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ARAKELOV MOTIVIC COHOMOLOGY 1

ANDREAS HOLMSTROM AND JAKOB SCHOLBACH

Abstract

This paper introduces a new cohomology theory for schemes of finite
type over an arithmetic ring. The main motivation for this Arakelov-
theoretic version of motivic cohomology is the conjecture on special val-
ues of L-functions and zeta functions formulated by the second author.
Taking advantage of the six functors formalism in motivic stable homo-
topy theory, we establish a number of formal properties, including pull-
backs for arbitrary morphisms, pushforwards for projective morphisms
between regular schemes, localization sequences, h-descent. We round
off the picture with a purity result and a higher arithmetic Riemann-
Roch theorem.

In a sequel to this paper, we relate Arakelov motivic cohomology to
classical constructions such as arithmetic K and Chow groups and the
height pairing.

1. Introduction

For varieties over finite fields, we have very good cohomological tools for
understanding the associated zeta functions. These tools include ¢-adic coho-
mology, explaining the functional equation and the Riemann hypothesis, and
Weil-étale cohomology, which allows for precise conjectures and some partial
results regarding the “special values”, i.e., the vanishing orders and leading
Taylor coefficients at integer values. The conjectural picture for zeta functions
of schemes X of finite type over SpecZ is less complete. Deninger envisioned a
cohomology theory explaining the Riemann hypothesis, and Flach and Morin
have developed the Weil-étale cohomology describing special values of zeta
functions of regular projective schemes over Z at s = 0 [Den94|[FM12l[MorT1].

In [Sch13], the second author proposed a new conjecture, which describes
the special values of all zeta functions and L-functions of geometric origin, up
to a rational factor. It is essentially a unification of classical conjectures of
Beilinson, Soulé and Tate, formulated in terms of the recent Cisinski-Déglise
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theory of triangulated categories of motives over Z. This conjecture is for-
mulated in terms of a new cohomology theory for schemes of finite type over
Z. The purpose of this paper is to construct this cohomology theory and
establish many of its properties.

This cohomology theory, which we call Arakelov motivic cohomology, is re-
lated to motivic cohomology, roughly in the same way as arithmetic Chow
groups relate to ordinary Chow groups or as arithmetic K-theory relates to
algebraic K-theory. The key principle for cohomology theories of this type
has always been to connect some algebraic data, such as the algebraic K-
theory, with an analytical piece of information, chiefly Deligne cohomology,
in the sense of long exact sequences featuring the Beilinson regulator map
between the two and a third kind of group measuring the failure of the
regulator to be an isomorphism. This was suggested by Deligne and Soulé
in the 1980s. Beilinson also expressed the idea that the “boundary” of an
algebraic cycle on a scheme over Z should be a Deligne cohomology class
[Bei8T]. Gillet, Roessler, and Soulé then started developing a theory of arith-
metic Chow groups [GS90bL[GS90clIGS90al[Sou92], arithmetic Ky-theory and
an arithmetic Riemann-Roch theorem [Roe99,[(GRS08]. Burgos and Wang
[Bur94, [Bur97, BW9§| extended some of this to not necessarily projective
schemes and gave an explicit representation of the Beilinson regulator. More
recently, Goncharov gave a candidate for higher arithmetic Chow groups for
complex varieties, Takeda developed higher arithmetic K-theory, while Bur-
gos and Feliu constructed higher arithmetic Chow groups for varieties over
arithmetic fields [Gon05|[Tak05,[BGF12]. The analogous amalgamation of
topological K-theory and Deligne cohomology of smooth manifolds is known
as smooth K-theory [BS09].

In a nutshell, these constructions proceed by representing the regulator as
a map of appropriate complexes. Then one defines, say, arithmetic K-theory
to be the cohomology of the cone of this map. Doing so, however, requires
a good command of the necessary complexes, which so far has prevented ex-
tending higher arithmetic Chow groups to schemes over Z and also requires
one to manually construct homotopies whenever a geometric construction is
to be done, for example the pushforward. The idea of this work is to both
overcome these hurdles and enhance the scope of these techniques by intro-
ducing a spectrum, i.e., an object in the stable homotopy category of schemes,
representing the sought cohomology theory.

This paper can be summarized as follows: let S be a regular scheme of
finite type over a number field F', a number ring Op, R, or C. In the stable
homotopy category SH(S) (cf. Section [ZT)) there is a ring spectrum Hp rep-
resenting Deligne cohomology with real coefficients of smooth schemes X/.S
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(Theorem B6). We define (cf. Definition L)) the Arakelov motivic cohomol-
ogy spectrum Hg as the homotopy fiber of the map

Hg ld/\—lH)D Hg A Hp.
Here, Hg is Riou’s spectrum representing the Adams eigenspaces in algebraic
K-theory (tensored by Q). Etale descent for Hp implies that the canonical
map Hp — Hp A Hp is an isomorphism (Theorem [30]), so there is a distin-
guished triangle
ﬁl\; — Hg — Hp — ﬁl\g[l].

We define Arakelov motivic cohomology to be the theory represented by this
spectrum, that is to say,

H"(M, p) := Homgpys), (M, Hg(p)[n])

for any M € SH(S). Thus, there is a long exact sequence involving Arakelov
motivic cohomology, motivic cohomology and Deligne cohomology (Theorem
[45). Moreover, Arakelov motivic cohomology shares the structural proper-
ties known for motivic cohomology, for example a projective bundle formula,
a localization sequence, and h-descent (Theorem L T4]). Tt also has the ex-
pected functoriality: pullback for arbitrary morphisms of schemes (or motives,
Lemma [£9) and pushforward along projective maps between regular schemes
(Definition and Lemma FLT0l). All of this can be modified by replacing Hg by
BGL, the spectrum representing algebraic K-theory. The resulting Arakelov
version is denoted BGL and the cohomology theory so obtained is denoted
H"(M).

We extend the motivic Riemann-Roch theorem given by Riou to arbitrary
projective maps between regular schemes (Theorem 21]), a statement that
is of independent interest. We deduce a higher arithmetic Riemann-Roch
theorem (Theorem EL13) for the cohomology theories H* (M, —) vs. H*(M). Tt
applies to smooth projective morphisms and for projective morphisms between
schemes that are smooth over the base.

In the second part of this paper [Schl2], we will show how to relate the
homotopy-theoretic construction of Arakelov motivic cohomology to the clas-
sical definitions of arithmetic K- and Chow groups. For example, the arith-
metic Ko-groups ROT(X) defined by Gillet and Soulé [GS90c, Section 6] for a
regular projective variety X (over a base .S as above) sit in an exact sequence

Ki(X) = P AP?(X)/(imd + im ) — K§ (X) = Ko(X) — 0,
p>0

where APP(X) is the group of real-valued (p, p)-forms w on X (C) such that
Fri,w = (=1)Pw. The full arithmetic K-groups K (X) are not homotopy
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invariant and can therefore not be addressed using A'-homotopy theory. In-
stead, we consider the subgroup

Ko(X) :=ker [ ch:K{ (X) - @D AP*(X)
p>0

For smooth schemes X/S, we show a canonical isomorphism
(L1) Y (M(X)) = Ky (X)

and similarly for higher arithmetic K-theory, as defined by Takeda. The
homotopy-theoretic approach taken yields a considerable simplification since it
is no longer necessary to construct explicit homotopies between the complexes
representing arithmetic K-groups, say. For example, the Adams operations
on K;(X) defined by Feliu [Fel10] were not known to induce a decomposition
K, (X))o =6, K. (X)((Qf’). Using that the isomorphism (I.1]) is compatible with
Adams operations, this statement follows from the essentially formal analogue
for H*. Moreover, ([I.1)) is shown to be compatible with the pushforwards on
both sides in an important case. This implies that the height pairing on a
smooth projective scheme X/S, S C Spec Z, is expressible in terms of the
natural pairing of motivic homology and Arakelov motivic cohomology of the
motive of X. According to the second author’s conjecture, the L-values of
schemes (or motives) over Z are given by the determinant of this pairing.

2. Preliminaries

In this section, we provide the motivic framework that we are going to
work with in Sections [3land @} we recall the construction of the stable homo-
topy category SH(.S) and some properties of the Cisinski-Déglise triangulated
category of motives. In Section 23] we generalize Riou’s formulation of the
Riemann-Roch theorem to regular projective morphisms. This will then be
used to derive a higher arithmetic Riemann-Roch theorem (Theorem [.13]).
Finally, we recall the definition and basic properties of Deligne cohomology
that are needed in Section [] to construct a spectrum representing Deligne
cohomology.

2.1. The stable homotopy category. This section sets the notation
and recalls some results pertaining to the homotopy theory of schemes due to
Morel and Voevodsky [MV99].

Let S be a Noetherian scheme. We only use schemes which are of finite
type over Z, Q, or R. Unless explicitly mentioned otherwise, all morphisms of
schemes are understood to be separated and of finite type. Let Sm/S be the
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category of smooth schemes over S. The category of presheaves of pointed
sets on this category is denoted PSh, := PSh,(Sm/S). We often regard a
scheme X € Sm/S as the presheaf (of sets) represented by X, and we write
X, := X U {x} for the associated pointed version. The projective line P} is
always viewed as pointed by co. The prefix A°P?— indicates simplicial objects
in a category. The simplicial n-sphere is denoted S™; this should not cause
confusion with the base scheme S.

