGL representing K-theory. In order
to prove our comparison results, we need some more details concerning the
object BGL representing algebraic K-theory. This is due to Riou [Rio].

Let Grg, be the Grassmannian whose T-points, for any T € Sm/S, are
given by locally free subsheaves of (’)ri',lfT of rank d. As usual, we regard this
(smooth projective) scheme as a presheaf on Sm/S. For d < d’, r < ¢/, the
transition map

(51) Gl‘dﬂn — GI‘d/J«/

is given on the level of T-points by mapping M C (9%” to O;l«'*d@M@OT/_T C
o4+ Put Gr:= ling o, Gry », where the colimit is taken in PSh(Sm/S). It
is pointed by the image of Grg 9. Write Zx Gr for the product of the constant
sheaf Z (pointed by zero) and this presheaf, and also for its image in Ho,e(.5).
For a regular base scheme S, there is a functorial (with respect to pullback)
isomorphism

(5.2) Homgo, s (S™ A X1, Zx Gr) 2 K, (X),

for any X € Sm/S [MV99l Props. 3.7, 3.9, page 138].

Definition 5.1 ([Ric, 1.124, TV.3]). The category SH"*¥*(S) is the cat-
egory of Q-spectra (with respect to — A P1) in Ho,(S): its objects are se-
quences E,, € Hoe(S), n € N, with bonding maps P! A E,, — E, 41 inducing
isomorphisms F,, — Hom, (P, En+1)E Its morphisms are sequences of maps

2We will not write L or R for derived functors. For example, f* stands for what is often
denoted Lf* and similarly with right derived functors such as RHom, R{2, etc.
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fn: En = F, (in Hoe(S)) making the diagrams involving the bonding maps
commute.

Remark 5.2. Recall the projective Nisnevich-A'-model structure on P'-
spectra: a map f : X — Y is a weak equivalence (fibration), if all its lev-
els fn, : X, = Y, form a weak equivalence (fibration, respectively) in the
Nisnevich-A!-model structure on A°?(PSh,(Sm/S)) (whose homotopy cate-
gory is Hoe(S). The homotopy category of spectra with respect to the pro-
jective model structure is denoted SH,,(S). The composition of the inclusion
of the full subcategory of Q-spectra and the natural localization functor,

{X € SH,, X is an Q-spectrum} C SH,(S) — SH(S),
is an equivalence. This yields a natural “forgetful” functor SH(S) —
SHnalVe (S) .
Definition and Theorem 5.3 (Riou, [Rid, IV.46, IV.72]). The spectrum

BGL"¥ ¢ SH™V°(S) consists of BGLXY® := Zx Gr (for each n > 0) with
bonding maps

(5.3) P! A (Zx Gr) "3 (Zx Gr) A (Zx Gr) 25 Zx Gr,

where u} is the map corresponding to u; = [O(1)] — [0(0)] € Ko(P!) =

Homygo (P!, Zx Gr) and p is the multiplication map, that is to say, the unique
map [Riol ITI.31], inducing the natural (i.e., tensor) product on Ko(—).

For S =SpecZ, there is a lift BGLy € SH(SpecZ) of BGL"* € SH"*"¢(Z)
that is unique up to unique isomorphism. For any scheme f : S — SpecZ,
put BGLg := f*BGLy. The unstable representability theorem (5.2]) extends
to an isomorphism

(5.4) Homgps) (S™ A S8 X1, BGLg) = K, (X)

for any regular scheme S and any smooth scheme X/S. In SH(S)g, i.e., with
rational coefficients, BGLs®Q decomposes as

(5.5) BGLs®Q = @) Hy s(p)[2p)
pEZ

such that the pieces Hp g(p)[2p] represent the graded pieces of the y-filtration
on K-theory:

Homgpy(s) (S™ A Xpi X4, Hi 5(p)[2p]) = grh) Kn(X)q-

Lemma 5.4. For any d, r, the motive M(Grg,) (cf. Section 2.2) is given
by

(5.6) M(Grg,) = @M (Z i)) [22@4)}.
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The sum runs over all Schubert symbols, i.e., sequences of integers satisfying
1<o1<--<ogqg<d+r. Ford<d,r <v', the transition maps (BI)
M(Gry,) = M(Gry ) exhibit the former motive as a direct summand of the
latter.

Proof. Formula (546) is well-known [Seml 2.4]. The second statement fol-
lows from the same technique, namely the localization triangles for motives
with compact support applied to the cell decomposition of the Grassmannian:
for any field k, a d-space V(@ in k%" is uniquely described by a (d,d + r)-
matrix A in echelon form such that A,, ; = 0;; and A;; = 0 for ¢ > o
for some Schubert symbol o. The constructible subscheme of Grg, whose
k-points are given by matrices with fixed o is an affine space Ag). The tran-
sition map V(@ — R AN | corresponds to

dyg 0 0
A 0 A 0 ,
0 0 o~

that is,
o (1,2,....d —d,o1 +(d' —d),...,o0q0+ (d —d)) =: 0.

In other words, the restriction of the transition maps (5.1 to the cells is the
identity map A(SU) — A(SU ), which shows the second statement. O

5.2. Second construction of the regulator. In this subsection and the
next one, S is an arithmetic field and X is a smooth scheme over S.

Let K : Com=°(Ab) — A°Ab be the Dold-Kan equivalence on chain
complexes concentrated in degrees > 0 (with degd = —1 and shift given
by C[—1]q = Cs—1). Recall from Definitions 2.7 and 3.1 the abelian presheaf
complex D and Dy := K(r>0D). We have H,(D(X)) = 7,(Ds(X)) =
@, HY™"(X,p). We set Dy[—1] := K((r>0D)[~1]). Recall that for any
chain complex of abelian groups C, there is a natural map S A K(C) =
cone(K(C) — point) — K(cone(C' — 0)) = K(C[—1]), hence a map K£(C) —
QK(C[-1]). (Here and elsewhere, €, is the simplicial loop space; its P!-
analogue is denoted p1.) This map is a weak equivalence of simplicial abelian

groups.
For any pointed simplicial presheaf F' € Ho4(.5), let ¢(F') be the pointed

presheaf

(5.7) @(F):Sm/S > X +— Hompo, (5)(X4, F).
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According to (5:2) and Lemma 3.2, respectively,

(5.8) ©(Zx Gr) = Ko:X — Ko(X),
p('D,) = Hp": X~ PHF (X, p), n>0.
P

Let P(X) be the (essentially small) Waldhausen category consisting of
hermitian bundles E = (E,h) on X, i.e., a vector bundle E/X with a metric
h on E(C)/X(C) that is invariant under Fr’ and smooth at infinity [BW98|
Definition 2.5]. Morphisms are given by usual morphisms of bundles, ignoring
the metric, so that ]3(X ) is equivalent to the usual category of vector bundles.
Let

(5.9) S, :Sm/S 5 X s Sing|S, P(X)|

be the presheaf (pointed by the zero bundle) whose sections are given by the
simplicial set of singular chains in the topological realization of the Wald-
hausen S-construction of ﬁ(X ). Its homotopy presheaves are

(5.10)

HomHoscct’.(S)(Sn/\XJr, S*) = Wns*(X) = anlﬂss*(X) = Kn,1(X), n>1.

