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Chapter 0

Preface

These are lecture notes on Linear algebra and geometry, offered in
Spring 2023 and subsequent years at the University of Padova to an
audience of engineering students.
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Chapter 1

The Complex Numbers

In this brief chapter, we survey some fundamental properties of the
complex numbers, namely the basic arithmetic of complex numbers,
the fundamental theorem of algebra and the complex exponential
function.

1.1 Basic Properties

Definition 1.1. The complex numbers C are the set
C = {(a,b), with a,be R}.
Addition and multiplication of complex numbers are defined by

(al,bl) + (az,bg) = (CL1 + a2,b1 + b2)
(a1,b1) - (ag, be) := (aras — bibe, arby + ashy).

We usually write such a pair as
a+ib:= (a,b).

This way of writing a complex number is also referred to as the
algebraic form. In this notation, we obtain

(CLl + ib1>(a2 + Zbg) = (CL16L2 — blbz) + i(albg + agbl).

In particular, the fundamental equation holds:
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We consider the real numbers R as the subset {(a,0),a € R} =
{a +i0} = C. The real part and imaginary part are defined as

R(a + ib) := a,S(a + ib) := b.

Another customary notation is to write z for complex numbers, i.e.,
2z = a +1b.

The sum of complex numbers just amounts to adding the real
part and the imaginary parts separately.

Sometimes, we refer to the set of complex numbers also as the
complex plane, given that we can switch back and forth between
writing z = a + b and z = (a, b), i.e., a point on the plane specified
by its two coordinates.

Regarding the geometric properties of C, we use the following
standard terms:

Definition 1.2. The complex conjugation is the mapping
7:.C—>C,z=a+ib—Z:=a—ib.

The absolute value is the mapping
71:C >R z=a+ib—|z| :=V2z = Va2 + b2

Geometrically, the operation of taking the complex conjugation
amounts to reflecting the points in the complex plane along the x-
axis (also known as real axis). By the Pythagorean theorem, if we
depict z as a point in the plane with the coordinates (a,b), then |z
is the distance of that point to the origin. We note that |z| = 0
holds exactly if z = 0. If z = a(= a + 0b) happens to be a real
number, then |z| = |a| is the usual absolute value of a real number:
la| =aif a >0 and |a] = —a if a < 0.

Lemma 1.3. If z # 0 is a non-zero complex number, i.e., z = a+1ib
with a or b (or both) being nonzero, then

41
=2
z

exists (as a complex number). It can be computed as

_ z
l= 2
z-Z
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Example 1.4. If z = 2 4 3i, we compute Z = 2 — 3¢, and 2Z =
22 +32=13. Thus 27" = (2 —3i)/13 = & — 3.
Proof. Indeed, if we multiply the above expression with z, we get

_ z
2zl = 2——

Note how this formula is an actual simplification, since z - Z is
a real (as opposed to complex) number, so dividing by it is easily

done. It is also possible to state the above formula without referring
to the complex conjugate, but the formula becomes less transparent:

. a b .
2= — i.
a?+0b2 a4+

Given that we can form the reciprocal of any nonzero complex
number, we can also divide any complex number w € C like so:

1.1.1 Trigonometric form

The multiplication of complex numbers reveals its essence best by
writing complex numbers in a different form, known as the trigono-
metric form.

For any two complex numbers z; = a; + b1i, 20 = ag + byt € C,
one has

|2’12’2| = |CL16L2 — blbg + (albg + a2b1>i|

= \/(CHCZQ — blbg)Q + (Cllbg + a2b1)2

= /(a1a2)? — 2a1a5b1by + (b1b)? + (a1b)? + 2a1bya5by + (aghy )2
V(e + B)(a3 + b3)

= |21||Z2|-

In particular, if z # 0, we have that é is a complex number with

absolute value 1. lL.e., its distance to the origin is 1. Yet in other
words, the complex number é lies on the circle (around the origin)
with radius 1, which is also known as the unit circle.
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sin(«)

The angle o between the positive z-axis and the line segment
joining the origin and the point é is called the argument of z. It

is denoted by argz, and is commonly measured in radian (not in
degree).
It is therefore possible to write

z = |z| - (cosa + isin ) (1.5)

(or z = |z|- (cos(argz) +isin(argz))). Note that |z| is a real number,
|z| = 0. Also the argument « is a real number. It is common to
require « to satisfy

- <<,

This choice of the argument is called the principal argument. If
we impose this requirement, there is a unique value of a such that
(1.5) holds. However, it may be possible to express z in a similar
form, but for a different value of the argument: indeed, adding (or
subtracting 27) to a amounts geometrically to rotating by 27 = 360°
counter-clockwise (or, for subtracting, by 27 but clockwise), which
does not affect the resulting point.
More precisely, we have the following fact: an equation

r-(cosa+isina) = s (cosff +isinf)

holds exactly if
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(1) r = s and

(2) a— [ is an integer multiple of 2. We also say that o and  are
equal modulo 27 to express this, and write

a=[f mod 27. (1.6)

This ambiguity of the argument has to taken into account when
solving equations involving complex numbers in trigonometric form.
See Exercise 1.5 and its solution for a worked example.

Example 1.7. e z =1 =1+ 0¢ has absolute value |z| = 1 and
its argument is argz = 0.

e z = —i has absolute value | —i| = 1 and its argument is 37
which amounts to 270°).

e z = —2+2i has absolute value |z| = v/8 = 24/2. Its (principal)
argument is argz = 37.

| V.
1 s © // J
argz; = 35 X270 |;;1J,= 1 !
\\ \\\‘ -
' 21 = —1

Lemma 1.8. If 21, 25 € C are given in trigonometric form, i.e.,
21 = |21|(cos(argz;) + isin(argzy))

and likewise for zo, the product z125 is given by multiplying the
absolute values, and adding the arguments. That is:

2129 = |21]|22| (cos (argz; + argzs) + isin (argz; + argzs)) .
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Proof. We have already noted that |z122| = |z1]|22|. Concerning the
arguments, let us write a; = argz; and likewise . Then

(cosay + isinag)(cosag + isinag) = €osay Ccosag — sinag sinag + i (sin ay cos ag + co

= cos(aq + ag) + isin(ag + ag).

Here, the first equality is the definition of the multiplication of com-
plex numbers, and the second equality holds by the angle sum iden-
tities. [

The following illustration is from Wikimedial

5t . 5450

1.2 The Fundamental Theorem of Algebra

We have noted above that we can perform addition, subtraction,
multiplication and division for complex numbers (division by a non-
zero number). These continue to satisfy the same rules that we are
familiar with from the real numbers. That is, for any three complex
numbers v, w, z we have the following identities:

e l-2=20+4+2=z2,

z(wv) = (zw)v, z + (w4 v) = (2 + w) + v (associativity of
multiplication and of addition),

e 2w =wz, 2+ w = w + z (so-called commutativity of multipli-
cation and of addition),

z(v 4+ w) = zv + zw (distributivity law).