We consider the pointwise and the motivic model structure on the category
A°P(PSh,) [Jar00, Section 1.1]. The latter is obtained by considering objects
that are local with respect to projections UxA! — U and the Nisnevich
topology. The corresponding homotopy categories will be denoted by Hogect,o
and Ho,, respectively. The identity functor is a Quillen adjunction with
respect to these two model structures.

The category Spt := SptPI(AOPPSh.(Sm/S)) consists of symmetric Pk-
spectra, that is, sequences E = (E,)n>0 of simplicial presheaves which are
equipped with an action of the symmetric group S,, and bonding maps P' A
E,, — E, 41 such that (PY)"™ A E,, — E, 1y, is S, X Sp-equivariant (and the
obvious morphisms). The functor $g7 : A°P(PSh,) 3 F — ((PY)"* AF) _,
(bonding maps are identity maps; S,, acts by permuting the factors Pl)iis
left adjoint to Q> : (E,) — Ej. Often, we will not distinguish between a
simplicial presheaf F* and %39 (F).

The category Spt is endowed with the stable model structure [Jar00, The-
orems 2.9, 4.15]. The corresponding homotopy category is denoted SH (or
SH(S)) and referred to as the stable homotopy category of smooth schemes
over S. The pair (337,02°°) is a Quillen adjunction with respect to the mo-
tivic model structure on A°°’PSh, and the stable model structures on Spt.
We sum up this discussion by saying that there are adjunctions of homotopy
categories

(2.1) Hogect,o = Ho, = SH.

The stable homotopy categories are triangulated categories. We will use
both the notation M[p] and M A(S*)"P, p € Z, for the shift functor. Moreover,
in Ho(S) there is an isomorphism P 2 S'A(G,, s, 1). Thus, in SH(S), wedg-
ing with G,,,s is invertible as well, and we write M (p) for M A (G,,,s)"P[—p],
p € Z, for the Tate twist. For brevity, we also put

M{p} = M(p)[2p].

For any triangulated, compactly generated category C that is closed under
coproducts, we let Cg be the full triangulated subcategory of those objects Y’
such that Home(—,Y") is a Q-vector space. The inclusion ¢ : Cg C C has a right
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724 ANDREAS HOLMSTROM AND JAKOB SCHOLBACH

adjoint which will be denoted by (—)g. The natural map Home(X,Y)®Q —
Home (X, i(Yp)) = Homey(Xq,Yp) is an isomorphism if X is compact; see
e.g. |Rio07, Appendix A.2]. In particular, we will use SH(S)g. Wherever
convenient, we use the equivalence of this category with D41 (S, Q), the ho-
motopy category of symmetric P'-spectra of complexes of Nisnevich sheaves of
Q-vector spaces (with the Tate twist and A! inverted) [CD09} 5.3.22, 5.3.37].

Given a morphism f : T — S, the stable homotopy categories are connected
by adjunctions:

(2.2) f*:SH(S) = SH(T) : f.,
(2.3) fi: SH(T) = SH(S) : f*,
(2.4) fi : SH(T) = SH(S) : f*.

For the last adjunction, f is required to be smooth. (Z2]) also applies to
morphisms which are not necessarily of finite type ([Ayo07, Scholie 1.4.2]; see
also [CD0OY, 1.1.11, 1.1.13; 2.4.4., 2.4.10]).

2.2. Beilinson motives. Let S be a Noetherian scheme of finite dimen-
sion. The key to Beilinson motives (in the sense of Cisinski and Déglise) is the
motivic cohomology spectrum Hg s due to Riou [Rio07, IV.46, IV.72]. There
is an object BGLg € SH(\S) representing algebraic K-theory in the sense that

(2.5) Homgp(s) (S A £55 X 1, BGLg) = K, (X)

for any regular scheme S and any smooth scheme X/S, functorially (with
respect to pullback) in X. The Q-localization BGLg g decomposes as

BGLs,q = (P BGLY
PEZ

such that the pieces BGLgp) represent the graded pieces of the ~-filtration on
K-theory:

(2.6) Homsg(s)(S™ A S X4, BGLY) 2 g1? K, (X)q.
The Beilinson motivic cohomology spectrum Hpg is defined by
(2.7) Hp g := BGLY

and the resulting Chern character map BGLs g — @, Hp,s{p} is denoted ch.
The parts of the K-theory spectrum are related by periodicity isomorphisms

(2.8) BGLY = Hg s{p}.

For any map f : T — S, not necessarily of finite type, there are natural
isomorphisms

(2.9) f*BGLs = BGLy, f*Hg g =Hgr.
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The following definition and facts are due to Cisinski and Déglise [CD09,
Sections 12.3, 13.2]. By a result of Réndigs, Spitzweck and Ostvaer [RS?10],
BGLg € SH(S) is weakly equivalent to a certain cofibrant strict ring spectrum
BGLY, that is to say, a monoid object in the underlying model category
SptP1 (PShe(Sm/S)). In the same vein, Hg g can be represented by a strict
commutative monoid object Hy ¢ [CD09, Cor. 14.2.6]. The model structures

on the subcategory of Sptp1 of BGLs- and Hf g-modules are endowed with
model structures such that the forgetful functor is Quillen right adjoint to
smashing with BGLY and Hisy g, respectively. The homotopy categories are
denoted DMpgL(S) and DMg(.S), respectively. Objects in DMg(S) will be
referred to as motives over S. We have adjunctions

(210) — ANBGLg : SH(S) = DMBGL(S) : forget

(2.11) — AHg s : SH(S)g & DMg(S) : forget.

There is a canonical functor from the localization of SH(S)g by all Hg-
acyclic objects E (i.e., those satisfying E®Hp s = 0) to DMg(S). This
functor is an equivalence of categories, which shows that the above definition
is independent of the choice of H;i g- This also has the consequence that the
forgetful functor DMg(S) — SH(S)q is fully faithful [CD09, Prop. 14.2.8],
which will be used in Section[£1l All this stems from the miraculous fact that
the multiplication map Hg A Hg — Hpg is an isomorphism.

Motivic cohomology of any object M in SH(S)q is defined as

(2.12) H"(M, p) := Homgy(s), (M, Hp(p)[n])

ID Hompwiy, s)(M AHg s, Hp 5(p)[n]).

The adjunctions (210), (ZI1]) are morphisms of motivic categories [CD0O9,
Def. 2.4.45], which means in particular that the functors fy, f«, f*, fi and f :
of 22), @3), (Z4) on SH(—) can be extended to ones on DMpgr,(—) and
DMg(—) in a way that is compatible with these adjunctions [CD09, 13.3.3,
14.2.11]. For DMg(S) this can be rephrased by saying that these functors
preserve the subcategories DMg(—) C SH(—)qg.

For any smooth quasi-projective morphism f : X — Y of constant relative
dimension n and any M € DM5g(Y'), we have the relative purity isomorphism
(functorial in M and f)

(2.13) f'M = f*M{n}.

For example, f'Hpy = Hp x{n}. This is due to Ayoub; see e.g. [CD09)
2.4.21].
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For any closed immersion ¢ : X — Y between two regular schemes X and Y
with constant relative codimension n, there are absolute purity isomorphisms
[CD09, 13.6.3, 14.4.1]

(2.14) i'Hpy = Hp x{-n}, #'BGLy = BGLY.

Definition 2.1. Let f : X — S be any map of finite type. We define the
motive of X over S to be

M(X) :=Mg(X) := fif'Hp s € DM5g(S).

Remark 2.2. In [CD09, 1.1.34] the motive of a smooth scheme f: X — S
is defined as fyf*Hg s. These two definitions agree up to functorial isomor-
phism: we can assume that f is of constant relative dimension d. By relative
purity, the functors f' and f*{d} are isomorphic. Thus their left adjoints,
namely fi and f;{—d}, agree too. Therefore, fif'Hg s = fif*Hps{d} =
Jef"Hp s.

Definition 2.3. A map f : X — Y of S-schemes is a locally complete inter-
section (l.c.i.) morphism if both X and Y are regular and, for simplicity of
notation, of constant dimension and if

f=poi: X 55X By

where ¢ is a closed immersion and p is smooth. Note that this implies that
X' is regular. If there is such a factorization with p : X’ = P{ — Y the
projection, we call f a reqular projective map.

We shall write dim f := dim X — dimY for any map f : X — Y of finite-
dimensional schemes.

Example 2.4. Let f = poi be an l.c.i. morphism. Absolute purity for i
([214), relative purity for p, and the periodicity isomorphism BGL = BGL{1}
give rise to isomorphisms

f'Hp s = f*Hp s{dim(f)}, f'BGLs = f*BGLs.

Let f : X — Y be a projective regular map. Recall the trace map in
SH(Y):

(2.15) try" : £.BGLx = p.i,i"BGLx/ @10 BGLx, — BGLy,

constructed in [CD09, 13.7.3]. This is not an abuse of notation insofar as
tr?GL is independent of the choice of the factorization. This is shown by
adapting [Dég08, Lemma 5.11] to the case where all schemes in question are
merely regular.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ARAKELOV MOTIVIC COHOMOLOGY I 727

The trace map for Hg is defined as the composition

trBGL’
(2.16)  tr?: f.f*Hgy{dim f} — f.f*BGLgy —— BGLgy — Hpy.