Here, Hogect o denotes the homotopy category of A°°PSh,(Sm/S) (simpli-
cial pointed presheaves), endowed with the section-wise model structure. K-
theory (of regular schemes) is homotopy invariant and satisfies Nisnevich de-
scent [TT90, Thm. 10.8]. Therefore, as is well-known, the left hand term
agrees with Hompgy,, (5)(S™ A Xy, S4). That is, there is an isomorphism of
pointed presheaves

(5.11) 0(0,5.) = K.

According to [Riol IT1.61], there is a unique isomorphism in Ho,(S),
(5.12) 7 Zx Gr — Q,S,,

making the obvious triangle involving (511 and (E8) commute.

The proof of our comparison of the regulator uses the following result due
to Burgos and Wang [BW98| Prop. 3.11, Theorem 5.2., Prop. 6.13]:
Proposition 5.5. There is a map in A°P(PShe(Sm/S)),
chg : S — DS[—l],
such that the induced map
mn chs + K1 (X) » @PHE V(X p)
PEZL

agrees with the Beilinson requlator for all m > 1.
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By (B12), we get a map in Hoe(5):

(5.13) ch: Zx Gr 25 0,8, =8 0,(D,[-1]) = D,.
The induced map
G
Kn(X) = Hompo, (5" A Xy, Zx Gr) — Hompo, (5™ A X, Ds)
(5.14) 3.3)

Puy"(X,p)
P
agrees with the Beilinson regulator. In order to lift the map ch to a map in
SH(S), we first check the compatibility with the P!-spectrum structures to
get a map in SH"V°(S). This means that the diagram involving the bonding
maps only has to commute up to (A'-)homotopy. Then, we apply an argument
of Riou to show that this map actually lifts uniquely to one in SH(S).
Recall the Deligne cohomology (P!-)spectrum Hp from Lemma 3.3. Its
p-th level is given by D4(p), for any p > 0.
Theorem 5.6.

(i) In SH™(S), there is a unique map
ch™*: BGLE™® — D Hp (p)[2p] =: D Hp{p}
PEL P

that is given by ch : Zx Gr — Dy in each level.

(ii) In SH(S), there is a unique map
ch: BGLs — @5 Hp (p)[2p]

peL
that maps to ch™® under the forgetful functor SH(S) — SH™V®(S)
(Remark [5.2)).
(iii) There is a unique map
p: HE,S — Hp

in SH(S)q such that ch®Q = @,z p(p)[2p] : BGLg — ©Hp(p)[2p],
under the identification (5.

Proof. By Lemmal[54] the transition maps (B.1]) defining the infinite Grass-
mannian induce split monomorphisms M(Grg,,-) — M(Grg ) of motives and
therefore (e.g. using Theorem 3.6) split surjections (for any n > 0, d < d,
r<r')

HOHIHO(S) (Grdgr/, Q?Ds) — HomHo(S) (Grd,m Q?Ds)
(5.15) I |
Hy"(Grg ) Hp" (Grg,r).
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A similar surjectivity statement holds for the map of Deligne cohomology
groups induced by transition maps defining the product Gr x Gr, i.e.,

Grdl,rl X Grd2,r2 — Grdis’“’l X Gl"d;,r; .

@ the unicity of ch™"® is obvious. Its existence amounts to the commu-
tativity of the following diagram in Ho.(S):

(5.16) P! A Zx Gr 22 (Zx Gr) A (Zx Gr) —— Zx Gr

lid/\ch lch A ch lch

P'AD, — <2 p AD, — " 4D,

The top and bottom lines are the bonding maps of BGL™"® (cf. (5.3)) and
@®, Ho{p} (cf. Definition and Lemma 3.3), respectively. The map c¢* corre-
sponds to the first Chern class ¢1(Op1 (1)) € HZ (PL, 1). To see the commuta-
tivity of the right half, we use that the functor ¢ (5.7)) induces an isomorphism

HOII’IHO.(S)((ZX GI‘)/\Q, Ds) = HompSh.(Sm/S) (Ko(—) A Ko,H%)

This identification is shown exactly as [Riol II1.31], which treats Zx Gr in-
stead of D,. The point is a surjectivity argument in comparing cohomology
groups of products of different Grassmannianns, which is applicable to Deligne
cohomology by the remark above. By construction of the multiplication map
on Zx Gr, applying ¢ to the right half of (516]) yields the diagram

MK
Ko NKy — Ky

lch A ch Jch

HO AHO 22— HO.

Here pk, is the usual (tensor) product on Ky and pp is the classical product on
Deligne cohomology [EV8§|. The Beilinson regulator is multiplicative [Sch88],
Cor., p. 28], so this diagram commutes.

For the commutativity of the left half, let i,, ,, : P"* — P" be the inclusion
o+ oo i) = [To oo @y 2 0o 0], for m < n, and Gy =
colimy, iy, » : P — P> := colim,,P". The map u] factors as

Pl poo M= 7 Gy

where u’, € Homyy,(s)(P>°,Zx Gr) is induced by the compatible system
ty, = [Opn(1)] — [Opn] € Ko(P") simply because 77 ,,Opn (1) = Op1(1). Simi-
larly, ¢* = ¢1(O(1)) is given by

11,00 u I
Pt 1P>°°—>Z><Gri>Dg,
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764 JAKOB SCHOLBACH

because ch(O(1)) —ch(O) = exp(c1(O(1))) — 1 which on P! equals ¢; (O(1)) €
HZ (P>°,1). Then the commutativity of the diagram in question is obvious.

() For each n > 0 and m = 0, —1, put V,* := Hompgnh(sm/s,ab) (Ko, HY).
These groups form a projective system with transition maps

V’rﬁl > (fn : KO — Hg) — (Qplfn : QIP’lKO — QEMH%) S V,,:n,

where Qp1(F) is the presheaf Sm/S > U — ker(F(P}) N F(U)). Indeed,
the projective bundle formula (for P!) implies an isomorphism of presheaves
Qp1 Ky = K and likewise with Hf}.

The composition of functors

SH — SH"*** ™, Ho, -2+ PSh(Sm/S)

actually takes values in PSh(Sm/S, Ab). Here, n indicates taking the n-th
level of a spectrum. By construction, BGL gets mapped to K, and Hp gets
mapped to the presheaf HY) = @p HQDp (—,p) for each n > 0. This gives rise
to the following map (cf. [Riol IV.11]):

Homgw (BGL, @D Hp{p}) — Homggaie(s) (BGL™*, (R Hp {p}) = lim V.
P P n
This map is part of the following Milnor-type short exact sequence [Rio, IV.48,
II1.26; see also IV.8] (it is applicable because of the surjectivity of (B.13]) for
n=1and n=2):

(5.17) 0 = R'lim V,”" — Homsu(BGL, D Hp{p}) — lim V) — 0.
P n

The map ch™"® thus corresponds to a unique element in the right-most term

of (BIT). The natural map

V' = Hompsn(aw) (Ko, Hp')  — @@H%p_l(lpgyp)

€ p

p
= By s
pEZ =0
o= (f(Oee(1))),

is an isomorphism. Indeed, the proof of the analogous statement for motivic
cohomology instead of Deligne cohomology [Riol V.18] (essentially a splitting
argument) only uses the calculation of motivic cohomology of P¢. Thus it
goes through by the projective bundle formula for Deligne cohomology.