1By IkamusumeFan - Own work, CC BY-SA 4.0, https://commons.wikimedia.org/w/
index.php?curid=42024950.


https://commons.wikimedia.org/w/index.php?curid=42024950
https://commons.wikimedia.org/w/index.php?curid=42024950
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Each of these identities is checked by unraveling the definitions.

In the parlance of abstract algebra, one says that the complex
numbers form a field, exactly as the real or the rational numbers
do.

Why do we care (in linear algebra) about the complex numbers?
The study of eigenvalues, a cornerstone of linear algebra and its ap-
plications throughout all sciences, is concerned with finding a zero of
a given polynomial. We will apply the following theorem in Corol-
lary 6.10.

Theorem 1.9. (Fundamental theorem of algebra) Consider an equa-|j
tion of the form

—1
ap 2" + ap_12" "+ -+ ag =0,

where a,, ..., ay are complex numbers. We assume that a, # 0 and
n > 0 (i.e., that the equation is not just of the form ay = 0). Then
this equation has a complex solution, i.e., there is a complex number
z satisfying the above equation.

This is in marked contrast to the real numbers. For example,
2 +1=0

has no real solution since t?+1 is positive for all real numbers ¢. If we
consider roots within the complex numbers, however, the situation
changes: this polynomial has exactly two complex roots, namely
and —1, since

i =i-i=—1, and (—i)® = (=i)(—i) = —1.

The Fundamental Theorem of Algebra states a much stronger re-
sult: not only this polynomial, but every non-constant real poly-
nomial equation, and more generally, every non-constant complex
polynomial equation, has a complex solution.

This theorem is famous for a large number of independent proofs:

e There are short proofs only using basic calculus (such as the
intermediate value theorem). For example [Olill].

e There is a beautiful proof whose essence can be understood
purely graphically, as is explained for example in this video
https://www.youtube.com/watch?v=RBRVL6nP2Dk. (However |
to turn that geometric idea into a rigorous proof does require
developing more theory.)


https://www.youtube.com/watch?v=RBRVL6nP2Dk
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Example 1.10. Let us consider as a special case the equation
2" —1=0.

Le., 2" = 1. We are going to solve this equation using the trigono-
metric form. If z = r(cosa + isin ) we have

2" = r"(cos(na) + isin(na)).

This will be equal to 1 = 1- (cos0 + isin0) exactly if 7" = 1 and
if na — 0 = na is an integer multiple of 27, say na = 2k, for an
integer k € Z. Thus, a = 27

n

R

]
Z3

This is an illustration of the case n = 5, in which case there are 5
solutions. (Indeed, cos(2 - 27) +sin(2 - 2m) = cos(3 - 2m) + sin(+ - 2)
since winding around by §-2W = 432° is the same as winding around
by 1 -2m = 72°)

Slightly more generally, equations of the form
2" =w

(for a natural number n > 1 and a fixed complex number w) can
be conveniently solved as follows. Write w = r(cosa + isina) in
trigonometric form. Then there are n solutions (distinct, unless
w = 0) of the above equation, namely

2k 2k
z = W(COS(M) + isin sin(u)),
n n
where k € {0,1,...,n — 1}. This formula is known as de Moivre’s

formula. See Exercise 1.6 for a concrete example.
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1.3 The complex exponential function

In elementary real analysis, one defines the (real) exponential, sine
and cosine function

exp: R— R

by means of the following Taylor series:

o " T
exp(x) := zjomzl—kvaE—FE—Fﬂ—i-...,
0
) _1)nx2n+1 1'3 l’5
= - ——TF ...
sin(z) ;) nr )l "6 T120
0
B (_1)71,1,271 B IQ 134 B
cos(x) = nz_;) 2n)] 1- 5t 7T

One proves there that these three series converge for all real numbers
x € R, and that they define differentiable functions

exp, sin, cos : R — R.
Moreover, there is the fundamental differential equation
exp’ = exp, (1.11)

i.e., the derivative of the exponential function equals the exponential
function. In addition to this fundamental property, one has the fact
that

exp(0) = 1
exp(z +y) = expx-expy. (1.12)
In this section, we briefly deal the corresponding situation in the

complex case, which turns out to be very similar and, in a sense,
even better.

Definition and Lemma 1.13. Let z be any complex number. Then}]
the exact same series as above,
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=r——=+—7F...,

i (=" P2t ° z°
. (2n + 1)! 6 120

=1-=—+=7F...

i (_1)nl,2n x2 33'4
(2n)! 2 24

n=0
converge, i.e., they are a well-defined complex number. We denote
them by exp(z), sin(z) and cos(z), respectively. (Some authors also
write e® for exp(z)).
In addition, the formula (1.12) continues to hold for any two
complex numbers.

Proof. The proof of the convergence is almost identical to the case
of the real exponential, sine and cosine function. Very briefly, the
point is that the denominators n! etc. grow fast enough to ensure
that the series converge. O]

Remark 1.14. The differential equation (1.11) also continues to
hold, but we refrain from stating it here in order to avoid a digression
about the notion of complex differentiation.

Let us inspect (1.12) in the special case z = a + tb. Then

(1.12)

expz = exp(a +ib) =" expa - exp(ib).

By its very definition, the first factor exp a is just the (usual) real ex-
ponential function, so the interesting part is to understand exp(ib).

Theorem 1.15. For any complex number z = b we have the fun-
damental identity

exp(ib) = cosb + isinb.
In particular, for b = m, we have
exp(im) = cosm = —1.
Equivalently, we have Euler’s identity
exp(im) +1=0.
Proof. Inserting z = ib into the definition of exp(z) gives

, (ib)™ , (ib)*>  (ib)®  (ib)*
expib = =1+ + + + +
nz_;) n! 2 6 24
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We have (ib)" = i"b". We note that i" only depends on the residue
of n after dividing by 4, since i = i° = 7 etc. Indeed, * =i -i1-i =
(—=1)(—1) = 1. We group the terms in the above series according to
even and odd n (and basic calculus ensures that this is a legitimate
process in this situation):

exp(ib) = Z (ib)"

n!

n=0

= (1 + (ib) + (i)’ +) + ((ib) + (@) + Wk +

2 24 6 120

oo b b
= (1-=+=F)+i(b——+—F...
( 2+24+)+2(b st T >

= cosb+isinb.

1.4 Exercises
Exercise 1.1. Compute the following complex numbers in the form
2z = a + ib:

o (1—1)(2+1)

o (14+4)(:=(1+i)(1+4)(1+14))

o %

° ef’iﬂ'

e 3(cos(m/2) + isin(7/2))

o V3tV
V2—+/3i

Depict these complex numbers on the complex plane.

Exercise 1.2. Prove that a complex number z is a real number
exactly if z = Z.

Exercise 1.3. Compute the trigonometric form of the following
complex numbers:

o 3 —i.
° (1—i)5

)
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144

® 0oH(E+)

e 1", where n is a natural number.