In case f =4, this is the definition of [CD09, Section 14.4].
Given another regular projective map ¢, the composition g o f is also of
this type. The trace maps are functorial: the composition

tr]?GL , f!tI‘BGL Vo

f*¢*BGL - f¢*BGL " —% f¢BGL
agrees with trgBO(}L and similarly with tr®. This can be deduced from the
independence of the factorization; cf. [Dég08| Prop. 5.14].

By construction, for any smooth map f : Y’ — Y, the induced map
Hom(fy f*S°, tr?GL[—n]) : K (X') = K, (Y') is the K-theoretic pushforward
along f : X' = XxyY' — Y’ [CD09 13.7.3]. Similarly,
Hom(f; f*S°, tr¥[—n](p)) is the pushforward Kn(X’)(g) — Kn(Y’)((Qf]). In-
deed, the pushforward on the Adams graded pieces of K-theory is defined as
the induced map of the graded homomorphism f] on K-theory [FL85 V.6.4].
The adjoint maps

BGLy = f*BGLy — f'BGLy, f.f*BGLy — BGLy

will also be denoted tr];’GL and similarly with tr?.

2.3. The Riemann-Roch theorem. We now turn to a motivic Riemann-
Roch theorem, which will imply an arithmetic Riemann-Roch theorem for
Arakelov motivic cohomology (Theorem [T3]). It generalizes the statement
given by Riou for smooth morphisms [Riol0, Theorem 6.3.1] to regular pro-
jective maps. Independently, F. Déglise has obtained a similar result [Dégl1].
Recall the virtual tangent bundle of a regular projective map f = poi :
X5x By, Ty = i*T, — Cx/x € Ko(X) (see e.g. [FL85, V.7]). Here
T, := Q},/Y is the tangent bundle of p and Cx,x, := (I/I?)" is the conor-
mal sheaf associated to the ideal I defining ¢. As an element of Ky(X), T}
does not depend on the factorization. Its Todd class Td(T}) is an element of
@pez KO(X)S)) (see e.g. |[FL85L p. 20] for the general definition of Td; this
is applied to the Chern character ch : Ko(—) — €D, Ko(—)g) [FL85] pp. 127,

146]). It is regarded as an endomorphism of P, Hs, x{p} via the natural

identification @,¢y, KO(X)((Q?) = Endpmyer, (x)o (D,pez He,x {p}).
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Theorem 2.5 (Riemann-Roch). Let f : X — Y be a reqular projective
map. The following diagram is a commutative diagram in SH(Y )q (or, equiv-
alently, in DMEg(Y)):

BGL
trf

f[*BGLgy BGLg.y

chlm chl"‘
f. Td( tr

" Td(Ty) . 5
f«f"By f« "By ——— By

Here, By is shorthand for @, He,y {p}-

Proof. The statement is easily seen to be stable under composition of reg-
ular projective maps, so it suffices to treat the cases f = p : P{ — Y and
f =1:X — Py separately. The former case has been shown by Riou, so
we can assume f : X — Y is a closed embedding of regular schemes. The
classical Riemann-Roch theorem says that the map

Ko(X)g = @ Ko, 2+ ch f.(z) = £(TA(T}) U ch(z))

vanishes. Viewing x as an element of HOD’ISH(y)Q(SO, f+f*BGLq,y), this can
be rephrased by saying that x — oy o x is zero, where

ay :=chxo tr?GL — tr? o f. Td(T¥) o fuf* chy € Hom(f, f*BGLg,v,By).

To show ay = 0, we first reduce to the case where f : X — Y has a retraction,
that is, a map p: Y — X such that po f = idx. Then, we prove the theorem
by reducing it to the classical Riemann-Roch theorem.

For the first step, recall the deformation to the normal bundle [FL85, IV.5]:

) 0
X
A
‘ /
M '
Y

We have written M := Blyyoo(P}) and Y’ := P(Cx,y @ Ox), Y := BlxY
and Y’ +Y for the scheme defined by the sum of the two divisors. All schemes
except Y/ + Y are regular; all maps except m and pr are closed immersions.

pr

ioo

(2.17 P X
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The diagram is commutative and every square in it is cartesian. The map f’
has a retraction. We show

af/:Oéaf:O

by indicating how to replace each argument in [FL85] proof of Theorem 11.1.3],
which shows o oz =0 = ayox =0 for any z as above, in a manner that
is independent of x.

The identity fi(x) = fiigpr*(z) = g* Fupr*(z) is replaced by the commuta-
tivity of the following diagram of maps of (BGL-)motives, where v := go f =
Foig:

Op1 €Ko(PY)
FF'BGLy ———— BGLy,

OxeKo(X)J( J{OYEKO(Y)

vv'BGLjy, OXTD(X)> 919'BGLyy,

The maps are given by the indicated structural sheaves in Ky(?), via the
identifications of Hom-groups in DMpgr,(Y) with K-theory. For example,
the upper horizontal map is the adjoint map to the inverse of the trace map
isomorphism tr%GL : F*BGL — F'BGL, which corresponds via absolute pu-
rity to Opr € Ko(PY) = Hompwmye, (v) (FF'BGL,BGL). The composition
of the map given by O]P%( and Oy is given by their tensor product (viewed as
Ojr-modules), that is; Ox, so the diagram commutes. The same argument
applies to fl(z) = ¢g"* Fipr*(x).

The projection formula is Theorem 2.4.50(v)]. The divisors Y and
Y’ +Y C M are linearly equivalent, which implies g, (1) = ¢.(1) 4 s.(1) €
KO(M)S) [FL85, IV.(5.11), Prop. V.4.4]. This in turn is equivalent to the
agreement of the following two elements of Hom(Hg ar, Hg ar{—1}):

adj. gitry adj.
Hpv = g.9"Hen —% g1g'Hp i {—1} = Hp ar {1}

and

g!/trE, EBsytrE

Hs,m el g.d " Hsm ®s.s"He . —  gig"Hp,m{—1} @ s1s'Hg m{—1}
U Hg am{-1}.

Finally, the identity s*F.pr*(x) = 0 is formulated independently of x using
again base-change (and using that the motive of the empty scheme is zero).
This finishes the first step.
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Thus, we can assume that f has a retraction p : ¥ — X. By [Riol(]
Section 5, esp. 5.3.6; cf. the proof of 6.1.3.2], the obvious “evaluation” maps
Hom(BGLx g, BGLx ) injectively to

[ Homg (Hom((P')"* AT;,BGLx g), Hom((P")"" A Ty, BGLx g)).
i€Z,TeSm/X

The outer Hom denotes Q-linear maps; the inner ones are morphisms in
SH(X)g. There is an isomorphism u : f*BGLgy — f'By, for exam-
ple the Chern class followed by the absolute purity isomorphism (Example
24). Appending u on both sides, we conclude that the evaluation maps
Hom(f*BGLy,g, f'By) into

[ [ Homg (Hom((P')"* ATy, f*BGLy.q), Hom((P')"* ATy, f'By)) .
i, T

For any T' € Sm/X, consider the following cartesian diagram:

U
R
f P
X —Y —X.
Recall that T € SH(X) is given by t4¢t*S°. Here t; is left adjoint to ¢*; cf.

@4). Thus, the term simplifies to

[ [ Homg (Hom((P")",#* f*BGLyg), Hom((P")", t* f'By)) .
i, T

The diagram X — Y — X is stable with respect to smooth pullback: fr is

also an embedding of regular schemes; pr is a retract of fr. Moreover, the

trace map tr?GL behaves well with respect to smooth pullback, i.e., t*trj}?GL =

BGL
trfT

the case T'= X. That is, we have to show that 8¢, the image of ay in

and similarly for tr?, chs and Td(T%). Thus, it is sufficient to consider

[ [ Homg (Hom((P")", f*BGLy.q), Hom((P')"', f'By))
i€ZL

=[] Homg (Homss(x), ((P%)"', BGLx q), Homspy, (P})", f..f'By))
iez

is zero. The composition
. trh . .
Hom((P})", fif*By) == Hom((P})", fif'By) =5 Hom((P})", By)

is the pushforward f. : @, KO(X)(%)) - @KO(Y)(g’), which is injective since
D« f« = id. Thus, the right hand adjunction map ¢ is also injective, and it is
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sufficient to show vy o By = 0. For any i € Z,

M2 (fL o (< UTA(T))) o chy) — (chy of.)

0
€  Homg (KO(X)Q, @Ko(y)g”)

vy o By
RR

—  Homg (HomSH(X)Q((IP’l)M, F*BGLyg), HomSH(y)Q((Pl)M,By)) .
The vanishing labeled RR is the classical Riemann-Roch theorem for f. O
2.4. Deligne cohomology.

Definition 2.6 ([GS90al, 3.1.1.]). An arithmetic ring is a datum (S, X, Fro.),
where S is a ring, ¥ = {01,...,0, : S = C} is a set of embeddings of S into
C and Fry, : C¥ — C* is a C-antilinear involution (called infinite Frobenius)
such that Fry, oo = o, where 0 = (0;); : S — C*. For simplicity, we suppose
that Sy, := SXgpeczSpecQ is a field. If S happens to be a field itself, we refer
to it as an arithmetic field. For any scheme X over an arithmetic ring S, we
write

X¢ = X x5,C*

and X (C) for the associated complex-analytic space (with its classical topol-
ogy). We also write Fry, : X¢ — X¢ for the pullback of infinite Frobenius on
the base.