Via this identification, the transition maps Qp: : Vn_+11 — V-1 are the
direct sum over p € Z of the maps

P p—1

DHE 1S p— ) » QHL VIS, (p— 1) - j),

=0 =0

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ARAKELOV MOTIVIC COHOMOLOGY II 765

which are the multiplication by j on the j-th summand at the left. Again,
this is analogous to |[Rio, V.24]. In particular Qp: is onto, since Deligne
cohomology groups are divisible. Therefore R l'gan_l =0, so () is shown.
(@) As in [Riol V.36], one sees that ch ®Q factors over the projections
BGLg — Hp and €, Hp(p)[2p] — Hp. O
5.3. Comparison.
Theorem 5.7. The requlator maps ch, p constructed in Theorem and
the regulator maps chp, pp obtained in Definition 3.7 agree:

chp = ch € Homspys)(BGL, D Hp{p}),
p
pp = p € Homgps), (Hp, Hp).

In particular, chp also induces the Beilinson regulator Kp(X) —
@D, H? ™ "(X,p) for any X € Sm/S, n > 0.

Proof. The map ch is a map of ring spectra (i.e., monoid objects in SH(S)):
the multiplicativity, i.e., choupgr, = up o (ch A ch) follows from the right half
of the diagram (5I6). The unitality boils down to ch(O) =1 € HY(S,0). We

define a BGL-module structure on D := (P, Hp{p} in the usual manner:

BGLAD 2 pAD 2y D,

It is indeed a BGL-module, as one sees using that ch is a ring morphism. By
the unicity of the BGL-algebra structure on D (Theorem 3.6), this algebra
structure agrees with the one established in Theorem 3.6. This implies ch =
chp. The proof for p = pp is similar, replacing BGL with Hp throughout. O

6. Comparison with arithmetic K-theory
and arithmetic Chow groups

In this section, we show that the groups represented by BGL coincide with a
certain subgroup of arithmetic K-theory as defined by Gillet-Soulé and Takeda
for smooth schemes over appropriate bases (Theorem [6.I)). This isomorphism
is compatible with the Adams operations on both sides and with the module
structure over K-theory (Corollary 621 Theorem [63]). We also establish the
compatibility of the comparison isomorphism with the pushforward in two
cases (Theorem [6.4)).

We consider the following situation: X — S — B, where B is a fixed
arithmetic ring (Definition 2.6), S is a regular scheme (of finite type) over
B (including the important case S = B), and X € Sm/S. Let n : B, :=
BxzQ — B be the “generic fiber”. For any datum ? related to Deligne
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766 JAKOB SCHOLBACH

cohomology, we write ? := 7,7 for simplicity of notation. That is, Ds(X) :=
n«Ds(X) = Ds(X xpB,), Hp := n,Hp € SH(S), etc.

For a proper arithmetic variety X (i.e., X is regular and flat over an arith-
metic ring B), Gillet and Soulé have defined the arithmetic K-group as the
free abelian group generated by pairs (E, ), where E/X is a hermitian vector
bundle and « € D(X)/imdp, modulo the relation

(F.o") +(E.a") = (B0 +a" + ch(E))
for any extension
E:0E sE—E =0
of hermitian bundles. Here ch(€) is a secondary Chern class of the extension

(see [GSI0C, Section 6] for details). We denote this group by KZ'(X). The
superscript T stands for Takeda, who generalized this to higher n [Tak05]

p. 621]@ These higher arithmetic K-groups IA{Z:(X) fit into a commuta-

tive diagram with exact rows and columns, where K,(X) := kerch? and
BP(X):=1imdp : Dpy1(X) — Dp(X):
(6.1)
Kn+1 — @p H%)p_n_l(p) I/in K, h EBP H%p—n(p)
Kni1 — Dnpa(X)/im(dp) K7 Ky 0
ldD lchT

The full arithmetic K-groups IA(*T are not accessible to homotopy theory since
they fail to be Al-invariant. Moreover, due to the presence of D,,;1/im dp the
groups are usually very large. Therefore, we focus on the subgroups K* - IA{*T
and refer to them as arithmetic K-theory.

By Theorem [5.7], the top exact sequence looks exactly like the one in The-
orem 4.5. In order to show that K,(X) and I/-i*"(X) are isomorphic, we use
that there is a natural isomorphism (functorial with respect to pullback),

(6.2) Ko (X) 2 71 (hofibaorgets, Se(X) 23 Dy[—1](X)), n >0,

of the arithmetic K-group with the homotopy fiber in pointed simplicial sets
(endowed with its standard model structure) [Tak05, Cor. 4.9]. We write

§ = hoﬁbAopPSh.(Sm/s)(s* — DS[—l])7

3 Gillet and Soulé use a slightly different normalization of the Chern class which differs
from the one used by Burgos-Wang, Takeda (and this paper) by a factor of 2(27i)" for
appropriate n. See [GS90c| for details.
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for the homotopy fiber with respect to the section-wise model structure, so
that T 1 (§(X)) = R (X).

Recall from Section 4.1 the object BGL. Its key property is the existence
of a distinguished triangle (in SH(S)):

(6.3) P Hp{p}-1] — BGL — BGL % (P Hp{p}.

p

The cohomology groups represented by this object are denoted by ﬁ*(—); cf.
Definition 4.4.

The content of the following theorems and corollary (6.1 6.2 6.3 [6.4]) can
be paraphrased as follows: given a commutative diagram in some triangulated

category,
B[-1] E A B
[T S P
B'[-1] E’ A’ B’

the map e (whose existence is granted by the axioms of a triangulated cate-
gory) is in general not unique. The unicity of e is guaranteed if the map

(6.4) Hom(FE, A’[-1]) — Hom(E, B'[—1])

is onto. In our situation, we are aiming at a canonical comparison between,
say, the groups H* and K,. Both theories arise from distinguished triangles
where two of the three vertices are the same, namely the one responsible for
K-theory and the one for Deligne cohomology. Moreover, the map between
them considered up to homotopy, i.e., in the triangulated category SH, is the
Chern class that is independent of choices—as opposed to the Chern form,
which does depend on the choice of a hermitian metric on the vector bundle
in question. As we shall see, the non-formal surjectivity of (4] is assured
by conditions (@) and (b)) of Theorem [l (or condition (@) if one neglects
torsion). Luckily, it only consists of an injectivity condition for the regulator
on the base scheme S, not on all schemes X € Sm/S. This is one of the
places where working with the objects representing the cohomology theories
we are interested in is much more powerful than working with the individual
cohomology groups.