Exercise 1.4. (Solution at p. 229) Compute the algebraic and the

trigonometric form of z = (Z;—})?’
Exercise 1.5. (Solution at p. 229) Find all complex numbers z sat-
isfying the equation

z = 3i|z|Z.

Exercise 1.6. (Solution at p. 230) Compute the solutions of the
equation (z)® = &i in algebraic and in trigonmetric form. Draw a
picture of these solutions.
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Systems of linear equations

2.1 Linear equations

Definition 2.1. Let a, b, ¢ € R be fixed real numbers. An equation
of the form
ar +by =c
is called a linear equation in the variables (or unknowns) x and y.
More generally, an equation of the form

a4+ Ty, =0

is called a linear equation in the variables 1, ..., x,. The real num-
bers aq,...,a, are called the coefficients and b is the constant term
of the equation. The solution set consists precisely of those collec-
tions (more formally, ordered tuples) of numbers 71, 9, up to r, such
that substituting the variables xy,...,z, by rq,...,r, respectively,
the equation holds, i.e., such that

ary + -+ a,r, = b.

The name “linear” stems from the geometry of the solution sets,
as the following example shows:

Example 2.2. The equation
dr +2y =3 (2.3)

is a linear equation (with coefficients 4 and 2 and constant term 3).
We can solve this equation by subtracting 4z from both sides,
which gives
2y = —4x + 3

19
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and dividing by 2, which gives
3
y=—2r+ 5 (2.4)

In each of these steps, one equation holds precisely if the next one
holds. Thus the solution set of (2.3) is the same as the solution set
of the equation (2.4). That solution set is therefore the following
set:

{(z, -2z + g) with z € R}.

Here we use standard set-theoretic notation, cf. §A. Thus, the above
means the set of all pairs (z, —2x + %), where x is an arbitrary real
number. In particular, since there are infinitely many real numbers
x, this is an infinite set.

Graphically, the solution set is the set of points as depicted below:

10 |{|—4dx+2y =3

In general, any equation of the form
ar +by =c

with a # 0 or b # 0 will have a line as a solution set (what happens
if @ = b = 07, cf. Exercise 2.6).

Remark 2.5. In the computation above it was critical that we were
able to divide 3 by 2, i.e., have the rational number % at our dis-
posal. The real numbers R (and also the rational numbers Q) form
a so-called field, which among other properties means that one can
divide by non-zero numbers. Another example of a field are the
complex numbers C. The integers Z = {...,—2,—1,0,1,2,...} do
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not form a field. Solving linear systems in the integers is somewhat
harder than it is in the rationals or reals. This course will focus on
discussing linear algebra over the real numbers, with the exception
of the discussion of eigenvalues, where the consideration of complex
numbers is unavoidable.

Remark 2.6. A great number of equations arising in physics, biol-
ogy, chemistry and of course mathematics itself are linear. Nonlinear
equations such as

v+ 4yt =5
log(z) — 4sin(x) =0

are not primarily studied in linear algebra. For such more com-
plicated equations, linear algebra is still useful, however. This is
accomplished by replacing such equations by linear approximations.
The first idea in that direction is the derivative of a function f,
which serves as a best linear approximation of a differentiable func-
tion. Such linearization techniques are beyond the scope of this
lecture.

2.2 Systems of linear equations

Definition 2.7. A system of linear equations is a collection of linear
equations (involving the same variables). It is also sometimes called
a linear system or even just a system.

The interest in linear systems lies in finding those tuples of num-
bers satisfying all equations at once (as opposed to just one of them,
say). We will start with two equations in two variables.

Example 2.8. The equations

rT+y=4 (2.9)
r—y =1

form a system of linear equations (in the variables x and y).
We solve this system algebraically by subtracting y in the first
equation, which gives
T =—y+4,
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and substituting this into the second equation, which gives

or
—2y+4=1
or
—2y=-3
or finally
3
Y= 9
Inserting this back above, gives
3 5
T = 3 +4 = 7

Note that again each equation holds (for given values of x and y)
precisely if the preceding one holds. Thus, the original system has
the same solution set as the last two equation (together). This
system of equations therefore has a unique solution, namely

D 3
To say the same using different symbols: the solution set of the

system (2.9) is a set consisting of a single element:

53
(.2
It is very useful to also understand this process geometrically,
which we do by plotting the two lines that are the solutions of the
individual equations:

—x+y=4
—c—y=1

e
1 2 3 4%

\
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The algebraic computation of having precisely one solution is matchedjj
by the fact that two non-parallel lines in the plane (which are the so-
lution sets of the individual equations) exact in precisely one point.

The above linear system (2.9) had exactly one solution. This
need not always be the case, as the following examples show:

Example 2.10. The system

r+y=4
r+y=1

has no solution. This can be seen algebraically (!) and also geomet- @
rically:

—c+y=4
—r+y=1

The system has no solution, which is paralleled by the fact that two
parallel, but distinct lines in the plane do not intersect.

Example 2.11. The system

r+y=4
—2z — 2y = -8

has infinitely many solutions, namely all pairs of the form
(x,y =4 —x),

with an arbitrary real number . Geometrically, this is explained
by taking the “intersection” of the same line twice.
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— z+y=4
..... —2r — 2y = —8

e
5 -4-3-92 1 1 2 3 4N

In other words, even though there are two equations above, they
both have the same solution set. Thus, in some sense one of the
equations is redundant, i.e., the solution set of the entire system
equals the solution set of either of the equations individually.

Summary 2.12. The solution set of an equation of the form
ar +by =c

is a line (unless both a and b are zero).
The solution set of a system of equations of the form

ar +by = c
dr+ey=f
can take three forms:
number of solutions geometric explanation
exactly one solution the unique intersection point of two
non-parallel lines
no solution two distinct parallel lines don’t inter-
sect

infinitely many solu- a line intersects itself in infinitely many
tions points

Definition 2.13. A homogeneous linear system is one in which the
constant terms in all equations are zero. (l.e., in the notation in
(2.25) below, by = --- =b, = 0.)
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Remark 2.14. For a homogeneous linear system, there is always
at least one solution namely

(¢, =0,...,2, =0).

This solution is called the trivial solution.

2.3 Elementary operations

The combination of geometric intuition with algebraic computations
is very useful. However, the former is of limited use when it comes to
systems with three variables, and hardly useful anymore for systems
involving four or more variables. We will therefore develop notions
and techniques that enable us to handle linear systems more sys-
tematically.

Definition 2.15. We say that two linear systems are equivalent if
they have the same solution sets.

Example 2.16. In Example 2.8, we considered the system

r+y=4
r—y=1
and found that it has a unique solution, namely

> 3

(z = Y= 5)-

Thus the previous system is equivalent to the system
T =

y:

DO N ot

Of course, in comparison to the original system, the latter system
is much easier to understand, since one can simply read off the
solution without any effort. The purpose of elementary operations
is to transform a given system into an equivalent system of which
the solutions can be read off.