The examples to have in mind are the spectra of number rings, number
fields, R or C, equipped with the usual finite set ¥ of complex embeddings
and Fro : (2p)vex = (Z5)0-

We recall the properties of Deligne cohomology that we need in the sequel.
In order to construct a spectrum representing Deligne cohomology in Section Bl
we recall Burgos’ explicit complex whose cohomology groups identify with
Deligne cohomology. In the remainder of this subsection, X/S is a smooth
scheme (of finite type) over an arithmetic field.

Definition 2.7 ([Bur97, Def. 1.2, Thm. 2.6]). Let E*(X (C)) be the following
complex:

(2.18) E*(X(C)) = lim F ¢, (log D(C)),

where the colimit is over the (directed) category of smooth compactifications
X of X such that D := X\ X is a divisor with normal crossings. The complex
E*Y(C) (log D(C)) is the complex of C>-differential forms on X (C) that have
at most logarithmic poles along the divisor (see [Bur97] for details). We
write E*(X) C E*(X(C)) for the subcomplex of elements fixed under the
Fr}_-action. Forms in E*(X) that are fixed under complex conjugation are
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referred to as real forms and denoted Ef(X). As usual, a twist is written as
EX(X)(p) := 2mi)PE{(X) C E*(X). The complex E*(X) is filtered by

FPEX(X)= € E“X).

a>p,a+b=x

Let D*(X,p) be the complex defined by

2p+n—1 a
Dn(X p) — {E]Rp (X)(p - 1) n @a+b:2p+nfl,a,b<p E 7b(*X)v n <0,
P - 2p+r
E]Rp+ L(X)(p) N ®a+b:2p+n,a,b2p E(l,b(X), n 2 0.
The differential dp(x), z € D"(X,p), is defined as —proj(dz) (n < —1),
—200z (n = —1), and dz (n > 0). Here d is the standard exterior derivative,
and proj denotes the projection onto the space of forms of the appropriate

bidegrees. We also set
D := P D(p).

pEZ

The pullback of differential forms turns D into complexes of presheaves on
Sm/S. Deligne cohomology (with real coefficients) of X is defined as

H (X, p) = H" "2 (D(p)(X).

For a scheme X over an arithmetic ring such that X, := X xS, is smooth
(possibly empty), we set Hp, (X, p) := HE(X,).

Recall that a complex of presheaves X +— F,(X) on Sm/S is said to have
étale descent if for any X € Sm/S and any étale cover f : ¥ — X the
canonical map

Fo(X) = Tot(Fi(... 2 YxxY = Y))

is a quasi-isomorphism. The right hand side is the total complex defined
by means of the direct product. (Below we apply it to F.(X) = D(p)(X),
which is a complex bounded by the dimension of X, so that it agrees with the
total complex defined using the direct sum in this case.) The total complex is
applied to the Cech nerve. At least if F' is a complex of presheaves of Q-vector
spaces, this is equivalent to the requirement that

F.(X) — Tot(F.(Y))

is a quasi-isomorphism for any étale hypercover J — X. Indeed the latter is
equivalent to F satisfying Galois descent (as in (228])) and Nisnevich descent
in the sense of hypercovers. The latter is equivalent to the one in the sense
of Cech nerves by the Morel-Voevodsky criterion (see e.g. [CD09, Theorem
3.3.2)).
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Theorem 2.8.

(i) The previous definition of Deligne cohomology agrees with the classical
one (for which see e.g. [EV88|]). In particular, there is a long exact
sequence

(2.19)  HP(X,p) —» H(X(C),R(p)) V" — (Hig(Xc)/FPHR (X))
— HEH (X, p)

involving Deligne cohomology, the (—1)P-eigenspace of the E action
on Betti cohomology, and the Fro.-invariant subspace of de Rham coho-
mology modulo the Hodge filtration.

(i) The complex D(p) is homotopy invariant in the sense that the projection
map X xAl — X induces a quasi-isomorphism D(AlxX) — D(X) for
any X € Sm/S.

(#ii) There is a functorial first Chern class map

(2.20) c1 @ Pic(X) — HE (X, 1).

(iv) The complex D is a unital differential bigraded Q-algebra which is asso-
ciative and commutative up to homotopy. The product of two sections
will be denoted by a -p b. The induced product on Deligne cohomology
agrees with the classical product U on these groups [EV88, Section 3].
Moreover, for a section x € D°(X) satisfying dp(x)(= dx) = 0 and any
two sections y, z € D*(X), we have

(2.21) zpD2)=(DY) D=2
and
(2.22) TDY=YDI.
(v) Let E be a vector bundle of rank r over X. Letp: P :=P(E) — X be
the projectivization of E with tautological bundle Op(—1). Then there
is an isomorphism

r—1

(2.23) p (=) Uer(0p(1)Y" - @ HE > (X, p — i) — HE(P,p).
i=0
In particular the following Kunneth-type formula holds:

(2.:24) HE (P!> X, p) = HE*(X,p — 1) © HH (X, p).
(vi) The complex of presheaves D(p) satisfies étale descent.

Proof. ([l) This explicit presentation of Deligne cohomology is due to
Burgos [Bur97, Prop. 1.3.]. The sequence (ZI9) is a consequence of this
and the degeneration of the Hodge to de Rham spectral sequence. See e.g.
[EV88l Cor. 2.10]. (@) follows from (2I9) and the homotopy invariance of
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Betti cohomology, de Rham cohomology, and, by functoriality of the Hodge
filtration, homotopy invariance of FPH7,(—). For (i), see [BGKKO7, Sec-
tion 5.1.] (or [EV8S| Section 7] for the case of a proper variety). () is

[Bur97, Theorem 3.3.]
For (W), see e.g. [EV8S| Prop. 8.5.].
() This statement can be read off the existence of the absolute Hodge

realization functor [Hub00, Cor. 2.3.5] (and also seems to be folklore). Since
it is crucial for us in Theorem [B.6] we give a proof here. Let

D*(X, p) := cone(EL(X)(p) ® FPE*(X) "5V

B*(X))[1+ 2],

By Theorem 2.6.], there is a natural (fairly concrete) homotopy equiv-
alence between the complexes of presheaves D(p) and D(p). The descent state-
ment is stable under quasi-isomorphisms of complexes of presheaves and cones
of maps of such complexes. Therefore it is sufficient to show descent for the
complexes EX(—)(p), FPE*(—), E*(—). Taking invariants of these complexes

under the Fr’_-action is an exact functor, so we can disregard that operation
in the sequel. From now on, everything refers to the analytic topology; in par-
ticular we just write X for X(C), etc. Let 5 : X — X be an open immersion
into a smooth compactification such that D := X\ X is a divisor with normal
crossings. The inclusion

Q% (log D) C E(log D)

of holomorphic forms into C*°-forms (both with logarithmic poles) yields
quasi-isomorphisms of complexes of vector spaces

RI'R;.C — RTRj.Q « RTQ%(log D) — [ E%(log D)

that are compatible with both the real structure and the Hodge filtration
[Bur94, Theorem 2.1.], [Del71, 3.1.7, 3.1.8]. Here (R)I' denotes the (total
derived functor of the) global section functor on X. The complex E*(X),
whose cohomology is H*(X, C), is known to satisfy étale descent [Hub00, Prop.
2.1.7]. This also applies to E(X)(p) instead of E*(X). (Alternatively for the
former, see also [CD12] 3.1.3] for the étale descent of the algebraic de Rham
complex Q%)

T Actually, the product on D(X) is commutative on the nose. We shall only use the
commutativity in the case stated in ([2:22]) and the associativity as in (Z.21)); cf. Definition
and Lemma B3]
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It remains to show the descent for X — FPE*(X). Consider a distinguished
square in Sm/S,
X — X

L]

Y —— Y,
i.e., cartesian such that Y/ — Y is an open immersion, X/Y is étale and
induces an isomorphism (X\X");ed = (Y \Y")red- Then the sequence

(2.25) H"(FPE*(Y)) = H"(FPE*(Y')) ® H"(FPE*(X)) — H"(FPE*(X"))
— H"H (FPE(Y))

is exact: firstly, the direct limit in (2I8]) is exact. Moreover,
H"(I'(FP Ex(log D))) maps injectively into H"(X, Q% (log D)), and the image
is precisely the p-th filtration step of the Hodge filtration on H"(X, Q*Y(log D))
= H"(X,C). Similarly for X', etc., so that the exactness of (2.20]) results from
the sequence featuring the Betti cohomology groups of Y, Y/ LU X and X', to-
gether with the strictness of the Hodge filtration [Del71l Th. 1.2.10]. This
shows Nisnevich descent for the Hodge filtration. Secondly, for any scheme
X and a Galois cover Y — X with group G, the pullback map into the
G-invariant subspace