Theorem 6.1. Let S be a reqular scheme over an arithmetic ring. We
suppose that
(a) ch: Ko(S) — HY(S) = ®D, H2Dp(57p) is injective, and
(b) K1(S) is the direct sum of a finite and a divisible group.
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For example, these conditions are satisfied for S = B =7, R, or C. Then the
following hold:

such that the right square commutes,
) making the diagram commute:

(i) Given any maps s, d in Hoe(
there is a unique 5 € Endpge(s)

S)
(S

D, = Q.D,[~1] S S, — D[]
JQSd fz} Js d
D, = Q,D,[1] S S, —Ip -,

(i1) Likewise, given any b and d making the right half commute in SH(S),
there is a unique b € Endgp(s)(BGL) making everything commute:

@, Ho{p}[-1] BGL —— BGL —= @, Hp{p}
= l |
@, Ho{p}[-1] BGL —— BGL —= @, Hp{p}.

(i) The aforementioned unicity results give rise to a canonical isomorphism,
functorial with respect to pullback,

(6.5) K, (X) =2 H"(X/S),

for any X € Sm/S, n > 0. (The definition of K, (X) in [Tak05] is only
done for X /B proper, but can be generalized to non-proper varieties using
differential forms with logarithmic poles at infinity, as in Definition 2.7.)

Instead of @) and (D)), let us suppose that

(c) ch : Ko(S)g — HY(S) = D, HP(S,p) is injective. For example, this
applies to arithmetic fields and open subschemes of SpecOp for a number
ring O .

Then there is a canonical isomorphism

0

(6.6) 2(X)g 2 H(X/S)g.
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Proof of (). Let us write (—,—) := Homgp(g)(—,—) and R :=
@®,cz Ho{p}. Then we have exact sequences
(6.7)

(R, R[-1]) — (BGL, R[-1])

| ’

(R,BGL) — (BGL, BGL) —— (BGL, BGL) —>— (R[-1], BGL)

(BGL, BGL)

~

(BGL, R).

We prove the injectivity of § by showing that both « and S are surjec-
tive. For any Q-spectrum E € SH(S) whose levels FE,, are H-groups such
that the transition maps (5.1 induce surjections Homgyo(Gra,, QU E,) —
Hompo (Grygr v, QT Ey,) for m =1, 2, n > 0, there is an exact sequence

0— R! @Eé — Homsu (BGL, E) — @Eg — 0.
Here, for any group A, Aq is the projective system

Aqg: CA[[E)] = Al — AllE]] — - .- = A[[t],

with transition maps f — (1+t)df/dt and E" := Homgg (S", F) for r =0, 1
[Riol TV.48, 49]. This applies to E = BGL and F = R; cf. (&I5):

0 —R! lim (K1 (S)q) ——— End(BGL) ————— lim(Ko(S)o) ——— 0

l X l
0 —— @, R lim(Hy ' (S)e) —— Hom(BGL, R) —— @, lim(H}, (S)o) —— 0.

The left hand upper term is 0 by assumption (B) and the vanishing of
R @AQ for a finite or a divisible group A [Rio, IV.40, IV.58]. The right
hand vertical map L m ch is injective by assumption (@) and the left-exactness
of @1 Hence 7 is injective, so S is onto.

The surjectivity of & does not make use of the assumptions (@), (Bl). Indeed,
Hom(BGL, R[—1]) = [ ] Hom(Hp{g}, R[-1]) *=" HH
qEZ

Given some x € Hp'(S), pick any representative ¢ € ker(Dy(S) — Do(S))
and define y : Hp{¢} — R to be the cup product with £. Then a(y) = x.
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([) We need to establish the injectivity of the map in the first row:
(6.8)

Endo, (5)(5) Hompyo, (5)(Q2sDs[~1], 5)

Endgo, (s) QWBGL) —— Homp, (5) (257 Hp[—1 ],Qgﬁ’B/G\L)

Homg (s (22702 BGL, BGL) —— Homgp(s) (53935 Hp[—1], BGL)

- J

HOI’IISH(S) (B/G\L, B/Gr\L)>—5> HOII’ISH(S) (HD [—1], B/G\L)

The counit map X802 — id is an isomorphism when applied to BGL and
Hp (and thus Hp[—1]), since these two spectra are {2-spectra. Therefore, the
same is true for BGL. We are done by ().

() We obtain the sought isomorphism as the following composition:

idAlyg
A"(X/S) = Homgms)(SXS" A X, hofib(BGL "5 BGL A Hp))
(6.9) —  Homgp(s)(S595™ A X4, hofib(BGL - @ Hp{p}))
(6.10) —  Hompo(s)(S™ A X, hofib(Zx Gr 24 D))
(6.11) —  Hompe(s)(S™ A X1, hofib(€,5. <5 D,))
—  Hompes)(S™ A X, hofib(€,5. =5 D))
(6.12) = Homppo,., .(5)(S""" A X4, hofib(S, — D,[—1]))

= s (Hofibamsere, (5.(X) 25 D.[<1(x)))

62
> K,(X).

The canonical isomorphism ([G.9)) follows from (il): we can pick representa-
tives of BGL and of ch : BGL — ®Hp{p} (Theorem [B.6|{)) in the underlying
model category Spt. We will denote them by the same symbols. We get a
diagram of maps in Spt := SptIP>1 (A°PPSh,(Sm/S)):
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) idAlmp
hofib(id A 1y, BGL BGL A Hp
hofib(ch) BGL —% @, Hp{p}.

The Chern character for motivic cohomology and Theorem 3.6(iii) induce an
isomorphism ch : BGL A Hp = B, Hp{p} in SH(S). As SH(S) is triangu-
lated, we get some (a priori non-unique) isomorphism « in SH(S). By (i),
however, it is unique.

Similarly, the isomorphism (G.I1]) follows from ({): still using the above lift
of ch to Spt, chg := €57 ch is a map of simplicial presheaves. The isomorphism
T : Zx Gr = Q,S, (BI12) can be lifted to a map 7 of presheaves

hofib chy —— Zx Gr % D,

~ chg

hofib chg Q5. D;.

The right hand square may not commute in A°°’PSh(Sm/S), but it does in
Ho.(S). By (@), the resulting isomorphism (in Ho.(S)) between
hofibaerpsn(chp) and hofibacrpsh(chg) is independent of the choice of 7 and
Cho.