Definition 2.17. Given a linear system, the following operations
are called elementary operations:
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(1) interchange two equations,
(2) multiply one equation by a non-zero (!) number,
(3) add a multiple of one equation to a different (!) equation.

These operations are called “elementary” since they are so simple
to perform. Their utility comes partly from the following fact:

Theorem 2.18. Consider a linear system. This linear system is
equivalent to (i.e., has the same solutions as) any linear system
obtained by performing any number of elementary operations.

This theorem, which we will prove later on (Corollary 4.77) when
we have more tools at our disposal may sound a little abstract at
first sight. It is however actually simple to comprehend and, very
importantly, extremely useful in practice.

Example 2.19. Consider the system

T+ 2z=—1
—2r—3z=1
2y = —2.

We add twice the first equation to the second (elementary operation

(3)):

r+22z=-1
z=—1
2y = —2.

We interchange the second and third equation (elementary operation
(1)):
r+2z=-1
2y = =2
z=—1.
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(in other words, we divide it

N =

We multiply the second equation by
by 2; elementary operation (2)):

r+2z=-—1
y=-—1
z=—1.

We add (—2) times the third equation to the first (elementary op-
eration (3))

SIS
Il
| =
—_

These steps are combinations of elementary operations. According
to Theorem 2.18, the original system is equivalent (i.e., has the
same solutions) as the final one. The benefit is, of course, that the
solutions of the final system are trivial to comprehend: it has exactly
one solution, the triple

(x=1y=—-1,2z=-1).

Thus, the original system also has exactly that one solution.

2.4 Matrices

It is time to use some better tools to do the bookkeeping needed to
solve linear systems. Matrices help doing that. Later on (§4), we
will use matrices in a much more profound way.

Definition 2.20. A matriz is a rectangular array of numbers. We
speak of an m x n-matrix (or m-by-n matrix) if it has m rows and
n columns, respectively. If m = n, we also call it a square matriz.
An 1 x n-matrix (i.e., m = 1 and n is arbitrary) is called a row
vector. Similarly, an m x 1-matrix is called a column vector.

Example 2.21. [t is customary to denote matrices by capital let-

ters. For example,
3 4
=5 %)
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is a 2 x 2-matrix (or square matrix of size 2).

1 -2 0
B:<1 0 3)

is a 2 x 3-matrix and

1 -2
C=|0 1
0 -3

is a 3 x 2-matrix.
The entries of a matrix may also be variables. For example

()

is a column vector (or a 2 x 1-matrix), whose entries are two vari-
ables; ( R ) is a row vector (or a 1 x 2-matrix).

Notation 2.22. A matrix whose entries are unspecified numbers is
denoted like so:

13 a2 @13 ... A1n

Q21 Q22 Q23 ... A2n
A frm—

am1 Am2 am3 cee Amn

Thus, the number a;; is the entry in the i-th row and the j-th
column. A more compressed notation expressing the same is

A= (aij)izl,...,m,jzl,...,n

or even just

Definition 2.23. Let

1171 + a2 + - + ATy = b1(224) (225)
211 + Q922 + * *+ + QopXy = bg

Am1T1 + ApaXe + - + GppTy = bm
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be a linear system (consisting of m equations, in the unknowns
Z1,...,%y,; the numbers a;; are the coefficients, the numbers 0y, . . ., b}
are the constants).

The matriz associated to this system is the following m x (n +1)-
matrix (the vertical bar is just there to remind ourselves that the
last column corresponds to the constants in the equations above;
one also speaks of an augmented matriz)

a1 12 RN QA1p bl
921 929 RN QAon b2

N e i (2.26)
Gm1  Gm2 - Qmn | bm

In other words, the matrix is the rectangular array containing the
coefficients and the constants of the individual equations, and sup-
presses the mention of the variables.

Example 2.27. The matrix associated to the system

r+y=4
r—y=1

1 114
1 —-1]1 )

Of course, the process of associating a matrix to a linear system
can be reversed since any m x (n + 1)-matrix gives rise to a linear
system: the matrix (2.26) gives rise to the linear system (2.25). For
example, the 2 x 3- matrix

1 =210
1 013

gives rise to the linear sytem

is the 2 x 3-matrix

r—2y=0
x = 3.
2.5 (Gaussian elimination

Theorem 2.18 is a useful insight, but it lacks an important feature: it
does not directly instruct us how to simplify any given linear system.
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(In Example 2.19, we did end up with a particularly simple linear
system, but we did not have any a priori guarantee for this to hap-
pen. If we had chosen some “stupid” elementary operations instead,
we would not have simplified the system.) Gaussian elimination is
an algorithmic process that does just that: it is a simple procedure
that is guaranteed to yield the simplest possible equivalent form of
any given linear system.

In view of the correspondence between linear systems and matri-
ces, we will first phrase this process in terms of matrices, and then
translate it back to the problem of solving linear systems.

Among the myriad of all possible matrices, the following matrices
are the “nice guys”.

Definition 2.28. A matrix is in row-echelon form (or is called a

row-echelon matriz) if the following conditions are satisfied:

(1) If there are any zero rows (i.e., consisting only of zeros), then
these are at the bottom of the matrix.

(2) In a non-zero row, the first non-zero (starting from the left) is a
1. (It is called the leading 1.)

(3) Each leading 1 is to the right of all the leading 1’s in the rows
above it.

If, in addition to the above conditions, each leading 1 is the only

non-zero entry in its column, then the matrix is in reduced row-

echelon form.

Maybe saying more than a thousand words is this picture of a
row-echelon form. Here, the asterisks indicate an arbitrary number.
If, in addition, all the underlined asterisks are zero, then the matrix
is a reduced row-echelon matrix.

SO OO OO
S oo OO
OO OO O ¥
SO OO | *
O OO x| x
O OO *x ¥k ¥
O O | ¥ ¥

In view of the correspondence between linear systems and ma-
trices, we transport the language of elementary operations (Defini-
tion 2.17) to matrices as follows.
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Definition 2.29. The following operations on a given matrix A are
called elementary row operations:
(1) interchange any two rows,

(2) multiply any row by a non-zero (!) number,

(3) add a multiple of any row to a different (!) row.

Method 2.30. (Gaussian algorithm or Gaussian eliminiation) Ev-

ery matrix can be brought to reduced row-echelon form by a se-

quence of elementary row operations. This can be achieved using

the following algorithmic process:

(1) If the matrix consists only of zeros, stop: then the matrix is in
reduced row-echelon form.

(2) Otherwise, find the first column from the left having a non-
zero entry. Call this entry a. Interchange this row (elementary
operation (1)) so that it is in the top position.

(3) Multiply the new top row by % (elementary operation (2); note
this is possible since a # 0, see also Remark 2.5). Thus the first
row has a leading 1.

(4) By adding appropriate multiples of the first row to the remaining
rows (elementary operation (3)), ensure that the entry between
the leading 1 are all zero.

From this point on, the first row is not touched anymore, and the

four steps above are applied to the matrix consisting of the remain-

ing rows.