(2.26) H"(FPE*(X)) — H"(FPE*(Y)%)

is an isomorphism. Indeed, a similar statement holds for E*(—) instead of
FPE*(—). We work with Q-coefficients, so taking G-invariants is an ex-
act functor; hence H"(FPE*(Y)Y) = (H*(FPE*(Y)))¢ = (FPHR(Y))C =
FP(H2R(Y)Y), the last equality by functoriality of the Hodge filtration. Then,
again using the strictness of the Hodge filtration, the claim follows. Hence
the presheaf X — FPE*(X) has étale descent. O

3. The Deligne cohomology spectrum

Let S be a smooth scheme (of finite type) over an arithmetic field (Defini-
tion 26)). The aim of this section is to construct a ring spectrum in SH(.S)
which represents Deligne cohomology for smooth schemes X over S. The
method is a slight variation of the method of Cisinski and Déglise used in
[CD12] to construct a spectrum for any mixed Weil cohomology, such as al-
gebraic or analytic de Rham cohomology, Betti cohomology, and (geometric)
étale cohomology. The difference compared to their setting is that the Tate
twist on Deligne cohomology groups is not an isomorphism of vector spaces.
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In this section, all complexes of (presheaves of) abelian groups are con-
sidered with homological indexing: the degree of the differential is —1, and
C[1] is the complex whose n-th group is C, 1. As usual, any cohomological
complex is understood as a homological one by relabeling the indices. In par-
ticular, we apply this to (the restriction to Sm/S of) the complexes D(p), D
defined in Definition 2.7] and let

(3.1) D, :=D" =D "(p).

PEL

In order to have a complex of simplicial presheaves (as opposed to a complex
of abelian groups), we use the Dold-Kan equivalence

K : Com>o(Ab) = A°P(Ab) : NV

between homological complexes concentrated in degrees > 0 and simplicial
abelian groups. We write 7>,, for the good truncation of a complex.

Definition 3.1. We write
D; := K(m>0D),
Ds(p) :== K(m>0D(p)).

Via the Alexander-Whitney map, the product on D transfers to a map

(3.2) D;(p) ADs(p') = Ds(p+p).
Lemma 3.2. For X smooth over S and any k > 0, p € Z we have:
(3.3) Hompo, (S¥ A X4, Da(p)) = HY " (X, p)

and similarly for Ds.
Proof. In Hogect,o (cf. Section 2] for the notation), the Hom-group reads
Homg,,. . (5" A X1, K(150(D))) = mK(m20(D(X)))
= Hi(r>0(D(X)))
= Pur*(x,p).
PEZ
We have used the fact that any simplicial abelian group is a fibrant simplicial
set and the identification m,(A,0) = H,(N(A)) for any simplicial abelian
group.
The presheaf Dy is fibrant with respect to the motivic model structure,
since Deligne cohomology satisfies Nisnevich descent and is Al-invariant by

Theorem 2.8 (1) and (). Thus the Hom-groups agree when taken in Hogect,e
and Ho, respectively. (I

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ARAKELOV MOTIVIC COHOMOLOGY I 737

Definition and Lemma 3.3. The Deligne cohomology spectrum Hp is
the spectrum consisting of the Ds(p) (p > 0), equipped with the trivial action
of the symmetric group X,. We define the bonding maps to be the composition

7+ Ph A D, (p) "B Dy (1) A Dy(p) B Dy (o + 1),
Here c* is the map induced by ¢ = c1(Op1(1), FS) € Do(1)(P'), the first
Chern form of the bundle O(1) equipped with the Fubini-Study metric. This
defines a symmetric P'-spectrum.
Define the unit map 1p : X385y — Hp in degree zero by the unit of the
DGA D(0). In higher degrees, we put

. 1\Ap (C*)Ap Ap M
(3.4) (Ip)p : (P)" "— Dy(1)"? — Dy(p).
Equivalently, (1p), := op—10(idpr A (1p)p—1). This map and the product map
u: Hp AHp — Hp induced by B2) turn Hp into a commutative monoid
object of SH(S), i.e., a commutative Ting spectrum.

Proof. Recall that cis a (1, 1)-form which is invariant under Fry, and under
complex conjugation, so c is indeed an element of Dg(1)(P!). Its restriction
to the point oo is zero for dimension reasons, so ¢ is a pointed map (P!, 00) —
(Do(1),0). It remains to show that the map

id ™~ Ac* Aid

(PH)"™ A Dy (n) (PHYA=1 A Dy (1) ADy(n)

B2

= PHM LA Dy (n + 1)
_)
— Ds(m+n)

is Y, XX ,-equivariant, i.e.; invariant under permuting the m wedge factors
P!. Given some map f : U — (P1)*™ with U € Sm/S, let f; : U — P! be the
i-th projection of f and ¢; := fc1(Op1(1)). Given some form w € D(n)(U).,
we have to check that the expression

(3.5) c1p(c2p (- (emDW)...))

is invariant under permutation of the ¢;. Here -p stands for the product map
2). This holds before applying the Dold-Kan functor K (i.e. (P})*™xD(n)
— D(n + m) is ¥,,-invariant) since the forms ¢; € Do(1)(U) are closed, so
by Theorem 2-8([v]) the expression (3.5 is associative and commutative. The
Alexander-Whitney map is symmetric in (simplicial) degree 0, i.e. (D(p)) A
KD(®)) = K(D(p)@D(p')) commutes with the permutation of the two fac-
tors when restricting to elements of degree 0. Moreover, it is associative in all
degrees. As ¢; € Dg(1), the previous argument carries over to the product on
D;(—) instead of D(—). This shows that Hp is a symmetric spectrum.
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By Theorem 2.8|{iv]), the product on D is (graded) commutative and asso-
ciative up to homotopy; thus the diagrams checking, say, the commutativity
of Hp AHp — Hp do hold in SH(S). The details of that verification are
omitted. ]

Remark 3.4. (1) Consider the spectrum D’ obtained in the same way
as Hp, but replacing Dg(p) by Hp. Then the obvious map ¢ :
@D,z Hp{p} — D’ is an isomorphism. To see that, it is enough
to check that Homgyy(g)(S™ AX X 4, —) yields an isomorphism when
applied to ¢. By the compactness of S™ A X7 X, in SH(S), this
Hom-group commutes with the direct sum. Then the claim is trivial.
(2) Choosing another metric A on O(1) in the above definition, the result-
ing Deligne cohomology spectrum would be weakly equivalent to Hp
since the difference of the Chern forms ¢ (O(1), F'S) —c1(O(1), A) lies

in the image of dp : D1(1) = Do(1); see e.g. [Jos06, Lemma 5.6.1].

Lemma 3.5. The Deligne cohomology spectrum Hp is an Q-spectrum (with
respect to smashing with P! ).

Proof. We have to check that the adjoint map to o, (Definition and Lemma
B.3),

by : Dy(p) — RHom, (P*, Dy(p + 1)),

is a motivic weak equivalence. As P! is cofibrant and D (p + 1) is fibrant, the
non-derived Hom, (P!, D4(p)) is fibrant and agrees with RHom,(P*, D,(p)).
The map is actually a sectionwise weak equivalence, i.e., an isomorphism in
Hogect,0 (). To see this, it is enough to check that the map

Dy (p)(U) — Hom, (B, Ds(p + 1)(U))

is a weak equivalence of simplicial sets for all U € Sm/S [MV99, 1.8., 1.10,
p. 50]. The m-th homotopy group of the left hand side is HQDp ~"™(U, p) (Lemma
B2), while 7, of the right hand simplicial set identifies with those elements of
T (Hom (P! xU, Dy (p + 1)) = HEXPTD ™™ (P1x U, p + 1) which restrict to zero
when applying the restriction to the point co — P!. By the projective bundle
formula ([2:24)), the two terms agree. O

Theorem 3.6.

(i) The ring spectrum Hp represents Deligne cohomology in SH(S): for any

smooth scheme X over S and any n, m € Z we have

Homspy(s) ((S1)"" A (B5)M™ A S3E Xy, Hp) = Hp">™(X, —m).

(See Section 211 for the meaning of (S*)", (P5)"™ with negative expo-
nents.)
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(i) The Deligne cohomology spectrum Hp has a unique structure of an Hp g-
algebra, and P, Hp{p} has a unique structure of a BGLg-algebra. In
particular, Hp is an object in DMpg(S), so that (1) and @ZII) yield
a natural isomorphism Hompn, (sy(Ms(X), Hp(p)[n]) = HE (X, p) for
any smooth X/S.

(i1i) The map idp A 1n, : Hp — Hp A Hg is an isomorphism in SH(S)q.

Definition 3.7. The maps induced by the unit of Hp are denoted pp : Hg —
Hp and chp : BGL — @p Hp{p}, respectively.