In order to explain the canonical isomorphisms (@I0), ([GI2)), recall the
following generalities on model categories: let

F:CsSD:G

be a Quillen adjunction and let a diagram ¢ : d; N dy < % in D be given.
The homotopy fiber of f is a fibrant replacement of the homotopy pullback of
6. If C and D are right proper and d; and ds are fibrant, then the homotopy
pullback agrees with the homotopy limit and holim G(4) is weakly equivalent
to G holim(d). Finally, replacing any object in d by a fibrant replacement
yields a weakly equivalent homotopy fiber [Hir03] 19.5.3, 19.4.5, 13.3.4]. Thus

(6.13) Hompye(p) (F(c), hofib f) = Homge(c) (¢, hofib G(f)).
We apply this to the Quillen adjunctions
id Q% )
A°P(PSh,(Sm/X)) < A°P(PSh,(Sm/X)) < Spt’ (PSh,(Sm/X)).
id Xp8

The leftmost category is endowed with the section-wise model structure, then
the Nisnevich-A!-local one, and the stable model structure at the right. These
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model structures are proper [GJ99] 11.9.6], [MV99, 3.2, p. 86|, [Jar00, 4.15].
The simplicial presheaf Dy is fibrant with respect to the section-wise model
structure, since it is a presheaf of simplicial abelian groups. Moreover, it is
Al-invariant and has Nisnevich descent by Theorem 2.8(vi). Therefore, it is
fibrant with respect to the Nisnevich-A'-local model structure. Moreover, Hp
is an Q-spectrum by Lemma 3.5, so it is a fibrant spectrum (any level-fibrant
Q-spectrum is stably fibrant [Jar00, 2.7]). For (6I0), we may pick a fibrant
representative of BGL (still denoted BGL) such that QgYBGL =: V' is weakly
equivalent to Zx Gr. Again using (@), the homotopy fibers of Q25 (ch) : V —
D and of chg : Zx Gr — D, are canonically weakly equivalent. Finally, the
S-construction presheaf S, (cf. (5.9)) is Al-invariant (since K, (X) = K.(X)
for all X € Sm/S by the regularity of S) and Nisnevich local for all regular
schemes [T'T90, Thm. 10.8] and consists of Kan simplicial sets by definition.
Hence S, is a fibrant simplicial presheaf in the A'-model structure. Therefore,
(610), (612) are fibrant, so these isomorphisms follow from (E.13)).

The statement with rational coefficients is similar: one replaces Sy, which is
given by simplicial chains in the topological realization of the S-construction,
by its version with rational coefficients. Likewise, one replaces BGL by its
Q-localization (using the additive structure of SH(S)) BGLg. Then condi-
tion (@) gets replaced by (@ and (0} becomes unnecessary, since the groups
R! @AQ encountered above vanish for a divisible group A. O

6.1. Adams operations. Theorem can colloquially be summarized
by saying that any construction on K*, etc., that is both compatible with the
classical constructions on K-theory and Deligne cohomology and canonical
enough to be lifted to the category SH(S) (or Ho(S)) is unique. We now
use this to study Adams operations on arithmetic K-theory. In Section
below, this principle is used to identify the BGL-module structure on BCL.

The arithmetic K-groups are endowed with Adams operations

(6.14) UE K (X)g = Kn(X)g.
This is due to Gillet and Soulé [GS90c, Section 7] for n = 0 and to Feliu in
general [Fell0, Theorem 4.3]. Writing
K, (X)P = {2 € Kn(X)q, U (2) = k¥ - & for all k > 1}
for the Adams eigenspaces, the obvious question
(6.15) DR.X)G =Ka(X)o
p=>0

was answered positively for n = 0 in [GS90c], but could not be solved for
n > 0 by Feliu since the management of explicit homotopies between the
chain maps representing the Adams operations becomes increasingly difficult

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ARAKELOV MOTIVIC COHOMOLOGY II 773

for higher K-theory. In this section, we show that the above Adams operations
agree with the natural ones on H*(X ) and thereby settle the question (G.15])
affirmatively.

Feliu establishes a commutative diagram of presheaves of abelian groups:

chy

Cl = Né* — D,

e
~ ’\615 cho
CQ = ZC* — D,.

The Adams operation \Il]k3 is the canonical one on a graded vector space:

UE D= P Dulp) » EPD.(p), ¥F = P (K - id).
P P P

The complexes C; at the left hand side are certain complexes of abelian
presheaves defined in [Fell0]. They come with maps 2S5, — K(C;) that
induce isomorphisms K,®Q = m.(Q:5,)0Q — H.(C))®Q, ¢ = 1,2. By
means of these isomorphisms, U* corresponds to the usual Adams operation
on K-theory (tensored with Q). Moreover, both maps ch; induce the Beilinson
regulator from K-theory to Deligne cohomology.

Recall also the definition of the arithmetic Chow group from [GS90a), Sec-
tion 3.3] in the proper case and [Bur97, Section 7] in general. In a nutshell,
the group @ZS(X ) is generated by arithmetic cycles (Z, g), where Z C X is
a cycle of codimension p and g is a Green current for Z, i.e., a real current
satisfying Fr_ g = (—1)?~1g such that w(Z,g) := —ﬁagg—iﬁz is the current
associated to a C*° differential form (and therefore an element of Dg(p)(X)).
Here ¢z is the Dirac current of Z(C) C X(C). In analogy to the relation of
KOT(X) vs. Ko(X), we put

(6.16) CHP(X) := ker(w : CHeg(X) — Do(p) (X))l

Corollary 6.2. Under the assumption of Theorem [6I(@), the isomorphism
Rn(X)Q = A’”(X)Q is compatible with the Adams operations \Il% on the left
and, using the Arakelov-Chern class established in Theorem 4.2, the canon-
ical ones on the graded vector space on ﬁ_"(X)Q = D,ez ﬁzp_"(X,p), In
particular, there are canonical isomorphisms

(6.17) K (X)§ = H»"(X,p),

(6.18) CHP(X)g =Ko(X)¥) = H¥(X,p),

(6.19) PK.()Y = KuX)g
PEZ

4The group éﬁp(X) is denoted ﬁP(X)Q in [GS90al.
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Proof. We write 2, ¢A := lim C, (©A]) for any pointed connected simpli-
cial set A. Here, | — | : A°PSets = Top : C, is the usual Quillen adjunction,
2 is the (topological) loop space, the direct limit is indexed by Z>° ordered
by divisibility, and the transition maps Q|A| — Q|A| are the maps that corre-
spond to the multiplication in m1(A). Then 7,2 0(4) = (m,Q:(A4))®zQ
for all n > 0. The construction is functorial, so it applies to the sim-
plicial presheaf S, and gives us a Q-rational variant denoted S,g. The
map V¥ : C; — Oy yields an endomorphism W% € Endgo(s)(Ss,q). More-
over, the maps ch;, i = 1,2, mentioned above factor over ch;q : Siq —
D;[—1], and the obvious diagram ch;, chs, \I/’f) and \Ilg commutes up to
simplicial homotopy, i.e., in HoOgec,o(S), a fortiori in Ho(S). By Theo-
rem [G.II{), therefore, we obtain a unique map \Il% € EndHo(S)(g*@), where
S.q :=hofibch; : S, g — D,[—1]. By construction, both ‘I/% and the canon-
ical Adams structure maps ¥¥ € Endgo(s)(2:Ds[—1]) map to the same ele-
ment in Homge(s)(2:Ds[—1], (§*)Q) On the other hand, looking at

ch

B/Q\LQ —— BGLg — BGLg A Hp — = R := @, Hp {p}

: k k k . k
Vi J/“I’BGL J\PBGL/\Id J(\IID
~

—

BGLg — BGLg —— BGLg AHp —% R

there is a unique \I]%cﬁd € EndSH(S)Q(@Q) 2 Hom(R[—1]7]3/(E4Q) that
maps to the image of the canonical Adams operation on the graded object
R[-1]. Using Endgu(R[—1]) = Endno(2Ds[—1]) (compare the reasoning af-
ter ([G.8)) we see that the Adams operations on ]?G\LQ and on §*’Q agree,
which yields the compatibility statement using the definition of the compar-
ison isomorphism (G.6). The isomorphism (G.I7) is then clear, as is (619,
using (4.7). ([GI8) is a restatement of [GS90c, Theorem 7.3.4]. O

6.2. The action of K-theory on IA(-theory. From Theorem 4.2(ii) re-

call that BGL is a BGL-module, i.e., there is a natural BGL-action
1 : BGL A BGL — BGL.