This produces a (possibly not reduced) row-echelon form. It can
be finally brought into reduced row-echelon form by adding appro-
priate multiples of rows with leading 1’s to the rows above them
(elementary operation (3)), beginning at the bottom.

Example 2.31. We apply the Gaussian algorithm to the matrix

1 2 5 7
21 4 2
5 4 13 11

The first three steps don’t change the matrix (since the top-left
entry is already 1). Step (4): add —2 times the first row to the
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second row; and add —5 times the first row to the third, which gives

1 2 5 7
0 -3 -6 -—1I2
0 —6 —12 —24

The remaining steps only affect the second and third row. Step (2)
picks the second row, and a = —3 (underlined). It is already in the
top position (the first row being discarded for the remainder of the
algorithm), so Step (2) does not change the matrix. Step (3) gives

the matrix
1 2 5 7

0 1 2 4
0 -6 —12 -24

Step (4) adds —6 times the second row to the third, which gives

oSO =
S =N
S DN Ot
S =

At this point also the second row is discarded, which leaves only the
last row, which consists of zeros. By Step (1), the algorithm stops
at this point.

This matrix is in row-echelon form, but not yet reduced. To
reduce it, add —2 times the second row to the first, which gives

-1
4

1
0
0 0

O = O
O N =

When applied to matrices associated to linear systems, Gaussian
eliminiation becomes very useful for solving linear systems:

Method 2.32. (1) Form the augmented matrix corresponding to
the given linear system.

(2) Perform Gaussian elimination to that matrix (Method 2.30),
giving a reduced row-echelon matrix.

(3) If a row of the form
00...01

occurs, the system has no solutions.
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(4) Otherwise, we call the variables corresponding to the columns
not containing a leading 1 free variables. The values of these
variables can be chosen to be arbitrary real numbers. The vari-
ables that correspond to columns that do contain a leading 1
are uniquely specified by these free variables. Their values can
be determined by solving the equations corresponding to the
row-echelon matrix for the leading variables.

Example 2.33. Consider the system
rT+2y+52="7
20 +y+4z=2
o + 4y + 13z = 11.

The augmented matrix associated to this is the one in Example 2.31.
Gaussian algorithm brings it into the reduced row-echelon form

1 01 -1
01 2 4
0 0 0 O

This matrix corresponds to the linear system

T+z=-1
y+2z=4
0=0.

According to Theorem 2.18, this linear system has the same solution
set as the original one.

The leading variables are x and y, so that z is a free variable.
Solving the second equation for y then gives

y=4—2z,

and similarly
r=—-1-—2z2

We obtain that the solution set to the original linear system consists
of triples of the form

(x=—-1—-zy=4-2z,2),

in which z is an arbitrary number (and x and y are determined by
z as indicated).
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2.6 Exercises

Exercise 2.1. Describe all the solutions of the equation
r+y=3.
Draw a picture of that solution set. Is it a homogeneous equation?
Exercise 2.2. Consider the equation
T =3.

What is its solution set?

Consider the same equation, but now with two variables x and y
being present (so we could rewrite the equation as x + 0 -y = 3 in
order to emphasize the presence of y). What is the solution set this
time?

Exercise 2.3. Consider the system

200 — 2o+ x3+ 14 =1
51‘2—3373—5%4 =-3
3x1 — 4xy + 3x3 + 4y = 3.

What is the matrix associated to that system? Using Method 2.32,
find all solutions of that system.

Exercise 2.4. Consider the (augmented) matrix

1 03 0 0 0]1
01 2 41 0|0
A=10 0 0 2 1 0|2
0 00 00 1|3
0 00 00 0]0

What type of matrix is that? (IL.e., what m xn-matrix.) If A = (a;;),
what is a;3 and a3;? What is the linear system associated to that
matrix? (Hint: one equation reads “--- = 3”. For consistency, call
the variables xy, 2o, ..., xg.)

Is the matrix in row-echelon form? Is it in reduced row-echelon
form? If not, use the Gaussian algorithm (Method 2.30) in order
to transform it into reduced row-echelon form. Name the columns
which contain a leading 1 (Hint: there are 4 of them). Which vari-
ables are free, which variables are not free? Use Method 2.32 and
solve the linear system associated to that augmented matrix.
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Exercise 2.5. Using Method 2.32, find all solutions of the following
systems

r+y—z=1
3r—y+22=95
4o + 2z = 6.
and
r+y—z=1
3r—y+22=0
rT+y—2z=2.

Exercise 2.6. (Solution at p. 231) Let
ar +by =c

be a linear equation. For which values of a, b and ¢ does this equa-
tion have no solution? For which values of a, b and ¢ does it have
infinitely many solutions?

Exercise 2.7. Compute the reduced row-echelon form of the ma-
trices associated to the linear systems in Example 2.8, Example 2.10
and Example 2.11.

Exercise 2.8. Consider the system

r+y=1
r—y=2>b,
where b is a real number. What is its solution set? Illustrate the
system geometrically for b = 0 and for b = 1.
Exercise 2.9. Consider the system
ar +by =1
T—y =2
Here x and y are the variables and a and b are the coefficients.

(1) For which values of a and b does the system above have no
solution?

(2) For which values does it have exactly one solution?
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(3) For which values does it have infinitely many solutions?
Explain your findings algebraically and geometrically.

Exercise 2.10. (Solution at p. 231) Find the solutions of the sys-
tem
Ty 4+ 2x9 —23 =0
—2]31 — 31’2 + T3 = 1
To — T3 = 1.

Exercise 2.11. The linear system in the variables xy, x9, 3, x4 as-
sociated to the matrix

-1 1 -1

NN O DN
N O W —

1 1
1 -4 1
0 1
has only one solution. Find it!

Exercise 2.12. (Solution at p. 232) Find the solutions of the fol-
lowing linear system in the variables xq, ..., z4:

T1— Tog + x3 = —2

T3 — x4 =1
T — Ty + x4 =—3

T1 — X2 + 3r3 — 224 = 0.

Exercise 2.13. Solve the following linear system, where h is a pa-
rameter, and x,y are the unknowns:

x+hy=4
3x + 6y = 8.
For selected values of h, illustrate the solution set graphically.

Exercise 2.14. (Solution at p. 233) Solve the following linear sys-
tem, where h is a parameter and x,y, z are the unknowns:

4d—h)x—2y—z=1
2x+(1—-hy+2z=2
—x+2y+(4—h)z =1
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Exercise 2.15. For any ¢t € R consider the homogeneous linear
system associated to the matrix

2 0 1 —-t]|0
1 =2 0 3 (0
4 -4 t 5 |0

(1) Solve the system for ¢ = 0.
(2) Solve the system for all ¢ € R.

Exercise 2.16. Solve the system

r1— T3+ 214 =0
To+ 2203 — 224 =0
£C1+SC2+£C3=0.

Exercise 2.17. (Solution at p. 233) Consider the linear system (in
the unknowns x4, e, x3):

T1+To+a3=1

xl—xg,:O.