Proof. By Lemma[3.5 Hp is an Q-spectrum. Thus (I follows from Lemma
0.2l

@) By B3 Hp is a commutative ring spectrum. Recall the definition of
étale descent for spectra and that for this it is sufficient that the individual
pieces of the spectrum have étale descent [CD09, Def. 3.2.5, Cor. 3.2.18].
Thus, Hp satisfies étale descent by Theorem Z8|[i). Moreover, Hp is ori-
entable since Homgp(g)(Pg°, Hp{1}) = lim Hom(P",Hp{1}) by the Milnor
short exact sequence (see e.g. [CD12| Cor. 2.2.8] for a similar situation). This
term equals H3 (P!, 1) by [223). Any object in SH(S)q satisfying étale de-
scent is an object of DMg(S), i.e., an Hg g-module [CD0Y, proof of 16.2.18].
If it is in addition an orientable ring spectrum, there is a unique Hg g-algebra
structure on it [CD09, Cor. 14.2.16]. This settles the claim for Hp. Secondly,
the natural map (in SH(S))

@ >
BGL — BGLg = DHs{p} ¥ @D Hp{p)

PEZL p

and the ring structure of ®Hp {p} defines a BGL-algebra structure on @Hp{p}.
This uses that the isomorphism (28] is an isomorphism of monoid objects
[CDQ9, 14.2.17]. The unicity of that structure follows from the unicity of the
one on Hp and Homgpy(s)(BGLg, @Hp{p}) = Homgp(s),(BGLg, ®Hp{p}),
since Hp is a spectrum of R- (a fortiori: Q-) vector spaces.

() follows from (), using [CD09, 14.2.16]. O

4. Arakelov motivic cohomology

Let S be a regular scheme of finite type over an arithmetic ring B. The
generic fiber S, := SxzQ — B,, := BxzQ is smooth, since B, is a field (by
Definition [2.6]). We now define the Arakelov motivic cohomology spectrum
ITI;; which glues, in a sense, the Deligne cohomology spectrum Hp € SH(S,))
(Section B) with the Beilinson motivic cohomology spectrum Hg g (27). Par-
allelly, we do a similar construction with BGLg instead of Hg g. Once this
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is done, the framework of the stable homotopy category and motives readily
imply the existence of functorial pullbacks and pushforwards for Arakelov mo-
tivic cohomology (Section 2)). We also prove a higher arithmetic Riemann-
Roch theorem (Theorem T3] and deduce further standard properties, such
as the projective bundle formula in Section 4l

4.1. Definition. Recall from Section 2] the category Spt(S) :=
SptP1 (A°PPSh,(Sm/S)) with the stable model structure. The resulting ho-
motopy category is SH(S).

Definition 4.1. For any A € Spt(S), we put

(4.1) A := hofibgpe(s) (A A QR(S) IR 4 QRn*HD) € Spt(S).

Here, hofib stands for the homotopy fiber, 1p : S° — Hp is the unit map given
in (34), and Q and R are the cofibrant and fibrant replacement functors in
Spt(S). The map 1p is a map in Spt(S,), as opposed to a map in the
homotopy category SH(S,). Hence so is the map used in ({I]). We wrote
QR here for clarity, but drop these below, given that the fibrant-cofibrant
replacement of any spectrum is weakly equivalent to the original one.

We write [A] for the image of A in SH(S) (or SH(S)g) under the localiza-
tion functor. Using the strict ring spectra Hi ¢ and BGLY (Section 22)), we

define the Arakelov motivic cohomology spectrum }TB; as

and similarly
BGLg := [BGL]] € SH(S).

Theorem 4.2.

(i) Given a morphism f : A — A’ in SH, there is a canonical morphism
[f] . (4] - [;1\’] in SH which is an isomorphism if f is. In particular,
the Chern character isomorphism ch : BGLsq = @,c, Hr s{p} gives
rise to an isomorphism called Arakelov Chern character,

(4.2) ch: ]?G\LS,Q = EBI'TBTS‘{?}

(ii) If A is a strict ring spectrum, then [A] is an A-module in a canonical way.

In particular, ITB; is in DMg(S) and BGLg is an object of DMpgL(S).
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Proof. () We can represent f by a zig-zag of maps f; and define fto be
the zig-zag of ﬁ := hofib(f; A (S° Bp Hp)). As any choice of the zig-zag
represents the same given map [f] : [A] — [A'] in SH(S), the resulting map
[ﬂ :[A] = [1/4\’] is also independent of the choice of the zig-zag.

(@) The map in [I) is a map of A-modules. Its homotopy fiber in the
category of A-modules is an object @ € A — Mod. By the Quillen ad-
junction (ZII) and [Hir03| Theorem 19.4.5], AMod g weakly equivalent (in
Spt) to A. Therefore, the image of [m] in SH under the forgetful functor
Ho(A — Mod) — SH is isomorphic to [A\], i.e., the latter is canonically an
A-module. O

Remark 4.3. (i) Theorem E2({l) shows that BGL does not depend on the
choice of the spectrum representing BGL. In a similar vein, one can
show that given a map A — A’ of strict ring spectra (respecting the ring
structure) that is also a weak equivalence, [A] is mapped to [A\’] under
the canonical equivalence of categories — : ®4 A’ : Ho(A — Mod) —
Ho(A’ — Mod). In this sense, the BGL-module structure on BGL does
not depend on the choice of the strict ring spectrum. We will not use
this fact, though.

(ii) We are mainly interested in gluing motivic cohomology with Deligne
cohomology. However, nothing is special about Deligne cohomology. In
fact, given some scheme f : T — S (not necessarily of finite type) and
complexes of presheaves of Q-vector spaces D(p) on Sm/T satisfying the

conclusion of Theorem 2R ), (), [¥), @) (actually 224 suffices),
and (), everything could be done with f,D(p) instead of n.D(p).

Definition 4.4. For any M € SH(S), we define
A" (M) := Homgpys) (M, BGLg[n)),
H"(M,p) := HomSH(S)@(M@ﬁ]\s(p) [n]).

The latter is called Arakelov motivic cohomology of M. For any finite type
scheme f : X — S, we define Arakelov motivic cohomology of X as

H"(X/S, p) i= Homss(s), (ff 55 5%, Hp,5(p) [n])
and likewise
H"(X/S) := Homsps) (/1 £ 8%, BGLs[n]).
Here X395 is the infinite P*-suspension of the 0-sphere, i.e., the unit of the
monoidal structure in SH. When the base S is clear from the context, we

will just write H"(X,p) and H"(X). See Theorem EI3E) for a statement
concerning the independence of the base scheme S of the groups H”(X/S).
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Theorem 4.5.

(i) For any M € SH(S) there are long exact sequences relating Arakelov
motivic cohomology to (usual) motivic cohomology (ZI2) and, for ap-
propriate motives, Deligne cohomology (Definition [27):

(4.3)
... = H"(M,p) — H"(M, p) 5 Homgpy(s) (M, n.Hp (p)[n]) — 0" (M, p)

(4.4)
o= HY (M) = HY (M) B Homgps) (M, @n.Hp{p}[n]) — A" (M). ...

The maps p and ch agree with the one induced by pp and chp (Definition
5.

(ii) For any l.c.i. scheme X/S (Definition 23], for example X = S) we get
exact sequences

o HY(X, p) — Kapon(X)E) — H (X, p) — H™ (X, p) = -,

(45) = HY(X) = K_,(X) - PHE "(X,p) » H"H(X) = -

(isi) If S’ 4 8 is a scheme of positive characteristic over S, the obvious map
H"(f«M,p) — H"(f. M, p) is an isomorphism for any M € SH(S").
(iv) There is a functorial isomorphism

(4.6) A7 (M) = Homppgy,e, (s)(BGLs A M, BGLg),

where we view B/Gr-L\S as a BGL-module using Theorem E2(Ml). A similar
statement holds for Hg g. In addition, there is a canonical isomorphism
H"™(M, p) = H*(M A Hg s,p). For example, H"(X,p) = H*(Mg(X),p)
for any X/S of finite type. For any compact object M € SH(S), there
is an isomorphism called the Arakelov Chern character:

(4.7) ch - H"(M)®zQ = @ H27(M, p).
pEZ

Proof. The long exact sequence in (Il) follows from Theorem B.GI([), the
projection formula Hg A n.Hp = n.(Hp A Hp), and generalities on the ho-
motopy fiber in stable model categories. Similarly, BGL A Hp is canonically
isomorphic, via the Chern class, to ®Hg AHp{p} = @Hp{p}. The agreement
of p and pp is also clear, since the Hg-module structure map Hg A Hp — Hp
is inverse to 15 Aidp : Hp — Hg A Hp.

For (i), we use (i) and apply @) to Mg(X) and f f'BGLg, respectively
where f : X — S is the structural map. In order to identify the motivic
cohomology with the Adams eigenspace in K-theory, we use the adjunc-
tion (23)) and the purity isomorphism for f (Example 24]). To calculate
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Hom(f;f!HB,S,HD), we can replace B by the arithmetic field B, := BxzQ.
The scheme S is regular; thus s : S — B is smooth (of finite type). The same
is true for the structural map = : X — B. Now, combining the relative purity
isomorphisms for x and for s, we get an isomorphism

f'Hp = f's*Hp = f's'Hp{— dim s}
= 2'Hp{—dims} = 2*Hp{—dims + dimz} = f*Hp{dim f}.
We conclude

Homsps)(f1./ Hp,s,Hp(p)[n]) = Hom(f'Hps, fHp(p)[n])
= Hom(f"Hg,s{dim f}, f"Hp(p)[n]{dim f})
= Hom(Hg,x,Hp(p)[n])

3.6 _
L8 2 (X, p).