For any smooth scheme f : X/S, this induces a map called the canoncial
BGL-action on H-groups:

H(X)xH™(X) =  Homgps) (X1, BGL[n])xHom(X |, BGL[m])
—  Hom(X, A X4, BGL A BGL[n + m])
A*op,

L% Hom(X,,BGL[n + m]) = A" (X).
Here A: X — X1 A X, = (XxX); is the diagonal map.
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Theorem 6.3. Let S be a regular base scheme satisfying Condition @) of
Theorem [6.1l. Then, at least up to torsion, the canonical comparison isomor-
phism Kn(X) = ﬁ_"(X) is compatible with the canonical BGL-action on the
right hand side and the K.-action

K. (X)xK,(X) = K.(X)

induced by the product structure on IA(*T(X) established by Gillet and Soulé
(for Ko) [GS90c, Theorem 7.3.2] and Takeda (for higher K7 -theory) [Tak05l,
Section 6] on the left hand side.

Similarly, the pairing

CH™(X)xCH™(X) — CH"t"™(X)

induced by the ring structure on éﬁgs (X) agrees, after tensoring with Q, with
the canonical pairing

H2"(X,n)xH>™(X,m) — HX"H™) (X 0+ m).

Proof. Before proving the theorem proper, we sketch the definition of the
product on IA(*T instead of the S-construction, Takeda uses the Gillet-Grayson
G-construction G (—) := G*(ﬁ(—)) of the exact category of hermitian vec-
tor bundles on a scheme (see p. [[GI). There is a natural weak equivalence
G (T) = QsS.(T). In particular, m,(G.(T)) = K,(T) for any scheme T and
n > 0. This gives rise to a canonical isomorphism

=~

o (X) = 7, hofib pon (sets) (G (X) 29 Dy (X))

(cf. [Tak05l Theorem 6.2]). The advantage of the G-construction is the exis-
tence of a bisimplicial version GQ) of G-theory together with a weak equiva-
lence R : G, — G\* and a map e G(X)NG(X) — Gf)(X), so that the
induced map 7, (G« (X)) X7 (Gs(X)) = Tnim(G(X)) is the usual product
on K-theory. Moreover, chg factors over R.

Consider the following diagram, where pp : Ds A Dy — Dy is the product
(cf. Section 3) and the terms in the second column denote the homotopy fibers
(with respect to the section-wise model structure) of the respective right-most
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horizontal maps:

ld/\ChG

Qs(G A Dy )—>G/\G—>G/\G

J/quDochG 2%e} luDochG
\I/

Q,D, G2 G® D,
| .l
0D, G G

The lower right square is commutative (on the nose) according to [Tak05].
The upper right square is commutative up to (a certain) homotopy [Tak05l
Theorem 5.2], so there is some dotted map such that the left-upper square
commutes up to homotopy. This yields a map ¢ : G A G— Gin Ho,.(S5)
fitting into the following diagram (in Ho(5)):

(6.20) GAQD, —— GAG GAG GAD,
J//,LDOChG ) #GJ( luDochG
Q,D, G G D.,.

The K,-action on K, is induced by ¢. Thus, to prove the theorem, it is
sufficient to show that the diagram

0% (BGL ABGL) —— G AG
!
0% (BGL) ——— @

is commutative in Ho(S). Here the horizontal isomorphisms are the ones
from Theorem For this, it is sufficient to show that the dotted map
in (€20) is unique (in Hoe(S)). The latter statement looks very much like
Theorem [BIIf). Indeed, it can be shown in the same manner, as we now
sketch: again, one first does the stable analogue, namely the unicity of a
map BGL A BGL — BGL in SH(S) making the diagram analogous to (6.20])
commute. To do so, the sequences in ([G.1) are altered by replacing Hom(?, )
by Hom(BGLA?, %) everywhere. For any E € DMg(S), we have

Homspy(s), (BGLA?, E) = | [ Homsg(s), (Hr{p}A?, E)
PEZ

= [ [ Homss), ({p}. E)
P
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since DMg(S) € SH(S)g is a full subcategory. This applies to E = Hp
and £ = BGLqg = P, Hs{p}. Therefore, both the surjectivity of a and the
injectivity of v in (IB:ZI) carries over to the situation at handﬁ Then, the
unstable unicity statement mentioned above is deduced from the stable one.

The statement for the arithmetic Chow groups follows from this: CH* (X)o
is a direct factor of IA(O(X )o in a way that is compatible with the action of the
direct factor CH*(X)g C Ko(X)g, by the multiplicativity of the arithmetic
Chern class KT (X)g 2 @D, Gﬁés(x)@ [GS90c, Theorem 7.3.2(ii)]. Similarly,

the Hp-action on Hy is a direct factor of the BGLg-action on B/G\LQ. O
6.3. Pushforward. Let f: X — S be a smooth proper map. According
to Definition and Lemma 4.10,

BGL =

Hom(BGL — f,f*BGL = ff'BGL, BGL)
defines a functorial pushforward
fo s HY(X) = H™(S)

and similarly
fo: HY(X,p) —» H" 24 (S — dim f),

where dim f := dim X — dim S is the relative dimension of f. We now com-
pare this with the classical pushforward on arithmetic K and Chow groups.
Recall from [Roe99, Prop. 3.1] the pushforward f, : KOT(X) — ROT(S) This
pushforward depends on an auxiliary choice of a metric on the relative tan-
gent bundle. It should be emphasized that the difficulty in the construction
of f, on the full groups IA{OT(X ) is due to the presence of analytlc torsion. We
now show that its restriction to Ko(X) agrees with f, : HO(X) — H(S) in an
important case. This shows that analytic torsion phenomena and the choice
of metrics only concern the quotient K /K. See also [BFIMLII] for similar
independence results.
Theorem 6.4.
(i) The pushforward i, : ﬁO(FP) =HF,) =Z — ﬁO(Z) =Z ®R is given
by (0,logp).
(i) Let O be a number ring and S C SpecOp an open subscheme and let
[+ X — S be smooth projective. For anyn € Z, the following diagram is

commutative, where the right vertical map is the pushforward on Gillet-
Soulé’s arithmetic Chow groups [GS90al, Theorem 3.6.1] and the middle

5We need to restrict to Q-coefficients, since the author does not know how to compute
BGL A BGL.
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map 1S its restriction:

~ . o — . —~—dim X+n
H2(dmX+n) (X dim X + n) — CHI™X+7(X)oC— CHg i (X)

|- |- |

2420 (S0 + 1) —— CH"1(S)gC—— CHes (S).