Is there any ¢t € R such that (1 —¢,2 + 3t,4t) is a solution of that
system?

Exercise 2.18. Consider the following linear system (in the un-
knowns z1, T, T3):

I1—$2+3$3:0

.’13'1—1'2:1.

Show that there is exactly one t € R such that the vector (3+1¢,2+
t, % +t) is a solution of that system.

Exercise 2.19. (Solution at p. 234) Do there exist ¢,t € R such
that the vector

(x1,29,23) = (L +t,t +q,—t +2q+ 1)

satisfies
321 + 229 — 23 = 57
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Exercise 2.20. (Solution at p. 234) Find a polynomial
p(z) = ag + a1z + axx® + azx®
such that p(1) = 0 and p(2) = 3. Is there a unique such polynomial?

Exercise 2.21. Find the solution of the linear system associated to
the following augmented matrix:

1
2
1

w o =
(G2 B \V)
N N W
NG

o,

Exercise 2.22. For any a € R find the solutions of the system

associated to the matrix

1 1 2 3|1
2 01 2| «
1 3 5 710

Exercise 2.23. Consider the following linear system in the unknownsjj
x,1, z, which depends on the parameter a € R:

2r—y+z=1
(a+2)x—2y +az = —a.

Determine the solution set of this system for each value of «.

Exercise 2.24. The following extended exercise showcases the us-
age of linear algebra in network analysis. An idealized city consists
of the following streets U to Z, with four intersection points A to
D. The streets are all one-way streets:

A

\
4
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At the point labelled A, 500 cars per hour drive into the city, and
at B, 400 cars exit the city, while at C' 100 cars exit the city per
hour.

Describe the possible scenarios regarding the numbers of cars
driving through the streets U, V., W, X, Y and Z.



40

CHAPTER 2. SYSTEMS OF LINEAR EQUATIONS



Chapter 3

Vector spaces

3.1 R? R?and R”

Definition 3.1. For n > 1, an ordered n-tuple of real numbers is a
collection of n real numbers in a fixed order. For n = 2, an ordered
2-tuple is usually called an ordered pair, and an ordered 3-tuple is
called an ordered triple. If these numbers are 71,75, ..., r,, then the
ordered n-tuple consisting of these numbers is denoted

(r1, 72,y T).

For example, (2,3) is an (ordered) pair. This pair is different
from the (ordered) pair (3,2). It makes good sense to insist on the
ordering, e.g., if a pair consists of the information

(“weight of a parcel (in kg)”, “prize (in €)”),

then (3,10) is of course different from (10,3). (2,+/2,-7), (0,0,0)
are examples of (ordered) 3-tuples. An ordered 1-tuple is simply a
single real number.

Definition 3.2. For n > 1, the set R" is the set of all ordered
n-tuples of real numbers. Thus (see §A for general mathematical
notation)

R" = {(r1,ro,...,7) | r1,72, ..., € R}.

Thus, R' = R is just the set of real numbers. Next, R? is the
set of ordered pairs of real numbers:

R2 = {(7"1,7”2) ‘ r1,72 € R,}

41
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Of course, here ry,ry are just symbols which have no meaning in
themselves, so we can also write

R2 = (ZEhZL’Q) | X1,T9 € R}

{
{(z,y) | z,y e R}.

The elements in R™ are also referred to as vectors. Thus, a vector
is nothing but an ordered n-tuple. The element (0,0,...,0) € R"
is called the zero wvector. Instead of writing (z1,...,z,) we also
abbreviate this as x, so that the expression

zeR"”

means that z is an (ordered) n-tuple consisting of n real numbers
Z1,...,T,. The numbers z; etc. are called the components of the
vector x.

Vectors in R, R? and R? can be visualized nicely as points on
the real line, as points in the plane or as points in 3-dimensional
space. It is also common to decorate vectors with an arrow, with
the idea of representing a movement or relocation to that point, or
in physics a force with a certain strength in a certain direction.
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z
T8
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This visualization also helps explain some of the fundamental
features of R™.

3.1.1 Addition of vectors

Definition 3.3. Given two vectors (in the same R", i.e., having the
same number of components)

r=(x1,...,2,) and y = (y1,...,yn) € R",
their sum is the vector
(Q?l—f—yl,ﬂjg—f‘yg,...,ﬂ?n—i-yn).

Example 3.4. What is the sum of (1,1) and (—2,1)? Visualize
that sum graphically!

Remark 3.5. The sum of two vectors is only defined if they belong
to the same R™: a sum such as (1,2) + (3,4, 5) is undefined, i.e. is
a meaningless expression.

The sum of vectors has the following crucial properties:
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Lemma 3.6. Forx = (z1,...,2,),y = (y1,---,yn) and z = (21, ..., 2,) €|
R™ the following rules hold:

e r +y=vy+x (commutativity of addition)

e © + 0 = z (adding the zero vector does not change the vector
in question)

e z+ (y+2) = (x+y)+ z (associativity of addition)

These identities are easy to prove since they quickly boil down
to similar identities for the sum of real numbers. Here is a visual
intuition for the commutativity of addition, which is also called the
parallelogram law.

1 z=(3,1)

21Y 12345678 9101112

3.1.2 Scalar multiplication of vectors

Definition 3.7. Given a vector = (zy,...,2,) € R" and a real
number r € R, the scalar multiplication of x by r is the vector

rexi=(r-Ty,.. ., xy,).

Le., every component of x gets multiplied by the number r. Often
one just writes rx instead of r - x.

Geometrically, the scalar multiplication corresponds to stretching
the vector = by the factor r (i.e., if » > 1 it is stretching, for 0 <
r < 1 it compresses the vector, for r < 0 it additionally flips the
direction of the vector).
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Example 3.8. What is 4-(—1,3)? Whatis (—)-(—1,3)? Visualize
the vector (—1,3) and these results graphically!

Note that in contrast to the sum of vectors the scalar multipli-
cation combines two different entities: a real number and a vector.
The scalar multiplication has the following key properties:

Lemma 3.9. For two real numbers r, s € R and two vectors z,y €
R", the following identities hold:
(1) r(x +y) = rx + ry (distributivity law)

(2) (r + s)x = ra + sy (distributivity law)

(3) (rs)x = r(sx) (scalar multiplication with a product rs of two
real numbers can be computed by first multiplying with s and
then with )

(4) 1z = x (scalar multiplication by 1 does not change the vector)
(5) 0z = 0 (scalar multiplication by 0 gives the zero vector)

Again, these identities are easy to check using that the same rules
hold if x,y were just real numbers.