(@) follows from localization. The first isomorphism in (v]) follows from
(ZII). The second one uses in addition the full faithfulness of the forgetful
functor DMp — SHgq (Section 2:2]). The map ch is induced by (€2]). O

Remark 4.6. By ([{3), each group ﬁ"(M ) is an extension of a Z-module by
a quotient of a finite-dimensional R-vector space by some Z-module. Both
Z-modules are conjectured to be finitely generated in case S = SpecZ and M
compact (Bass conjecture). Similarly, the groups ﬁ”(M ,p) are extensions of
Q-vector spaces by groups of the form R*/some Q-subspace. In particular,
we note that the Arakelov motivic cohomology groups ﬁ"(M ,p) are typically
infinite-dimensional (as Q-vector spaces). However, one can redo the above
construction using the spectrum Hg ® R instead of Hg to obtain Arakelov
motivic cohomology groups with real coefficients, ﬁ"(M,R(p)). These groups
are real vector spaces of conjecturally finite dimension, with formal properties
similar to those of ﬁ"(M ,p), and these are the groups needed in the second
author’s conjecture on ¢ and L-values [Sch13].

Remark 4.7. In [Sch12] Theorem 6.1], we show that H"(X) agrees with
IA(Zn(X) for n < —1 and is a subgroup of the latter for n = 0. The group
H'(X) = coker(Ky(X) — OHZ(X,p)) is related to the Hodge conjecture,
which for any smooth projective X/C asserts the surjectivity of Ko(X)g —
le)p (X,Q(p)) (Deligne cohomology with rational coefficients). For n > 2,
H"(X) = eHF" (X, p).

Example 4.8. We list the groups H" .= ﬁ‘”(Spec OrF) of a number ring
Op. These groups and their relation to the Dedekind (-function are well-
known; cf. [Sou92| III.4], [Tak05l p. 623]. For any n € Z, (£3]) reads

HY(X,n+1)=H 2" ' 5 Koy B3HE (X, n+ 1) H 2" = Ky, 3H (X, n).
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In [Sch12, Theorem 5.7], we show that the map p, induced by the BGL-
module structure of ®Hp{p} agrees with the Beilinson regulator. We conclude
by Borel’s work that 0271 is an extension of (Kon+1)tor(= pr if n =0) by
HY(X,n + 1) for n > 0. Moreover, for n > 0, H~2" is an extension of the
finite group Ko, by a torus, i.e., a group of the form R*» /Z®~ for some s,
that can be read off (ZI9)). Finally, HO is an extension of the class group of
F by a group R 2=t /zm+r2=1 g R,

For higher-dimensional varieties, the situation is less well-understood. For
example, by Beilinson’s, Bloch’s, and Deninger’s work we know that

Kon2(B){? = B3 (B, n + 2)

is surjective for n > 0, where E is a regular proper model of certain elliptic
curves over a number field (for example a curve over Q with complex mul-
tiplication in case n = 0). We refer to [Nek94l Section 8] for references and
further examples.

4.2. Functoriality. Let f : X — Y be a map of S-schemes. The struc-
tural maps of X/S and Y/S are denoted x and y, respectively. We establish
the expected functoriality properties of Arakelov motivic cohomology. To de-
fine pullback and pushforward, we apply Hompmy (—, }T;:v) to appropriate
maps, using (£.0)).

Lemma 4.9. There is a functorial pullback

FroHN Y, p) = HY(X,p), f*: HY(Y) — H*(X).

More generally, for any map ¢ : M — M’ in SH(S) there is a functorial
pullback

¢*  H*(M',p) — H"(M,p), ¢*:H"(M') — H"(M).

This pullback is compatible with the long exact sequence [3) and, for compact
objects M and M', with the Arakelov-Chern class (&1).

Proof. The second statement is clear from the definition. The first claim
follows by applying the natural transformation

v’ =y fif'y €3 yy'

to BGLg or Hg g, respectively. The last statement is also clear since (23)) is
functorial; in particular it respects the isomorphism ch: B/CE‘Q s = @Iﬂ;{p}.
O

In the remainder of this section, we assume that f and y (hence also x) are
regular projective maps (Definition 2.3]). Recall that dim f = dim X —dimY".
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Definition and Lemma 4.10. We define the pushforward
fo: H'(X,p) — H"24mU0)(v, p — dim(f))

on Arakelov motivic cohomology to be the map induced by the composition

(D)t N .
Ms(Y) =yy'Hss -  yy Hps{dim(y)}
22) - .
=y fof y*Hp s{dim(y)}

= xiz*Hp s{dim(y)}

I’B
N x12'Hp s {dim(y) — dim(z)}

Mg (X){— dim(f)}-
Similarly,
fo s HY(X) = H(Y)
is defined using the trace maps on BGL instead of the ones for Hg ([2IH),
2.16).

This definition is functorial (with respect to the composition of reqular pro-
Jective maps).

Proof. Let g : Y — Z be a second map of S-schemes such that both g
(hence h := go f) and the structural map z : Z — S are regular projective.
The functoriality of the pushforward is implied by the fact that the following
two compositions agree (we do not write Hg _{—} or BGL_ for space reasons):

-1
| tr tr !
272 3 22" — 2ah 2 =t =3 o,

!trz_l * * %k x try !tr;1 * * % % trg !
2z 2 22" > 2097 =9yt =gy = pwyt > uffyt =at 3 o

This agreement is an instance of the identity ady, = y.adsy* o ad,. O
4.3. Purity and an arithmetic Riemann-Roch theorem. In thissub-
section, we establish a purity isomorphism and a Riemann-Roch theorem for
Arakelov motivic cohomology. We cannot prove it in the expected full gener-
ality of regular projective maps, but need some smoothness assumption.

Given any closed immersion ¢ : Z — SpecZ, we let j : U — SpecZ be
its open complement. The generic point is denoted 1 : SpecQ — SpecZ.
We also write 4, j, n for the pullback of these maps to any scheme, e.g.
i: Xz = XXgpeczZ — X. Recall that B is an arithmetic ring whose generic
fiber B,, is a field (Definition [2:6]).

Let f : X — S be a map of regular B-schemes. For clarity, we write
D(p)x, for the complex of presheaves on Sm/X, that was denoted D(p)
above and Hp, X, for the resulting spectrum. Moreover, we write Hp x :=
n.Hp x, € SH(X). The complex D(p)x, is the restriction of the complex
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D(p)p,. Therefore, there is a natural map f*D(p)s — D(p)x, which in turn
gives rise to a map of spectra

a{) : f*HD75 — HD,X~

This map is an isomorphism if f is smooth, since f* : PSh(Sm/S) —
PSh(Sm/X) is just the restriction in this case. Is af; an isomorphism for
a closed immersion f between flat regular B-schemes? The corresponding
fact for BGL, i.e., the isomorphism f*BGLg = BGLY, ultimately relies on
the fact that algebraic K-theory of smooth schemes over S is represented in
SH(S) by the infinite Grassmannian, which is a smooth scheme over S. There-
fore, it would be interesting to have a geometric description of the spectrum
representing Deligne cohomology, as opposed to the merely cohomological
representation given by the complexes D(p).
Lemma 4.11.
(i) Given another map g:Y — X of reqular B-schemes, there is a natural
isomorphism of functors a2, o g*ad = ol
(ii) The following are equivalent:
. af; is an isomorphism in SH(X).
e For anyi: Z — SpecZ, the object i* f*Hp g is zero in SH(X x77).
o For any sufficiently small j : U — SpecZ, the adjunction morphism
f*Hp.s = j.«j*f*Hp s is an isomorphism in SH(X).
(111) The conditions in (W) are satisfied if f fits into a diagram

X—*sB —3B

i

S

where B’ is reqular and of finite type over B, x and s are smooth. In
particular, this applies when f is smooth or when both X and S are
smooth over B.

Proof. () is easy to verify using the definition of the pullback functor.
() is a consequence of the above remark and ([l) using the chain of natural
isomorphisms f*Hp ¢ = f*s*Hp g = *Hp, g = Hp x. For (), consider the
map of distinguished localization triangles:

i*i!f*HD’s —— f*Hp,s —— j.j" f*Hp s

l L’é }' i ah=j.or)

0 =1i.i'Hp x Hp x J«3*Hp, x .
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The map aj’;U is an isomorphism as soon as j is small enough so that Xy and
Sy are smooth over By. Such a j exists by the regularity of X and S. This
shows the equivalence of the three statements in (). (]

Below, we write b := @__, Hs{p} and EX := hofib(Bx — Bx AHp x).
We define

PEZL

#"BGLs := hofib(f'BGLs 2} #'BGLs A f*Hp s)
and similarly for f?]ASS. (The notation is not meant to suggest a functor
f%; it is just shorthand.) The Chern class ch : BGLs — Bg induces a map
#7ch: f'BGLs — f’'Bs.

Theorem 4.12. Let f : X — S be a regular projective map (Definition
23) such that af; is an isomorphism. (In particular (Lemma 11 () this
applies when B is a field or when X and S are smooth over B or when f is
smooth.) Then there is a commutative diagram in SH(X)q as follows. Its top
row horizontal maps are BGLx -linear (i.e., induced by maps in DMpgr (X)),

and the bottom horizontal maps are Bx -linear. All maps in this diagram are
isomorphisms (in SH(X)g).