(#ii) Under the same assumptions, the following diagram commutes, where the
right vertical map is the pushforward mentioned above and the middle
one is its restriction. In particular, the restriction of the Kg-theoretic
pushforward to the subgroups KO does not depend on the choice of the
metric on the tangent bundle Ty used in its definition:

H(X)g = Ko(X)o—— K§ (X)g

fa e Ix
=~ 5]

HO(S) — Ko(9)o— KZ ().

In order to prove (i), we need some facts pertaining to the Betti realization
due to Ayoub [Ayol0]: for any smooth scheme B/C, let

A1 Sm/B — AnSm/B""

be the functor which maps a smooth (algebraic) variety over B to the associ-
ated smooth analytic space (seen as a space over the analytic space attached
to B), equipped with its usual topology. (This functor was denoted —(C)
above.) The adjunction

An* : PSh(Sm/B,C) = PSh(AnSm/B*" C) : An,

between the category of presheaves of complexes of C-vector spaces on Sm/B
and the similar category of presheaves on smooth analytic spaces over BA"
carries over to an adjunction of stable homotopy categories:

(6.21) An* : SH(B,C) < SHA(B*",C) : An,.

We refer to [Ayol0] Section 2] for details and notation; we use IP’}3 An-Spectra in-
stead of (AIB an /G pan )-spectra, which does not make a difference. Secondly,
there is a natural equivalence

dx : SHAY (XA C) = D(Shva, (X2",C))

of the stable analytic homotopy category and the derived category of sheaves
(of C-vector spaces), for any smooth B-scheme X. Both this equivalence and
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@21 are compatible with the exceptional inverse image and direct image
with compact support in the sense that

A gsAn" = oxAn*f!, [ oxAn" = gsAn*f
for any smooth map f: X — S of smooth B-schemes [Ayol0, Th. 3.4]. Here
fi and f' are the usual functors on the stable homotopy category, while fAn!
and f!An are the classical ones on the derived category.

To show (@), we need the following auxiliary lemma. It is probably well-
known, but we give a proof here for completeness.

Lemma 6.5. In a triangulated category, let A = B Lo All] and
s p o A'[1] be two distinguished triangles. Consider the maps
of Hom-groups induced by o, o, etc. We suppose that 3* is onto and v* is
bijective, as shown:

Hom(B, A") Hom(C, B’) Hom(A[1],C")
o, B L
Ja* iﬁ* L*ﬁ\
Hom(A4, A") Hom(B, B’) Hom(C, C") Hom(A[1], A'[1]).

Then, for any & € Hom(B, A’), (a*&)[1] = (£ o )[1] agrees with the image of
any lift of .. in Hom(A[1], A’[1]) under the above maps.
Proof. Consider the following diagram:

B o2 am 2 By
Jf R G N P ) l&m
AP o),

By assumption, there is a map v making the square (1) commute. Next, there
is a unique map ¢ making the square (2) commute. On the other hand, by
the axioms of a triangulated category, there is a (a priori non-unique) map
¢’ making both (2) and (3) commute. Therefore, ( = ¢’. This implies the
claim. O

Proof of Theorem [64l (@) Let ¢ : SpecF, — S := SpecZ « U :=
SpecZ[1/p] : j. Consider the triangles

SO — i,i*S% — 5i15*S°[1] — S°[1],
BGL — BGL % D Hp{p} — BGL[1].
p

The assumptions of Lemma are satisfied, as can be checked using (6.1]):
the generator of Ko(F,) lifts to (p, £1) under K;(U) = p%x{£1} — Ko(F,),
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which in turn gets mapped to logp € HL(Q,1) = R under the Beilinson (or
Dirichlet) regulator, which agrees with the Chern class ch by Theorem B
Therefore, the pushforward i, : ﬁO(Fp) =H%F,) = Ko(F,) =Z — HO(Z) =
Ko(S) = Z®R is the map (0,log p), so it agrees with the classical K-theoretic

pushforward.
(@) Put d’ := d + n. We need to show the commutativity of the following
diagram:
(6.22) (Hg, f'Hp{n + 1}) —— (Hp, Hp{d'}) —— CH? (X)q
(Hp, fif Hi{n + 1}) J-

lfzf’%id

(Hp, Hp{n +1})

IR

CH"*+(8)g.

Here p is the relative purity 1somorphlsm f HB{l} = f*HB{d}

We may assume n > 0 since CH<O(S) = 0. The group CH? (X (X) is finite
for n = 0 by class field theory [KS86, Theorem 6.1] and zero for n > 0. Hence
H%d/_l(X, d) — IA(O(X)(SI,) is onto, by Theorem 4.5. On the other hand, for
dimension reasons, Hdelfl(X7 d) = HzBsz(X,R(d’ —1)). By definition, the
pushforward in arithmetic Chow groups [GS90a, Thm. 3.6.1] is compatible
with

(6.23)  f.:HX (XA R(d —1)) — HF(C* R(n))=R

1
o )
“ (2mi)d—1 /XAn “

Let C* be the presheaf complex of real-valued C'°°-differential forms on smooth
analytic spaces. This is a flasque complex, and its (presheaf) cohomology
groups agree with Betti cohomology with real coefficients. The construction
and properties of Hp (esp. Theorem 2.8) carry over and yield a spectrum
An, (B) representing Betti cohomology. The maps of complexes of sheaves on
the analytic site,

R(p) = O = Q" — ... = Q71 = R(p) = C*(p),

give rise to a map of spectra Hp(p) — An.B(p). The rectangle ([G22)) is
functorial with respect to maps of the target spectrum. Thus, we can replace
Hp{n + 1} by An,B(n + 1)[2n + 1] and f, : CH? (X)g — CH"*!(X)q by

fa H%dl_z(XAn,R(d/ —1)) — H¥(C,R(n)) "= % R. This settles our claim,
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since the adjointness map f,An fA“!(C — C does induce the integration map
©23) [KS90, Exercise I11.20].
() The diagram

K1 (X) —— Hp'(X) —— Ko(X) —— Ko(X)

Jf* lf*O(—UTd Ty) lf* Jf*

~

Ki(S) —— Hp'(S) —— Ko(S) —— Ko(X)
is commutative; see [Tak05] Section 7]. On the other hand, applying

Hompar, moalfif BGL "> fif'BGL — BGL, -)

to the triangle (63]) yields a diagram which is the same, except that K, is
replaced by H™* and K, by H™* (and their respective pushforwards estab-
lished in Definition and Lemma 4.10). Indeed, the pushforward on Deligne

BGL (as opposed to trP) is the usual pushforward,

cohomology induced by tr
modified by the Todd class. This is a consequence of Theorem 2.5.
Now, (i) is shown exactly as (f): the only non-trivial part is Ko(X )((Qfl ),

which is mapped onto by H&~!(X, d), since KO(X)fol) =CHYX)pg=0. O

Remark 6.6. The same proof works more generally for f, : ﬁ”(X ,p) —
H=2dim 7 (S, p — dim f), provided that H"(X,p) = Kap_n(X)d — HB (X, p)
is injective. For example, given a smooth projective complex variety X of
dimension d, a conjecture of Voisin [Voi07, 11.23] generalizing Bloch’s conjec-

>~

ture on surfaces satisfying p, = 0 says that the cycle class map Ko(X )8 D>
CHdil(X)Q — H%(d_l)(X, Q) is injective (or, equivalently, that the cycle class
map to Deligne cohomology is injective) for I < k if the terms in the Hodge
decomposition HP9(X') are zero for all p # ¢, ¢ < k.