3.1.3 Definition of vector spaces

Definition 3.10. A vector space is a set V' that is equipped with
two functions called the sum and the scalar multiplication:

+:VxV oSV (v,w)—v+w,
R xV -V (r,v) »rv (orr-v)
satisfying the following conditions. Below r, s € R are arbitrary real
numbers and u, v, w € V arbitrary elements of V' (also referred to as

vectors):
(1) v +w = w + v (commutativity of addition),

(2) u+ (v+w) = (u+v)+w,

(3) there is a vector 0 € V, called the zero vector, such that 0+v = v
for all ve V,

(4) r(v+w) = rv+ rw (distributive law),
(5) (r+ s)v =rv+ sv,
(6) (rs)v =r(sv),
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(7) 1v = v,

(8) Ov = 0 (at the left 0 denotes the real number zero, at the right
it denotes the zero vector)

Example 3.11. The sets R = R!, R?, and in general R™ are vector
spaces (where the function + is given by vector addition and - is
scalar multiplication). Indeed, the conditions in Definition 3.10 are
precisely the properties of vector addition and scalar multiplication
noted before in Lemma 3.6 and Lemma 3.9.

Remark 3.12. Recall from §A that the notation appearing in
+:VxV >V (w) —»v+w

means that + is a function that takes as an input two elements in V',
which here are denoted v and w, and produces as an output another
element in V. That element is denoted v + w. Likewise

R xV, (r,v) — rv (orr-v)

means that - is a function whose input is a pair consisting of a real
number, here denoted r, and an element in V', and produces as an
output an element in V' that is denoted rv or r - v.

Some authors distinguish notationally between vectors and num-
bers by writing ¢’ for vectors and r for numbers. In these notes, we
usually do not use that convention.

Example 3.13. The following subsets of R™ are not vector spaces.
In each case, draw the set and point out precisely which of the above
condition(s) fails.

° {(.1'1,5[}2) S R2 with €T = 0},
o {(x1,19) € R?* with z; # 0},
e The solution set of the equation

3131 + 2?[72 = 3.

o {(z1,79) € R? with z; = 0 or z, = 0}.
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3.2 Solution sets of homogeneous linear systems

Recall from Definition 2.13 that a homogeneous linear system is one
on which the constant terms are all zero, i.e., one of the form

1121 + a12T2 + -+ - + ATy = 0 (314)

a91X1 + Qoo + -+ + AonTy = 0

Am1X1 + Qoo + - + Ay, = 0

In this section, we will see that the solution sets to homogeneous
linear systems are vector spaces, which is an extremely important
class of examples. We begin by looking at homogeneous linear equa-
tions, i.e., a linear system consisting of a single (homogeneous) equa-
tion.

Example 3.15. The homogeneous linear equation
3x+4y —22=0

has the solution set

3z + 4y

{(z,y, 5

)|z, yeR}

Indeed, a triple (z,y, z) is a solution to the equation above precisely
if z = 3””;4”, and z and y can be arbitrary real numbers. A few
concrete elements in this solution set, drawn below, are the points
(0,0,0), (2,0,3), (0,1,2). Slightly more generally, triples of the
form (0,y,2y) and (z,0, %x), for arbitrary y, resp. x, are elements
in the solution set. These lines (which lie in the y — z-plane, resp. in
the = — y-plane) are also drawn below. Of course, the solution
set contains further elements such as the point (2,1,5). The green
shape is meant to illustrate further elements of the solution set, but
of course this is not bounded by the lines in the illustration, instead

it stretches out in all directions.
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Example 3.16. What equation (in the three variables z, y and z)
has the following solution set? Again the picture only shows the
solution set partly, it is meant to be extended to the left and below.

z

4

\

T

We note that both equations have a solution set which is a plane
passing through the origin, i.e., the point (0,0,0). We will want to
articulate that this plane is a vector space that lies inside the larger
ambient vector space R3.
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Definition 3.17. A subspace (or sub-vector space, or vector sub-
space) V of R™ is a subset that is — in its own right — a vector space.
Le.,

(1) it contains the zero vector,
(2) for all vectors v,w € V', the sum v + w is an element of V', and

(3) for all v € V and all real numbers r € R, the scalar multiple r-v
is required to be an element of V.

More generally, a subset V' of another vector space W is a subspace
if V satisfies the three preceeding conditions.

We have seen in Example 3.13 a number of subsets of R? that
fail to be subspaces. In particular, the solution set of the equation
3x1 + 2x9 = 3 is not a vector space since the zero vector (0,0) is
not a solution of this equation. This is not a homogeneous equation
(the constant term is 3, but not 0). The next proposition tells us
that this is the cause of the failure:

Proposition 3.18. Consider a homogeneous linear system in n vari-|j
ables x1,...,z,, and m equations, as in (3.14). Its solution set is a
subspace of R".

Proof. Let us call S the solution set of the system. L.e., an element
x = (z1,...,2,) belongs to S precisely if it is a solution of the linear
system (3.14).

We check the three conditions in Definition 3.17:

e (0,...,0) € S, i.e. the zero vector in R™ is a solution. Indeed,
plugging in zero in all the x; gives 0 = 0 for all the m equations,
which holds.

e Letv=(v1,...,v,) and w = (wy, ..., w,) be elements of S. We
need to check that v+ w is also in S. Recall from Definition 3.3
that v + w = (vy + wq,...,v, + w,). The m equations of the

linear system read

;171 + QpTs + -+ + ATy, = 0,
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where 7 = 1, ..., m. Inserting v; + w; for x; etc., we get

a1 (v1 +wy) + ap(vy + we) + -+ + ap (v, + wy,)
=@;1V1 + G;1W1 + A2V + QoW + + + + + AinUp + AinWy,

= a;1V1 + [0FHX%) + -+ QinUn + a;1wq + Ai2W2 + -+ Qi W,
. v (. v

v~

-0 —0
—0+0
=0.

This shows that v + w e S.

e In a similar manner, one shows (do it!) that for any r € R and
v = (vy,...,v,) € S the scalar multiple rv = (rvy,...,rv,) is
again in S. O

3.3 Intersection of subspaces

Lemma 3.19. Let V be a vector space and A, B < V be two sub-
spaces. Then the intersection

AnB:={veV |veAand ve B}

is also a subspace of V. More generally, this holds true for any
number of subspaces, i.e., if A;, A5..., A, € V are subspaces, then
so is their joint intersection

Ain--nA,={veV |veAj,ve Ay, ...,ve A}

Proof. We need to make sure that A n B satisfies the conditions in
Definition 3.17. This is easy enough. For example, the zero vector
0 e AnBsince 0 € A (since A is a subspace) and also 0 € B (since B
is also a subspace). Here is a visualization for sums: if z,y € An B,
then z + y € A n B since it is both contained in A and also in B.



3.3. INTERSECTION OF SUBSPACES 51

B
AnB— 3

]

Intersections of subspaces are hugely important to us because of
the following example.

Example 3.20. Consider once again a homogenous system as in
(3.14). Then, of course, each individual equation of that system is
in its own right a homogeneous linear equation, for example

a11T1 + apprs + - - + apx, =0

By the above, the solution set of that equation is a subspace of R",
that we denote by S;(c R™). Likewise this is true for all the other
individual equations, so we get some subspaces S, ..., S, one for
each equation. The solution set of the whole system is then just

SiNnSesn--n S,

(Indeed, a vector (rq,...,7,) € R™is a solution for the whole system
precisely if it is one for the individual equations.)