(48) ]?(}\LX (—a f*I?C-}\LS treGL f?I?(-}\LS L} f!B/(-}\LS
chhx lf*‘;hs lf?CAhs Jf!CAhs
Bx —— f*Bg —— f*Bs —— f'Bs f'Bs.
@ Td(Ty) trs B

Proof. To define the maps a in ([LS]), we don’t make use of the assumption
on 041];. Pick fibrant-cofibrant representatives of BGL and Hg, and Hp. Thus,
in the following diagram of spectra, f* and A are the usual, non-derived
functors for spectra:

af
f*BGLg =————— f*BGLg — = s BGLy
Jf*(id/\lD) JidAf*lD j{id/\lD
ocf /\ocf
BGL D

f (BGLS N HD,S) +—— [*BGLg A f*HD7S —— BGLx A HD,X-

As f* is a monoidal functor (on the level of spectra), the canonical lower
left hand map is an isomorphism of spectra and the left square commutes.
The right square commutes because of oz']g( f*1p) = 1p. This diagram in-
duces a map between the homotopy fibers of the two vertical maps, which
are f*B/G\LS and BGL X, respectively. This is the map a above. The one for
B is constructed the same way by replacing BGL by B throughout. Using
f* chg = chy, this shows the commutativity of the left hand square in ([3]).
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By definition of BGL, aéGL : [*BGLg — BGLx is a weak equivalence. Thus,
both maps & are isomorphisms in SH(X) when ozé is so. They are clearly
BGLx- and B x-linear, respectively.

The horizontal maps in the middle quadrangle are defined as in Theo-
rem E2[): for example, the map trggr : f*BGL — f'BGL gives rise to
@ : f*B/G\LS — f7]3/G\LS. It is BGLx-linear since trggr, is so. Similarly,
we define Tg(?f) (viewing Td(Ty) as a (Bx-linear) map f*Bs — f*Bg) and
frg. Picking representatives of all maps, the quadrangle will in general not
commute in the category of spectra, but does so up to homotopy, by con-
struction and by the Riemann-Roch Theorem This settles the middle
rectangle.

By the regularity of X and S, we can choose j : U C SpecZ such that Xy
and Sy are smooth over By. We will also write j for Xy — X, etc.

By assumption, aé is an isomorphism. Hence, the adjunction map f'BGLA
f*Hp — j.5*(f'BGL A f*Hp) is an isomorphism in SH. In fact, both
terms are isomorphic in SH to EBP Hp{p}, as one checks for example us-
ing the purity isomorphism f'BGLg = f*BGLg = BGLx. Thus, f?B/(ﬁl
is canonically isomorphic to the homotopy fiber of f'BGL — j,j*f'BGL —
F«*(f'BGL A f*Hp) = j.(5* f'BGL A j* f*Hp). Here, the last equality is a
canonical isomorphism on the level of spectra, since j* is just the restriction.
By definition, j*f' = j'f'. We may therefore replace f by fu. Now, f('JM is
functorially isomorphic (in SH) to f;M{n}, n := dim fy, by construction of
the relative purity isomorphism by Ayoub [Ayo07, Section 1.6]. Indeed, a is
a closed immersion, and p and every map in the diagram with codomain By
are smooth:

fu
Xvu /Q/W Su

NJ

By

Hence to construct 3, it is enough to construct a commutative diagram of
spectra:

ftBGLs, {n} ftBGLs, {n}

lid/\lD lf*(id/\ln)

f5BGLs, {n} A fiHp, s, —— f(BGLs, A Hp s, ){n}.

The map 7 is the natural map of spectra fj;zA fiiy — fi;(zAy), which clearly
makes the diagram commute in the category of spectra. We have constructed
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a map (in SH) S : f?B/Gr\L — f!B/Gr\L in a way that is functorial with respect
to (a lift to the category of spectra of) the map ch : BGL — B. Therefore,
the analogous construction for B produces the desired commutative square
of isomorphisms (in SH). Again, the top row map £ is BGL-linear and the
bottom one is B x-linear.

Finally, the vertical maps in (£8) are isomorphisms using the Arakelov
Chern character ([@2). O

We can now conclude a higher arithmetic Riemann-Roch theorem. It con-
trols the failure of ch to commute with the pushforward.

Theorem 4.13. Let f : X — S be a regular projective map (Definition
23) of schemes of finite type over an arithmetic ring B (Definition 2.6]).
Moreover, we assume that f is such that

Oz']g : f*HD,S — HD,X

s an isomorphism. This condition is satisfied, for example, when f is smooth
or when X and S are smooth over B (LemmaLTI1l). Then, the following hold:

(i) (Purity) The absolute purity isomorphisms for BGL and Hg 2I4) in-
duce isomorphisms (of BGLx - and Hgp x -modules, respectively):

BGLy = f*BGLs = f'BGLs, Hgx = f*Hpg 2 f'Hpe{— dim f}.

In particular, Arakelov motivic cohomology is independent of the base
scheme in the sense that there are isomorphisms

H"(X/S) ~ H"(X/X), H"(X/S,p)~H"(X/X,p).

(ii) (Higher arithmetic Riemann-Roch theorem) There is a commutative
diagram

A (X/X) — T L fin(5/9)

= =
@,;GZ ﬁn+2p(X7 p)f*Ld(Tf)@pez ﬁn+2p(5’ p)-
Here, the top line map f. is given by
H'(X/X) = HomSH(X)(S_naB/G\LX)
e Homgg(x)(S™", f'BGLs)
29 Homgps) (5", BGLs) = H"(5/S).

Using the identifications H"(X/X) = H"(X/S), this map agrees with
the one defined in Lemma EI0. The bottom map f. is given similarly
replacing BGL with B.
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Proof. The isomorphisms for ]?G\L? in (i) are a restatement of Theorem
The ones for IfIE? also follow from that by dropping the isomorphism
T?(?f) in the bottom row of (X) and noting that trg, hence trg, shifts the
degree by dim f. The isomorphisms in the second statement are given by the
following identifications of morphisms in DMpgr(—), using (£8):

Hom(BGLy,BGLy) =%  Hom(BGLy, f'BGLs)

“2et) ™ Hom(f'BGLs, f'BGLs)
= Hom( f,f'BGLg, m)

and likewise for Hg.

() is an immediate corollary of Theorem [£12] given that the two isomor-
phisms (in SH(X)g) Tg(?f) oa~land a'o Tg(?f), where Td(T}) is seen
as an endomorphism of f*Bg and of By, respectively, agree. This agreement
follows from the definition of &. The agreement of the two definitions of f, is
clear from the definition. O

This also elucidates the behavior of (L) with respect to pushforward:
in the situation of the theorem, the pushforward f, : H*(X) — H"(S) sits
between the usual K-theoretic pushforward and the pushforward on Deligne
cohomology (which is given by integration of differential forms along the fibers
in case f(C) is smooth, and by pushing down currents in general), multiplied
by the Todd class (in Deligne cohomology) of the relative tangent bundle.

4.4. Further properties.

Theorem 4.14.

(i) Arakelov motivic cohomology satisfies h-descent (thus, a fortiori, Nis-
nevich, étale, cdh, qfh and proper descent). For example, there is an
exact sequence

... — H"(X,p) - H*(U U V,p) — H*(W,p) — H" 1 (X,p) — ...

where

W——V
| ]
Uv—1sx
is a cartesian square of smooth schemes over S that is either a distin-
guished square for the cdh-topology (f is a closed immersion, p is proper
such that p is an isomorphism over X\U ) or a distinguished square for
the Nisnevich topology (f an open immersion, p étale inducing an iso-

morphism (p~ (X\U)rea = (X\U)rea)) or such that UUV — X is an
open cover.
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(11) Arakelov motivic cohomology is homotopy invariant and satisfies a pro-
jective bundle formula:

H"(X <A, p) = H"(X, p),

~

d
H"(P(E),p) = @ H"(X,p —i).
1=0

Here X/S is arbitrary (of finite type), E — X is a vector bundle of rank
d+ 1, and P(FE) is its projectivization.

(iii) Any distinguished triangle of motives induces long exact sequences of
Arakelov motivic cohomology. For example, let X/S be an l.c.i. scheme
(Example 24). Leti: Z C X be a closed immersion of reqular schemes
of constant codimension ¢ with open complement j : U C X. Then there
is an exact sequence

A"20(2,p— ) 5 H'(X,p) & B (U, p) — B 2(Z,p — o).
() The cdh-descent and the properties (), (Il) hold mutatis mutandis for
H*(-).

Proof. The h-descent is a general property of modules over Hg g [CD09L
Thm 16.1.3]. The Al-invariance and the bundle formula are immediate from
M(X) 2= M(X xA') and M(P(E)) = @7, M(X){i}. For the last statement,
we use the localization exact triangle [CD09, 2.3.5] for U hx iz

fiid' fHess — fif'Hss — frivi* f'Hp 5.

The purity isomorphism f*Hg s{dim f} = f'Hg s (Example[24) for the struc-
tural map f: X — S and the absolute purity isomorphism (24 for ¢ imply
that the rightmost term is isomorphic to fiiyi' f'Hp s{—dimi} = Mg(Z){—c}.
Mapping this triangle into I—TBTg(p) [n] gives the desired long exact sequence.
The arguments for m are the same. The only difference is that descent
for topologies exceeding the cdh-topology requires rational coefficients. O
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