7. The Arakelov intersection pairing

Let S = SpecZ[1/N] be an open, non-empty subscheme of SpecZ, where
N =pi-...-py is a product of distinct primes. We write Log(N) := 3. 7Z-
logp; C R for the subgroup (=2 Z™) spanned by the logarithms of the p;.

In this section, we give a conceptual explanation of the height pairing by
showing that it is the natural pairing between motivic homology and Arakelov
motivic cohomology.
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7.1. Definition.
Definition 7.1. For M € SH(S), put

Ho(M) := Homgps)(S°, M)
HQ(M,O) = HOHISH(S)@(SO,MQ).

The second group is called motivic homology of M (seen as an object of SH
with rational coefficients): for M€ DMg(S), Ho(M,0) = Homgys), (Hg, Mg)-

Definition 7.2. Fix some M € SH(S). The Arakelov intersection pairing
is either of the following two maps

:Ho(M)xHO(M) — H°(S%) =Ky(S) =Z & R/Log(N),
mr s Ho(M,0)xH2(M,1) — H2(8°,1) = Ko(8)§) = (R/Log(N))2Q,
(a,8) — pBoa.

Remark 7.3.

(i) The tensor structure on the category DMG(S), the subcategory of com-
pact objects of DMp(S) C SH(S)g, is rigid in the sense that the nat-
ural map M — MYV is an isomorphism for any M € DM{(S), where
MY := Hompny, sy (M, Hp) [CDOY, 15.2.4]. This implies that the nat-
ural map Hom(M, N) — Hom(NV, M") is an isomorphism for any two
such motives. In particular Ho(M,0) = H°(MV,0), so the pairing can
be rewritten as

(7.1) HO(MY,0)xH2(M, 1) — H2(S, 1).

This is the shape familiar from other dualities, such as Artin-Verdier
duality,

H%(SpecZ, F¥)xH3(SpecZ, F(1)) — H*(SpecZ, jus) = Q/Z.

In this analogy, an étale constructible ¢-torsion sheaf F corresponds to
a motive M and étale cohomology with compact support gets replaced
by Arakelov motivic cohomology. The pairing ([TI)) is conjecturally per-
fect when replacing IL/IE by }m, which is constructed in the same way,
except that Hp gets replaced by Hg g, a spectrum representing motivic
cohomology tensored with R. The implications of this conjecture and
its relation to special L-values is the main topic of [Sch13].

(ii) By definition, the intersection pairing is functorial: given a map f :
M — M, the following diagram commutes:

Ty HO(M,0) x HX(MY,1) — R

T o I=
s HOM',0) x HE(M'Y,1) — R.
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7.2. Comparison with the height pairing. For a regular, flat, and
projective scheme X /7Z of absolute dimension d, Gillet and Soulé have defined
the height pairing pgs:

CH™(X)y x CH*™™(X)y 12— CH(S)

[T

CH™(X) CHY™(X) —£— CHY(S)

R W

CHZ(X) x CH&LZ™(X) 225 CHY(S).

X

Here, CH™(X)g := ker CH™(X) — H&™(X,m) is the subgroup of the Chow
group consisting of cycles that are homologically trivial at the infinite place.
The pairing p is uniquely determined by pgs. It is given by

(Z’ (Z/vg/)) = (Z : Z/,(SZ /\g/),

where Z and Z’ are cycles of codimension m and d — m, dz is the Dirac
current, and ¢’ is a Green current satisfying the differential equation

1 —
W(Z/,gl) = —2—7”(989/ + 6Z/ =0.

See [GS90al Sections 4.2, 4.3] for details. The pairing pp is the height pairing
defined by Beilinson [Bei87, 4.0.2]. More precisely, Beilinson considered the
group of homologically trivial cycles on X xg@Q, but we will focus on the case
where the variety in question is given over the one-dimensional base S.

We now give a very natural interpretation of the height pairing i in terms of
the Arakelov intersection pairing. Our statement applies to smooth schemes X
only, essentially because of the construction of the stable homotopy category,
which is built out of presheaves on Sm/S (as opposed to regular schemes,
say).

Theorem 7.4. Let S C SpecZ be an open (non-empty) subscheme and
let f: X — S be smooth and proper of absolute dimension d. For any m,
letn:=m—dimf=m-—d+1 and let M = M(X){n} = fif'Hp{n} be the
motive of X (twisted and shifted). Then the height pairing u (tensored with
Q) mentioned above agrees with the Arakelov intersection pairing in the sense
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that the following diagram commutes:

CH™(X)g x CHI™(X)y—— CH'(Y)q

ul ~ | E

Ho(M,0) x  H2(M,1) —2— H2(S,1).

Proof. We need to show that the following diagram is commutative. Here
1 := Hg is the Beilinson motivic cohomology spectrum, 1 := Hg is its Arak-
elov counterpart (Definition 4.1), and (—,—) stands for Hompng,7)(—, —),
where the base scheme ? is S or X, respectively. Every horizontal map is an
isomorphism. The maps labelled p and p are relative purity isomorphisms f' 22
f*{d — 1}, applied to 1 and 1, respectively. The isomorphisms between the
(arithmetic) Chow groups and (Arakelov) motivic cohomology are discussed
in Section 2.2 and Corollary

(1, fif'1{n}) ——— (1,1{m}) == (1, 1{m}) ——— CH"'(X)qo

(fif'1{n}, 1{1}) —2— (1{m}, F1{1}) —=— (1{m}, 1{d}) —— CH* ™ (X)q

j{o (2) J/o (3) I

£y —— (1,1{d}) ——— CHY(X)qg

™ (1) H

(1, fif 1{1}) 4) F
j{f!f!ﬁid
(1,1{1}) =——=(1,1{1}) CH'(S)q.

The commutativity of (1) is a routine exercise in adjoint functors. The com-
mutativity of (2) is obvious. The commutativity of (3) and (4) is settled in
Theorems [6.3] and [6.4 0

Example 7.5. Using Remark [Z.3|[), we can also describe the baby exam-
ple of the Arakelov intersection pairing for M = M(F,): according to Theorem
B4[), it is given by

Hy(F,) x HF,)=Z —%H%Z)=ZaR

%L* (0,log p)li* H

Ho(Z)=7 =  H2Z)—5H%Z)=ZaR.
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Using Theorem [6.3] the bottom row is the obvious multiplication map. There-
fore, g, is given by (1,1) = (0,logp).
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