An important question that we will eventually be able to make
more precise and to answer is this:

Question 3.21. Given two subspaces A, B in some vector space V/,
how “much smaller” can A n B be than A and B?

In the above illustration, we will want to articulate the idea that
the ambient vector space V is “3-dimensional”, A and B are 2-
dimensional (i.e., a plane) and A n B is 1-dimensional (i.e., a line).



52 CHAPTER 3. VECTOR SPACES

Note that this need not be the case: if A = B is the same plane,
for example, then certainly A n B = A is also 2-dimensional. This
relates to the discussion about the intersections of lines in R? in
Summary 2.12: if A, B < R? are “l-dimensional” (i.e., lines), their
intersection may still be a line, namely if A = B. If the ambient
vector space V is even larger, for example V = R? (which has
“dimension 4”), then it is no longer reasonable to write down all
possible constellations of how A, B lie in V.

3.4 Further examples of vector spaces

3.4.1 Polynomials

We introduce a number of further examples of vector spaces. Recall
that a function f : R — R (i.e., cf. §A, a function that takes as
an input a real number z and whose output f(x) is another real
number) is called a polynomial if it is of the form

f(@) = anz™ + ap12" "+ 4+ ayx + a,

where a,,,a,_1,...,ay are real numbers. These numbers are called
the coefficients of f. The degree of f is the largest exponent n
appearing in f (provided that the coefficient a, # 0). Recall from
§A that such an expression is abbreviated as

f(z) = Z a;x’.
i=0
In increasing complexity, a constant function
flx) =a
is a polynomial of degree 0 (note a = a - 2°);

f(z) = a1z + ag

is a linear polynomial (also known as linear function). Its degree is
1 (provided a; # 0). Next,

f(z) = asx® + a17 + ag

is called a quadratic polynomial (or quadratic function). Its degree
is 2 (provided ay # 0; if ay = 0 then it is a linear polynomial). These
types of functions are familiar from high-school.
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P

— flz)=—-2z—-1
—  glr)=a23+222+1
—(f+9)(x) =2°+22* — 2z

20 |

10 +

| ] ] 1 | x\
37 -2 -1 | t—2 3

Definition and Lemma 3.22. The set

R[z] :={f: R — R | f is a polynomial}

is a vector space, where we define the sum and scalar multiplication
as follows: given two polynomials f, g € P, their sum is the function

f + g : R — Rdefined by

(f +9)(x) := f(x) + g(),

and given a real number r € R, the scalar multiple is the function
rf : R — R defined by

(rf)(@) =7 f(z).
The set

d
R[z]< = {Z a;z’ |ao, . .., aq € R}(c R[z])

of polynomials of degree at most d is a subspace of R[z].

Proof. We have to check the conditions on a vector space (Defini-
tion 3.10). As it also happens often in other examples, the most
notable condition to check is that the sum and scalar multiple is
again an element of the vector space. Here, we need to check that
for f,g € P the function f + ¢ defined above is again a polynomial.
Fortunately, this is easy: if f(z) = a,a" + Ap_1 2" 14+ ayx + ag
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and g(z) = b,a"™ + b, 12" + - -+ + by, then, by definition
(f +9)(2) = apz™ + ap12" "+ -+ ag + bpx" + by 2"+ + by
= apt" + byt 4 Ay 12" 4 by 4+ ag + b

= (an +by) 2" + (@1 +by1) 2"+ -+ (ag + by)
—_——

N————— —————
=:icn =iCn_1 =:co
=z + "N+ + 0. |

Thus, the sum of f and ¢ is another polynomial. Similarly, one
verifies that the scalar multiple r - f is a polynomial (check this!
what are its coefficients?). With these checks done, one can proceed
checking the remaining conditions in Definition 3.10. Checking this
is comparatively uninsightful, and will be skipped.

Checking that R[x]S? is a subspace amounts to asserting that
the 0 polynomial f(z) = 0 has degree at most d, and that sums and
scalar () multiples of polynomials of degree < d have again degree
< d. This is clear. O

Remark 3.23. It is also true that the product of two polynomials
is again a polynomial, but this is not part of what it takes to be a
vector space, so we disregard that property at this point.

Remark 3.24. Instead of just polynomials, one can consider more
general functions:

Rlz] < {f: R — R | f is differentiable }
c {f:R — R is continuous }

c {f: R — R is any function}
are increasingly large vector spaces, cf. Exercise 3.3. The (huge!)
space of all differentiable functions is a key player in analysis.
3.4.2 Direct sums

Definition and Lemma 3.25. Let V, W be two vector spaces. Their]]
direct sum is the set

VeW ={(v,w)|veV,weW}.
It is endowed with the addition given by

(v,w) + (v, w') = (v + v, w+ W)



3.4. FURTHER EXAMPLES OF VECTOR SPACES 55

and scalar multiplication given by
T (v,w) = (rv,rw).

These operations turn V @ W into a vector space.
More generally, the same definition works for finitely many! vec-
tor spaces Vi, ..., V,, giving rise to the direct sum V; ®--- @ V,,.

This is easy to check: revisit the definition of a vector space and
see how checking each of the 8 axioms for V@& W reduces to using
the precise same axioms for V' and W. In particular, the zero vector
in V@ W is the pair (Oy, Oy ), where for clarity 0y denotes the zero
vector in V' and Oy the one in W.

Example 3.26. We have R? = R® R and in general
R'-R&®---®R.
—_—

n summands

This is clear from the definition of the sum of vectors in R™ (Defi-
nition 3.3) and the scalar multiplication (Definition 3.7).

Note that V < V @ W, by regarding a vector v € V as the
vector (v, 0y ). Likewise we can regard some w € W as the vector
(Oy,w) e V@ W. This way, V@ W is a vector space that naturally
contains both V' and W.

Example 3.27. The direct sum R?@®R consists of pairs (v, w) with
v=(r,y) € R® and w € R. Thus, RZ®R = {((x,y),w) | x,y,w €
R}. We can identify such a pair (consisting of a pair (z,y) and a
number w) with a triple (z, y, w). Therefore, R?®R can be identified
with R?. The sum and scalar multiple on R?> @ R as defined in
Definition and Lemma 3.25 then reduce to the usual sum and scalar
multiple in R? as defined in Definition 3.3 and Definition 3.7.

3.4.3 Quotient spaces

All the examples of vector spaces that we have encountered so far
were subspaces of an already given vector space, beginning with
some ambient R”. However, not all vector spaces embed (naturally)
in some R"™. To illustrate this, we consider an example of a so-called
quotient space. Since a full treatment of this would require a few
more basic notions, we only discuss this in a special case:

1

or even infinitely many
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Definition 3.28. Consider V = R?2, the plane, and a line L ¢ W
through the origin. We define a set
V/L := { all lines that are parallel to L }.

(This is read “V modulo L.”) For example, Ly and Lo are elements
in that set V/L in the illustration below.

Yy l— 1L

— I

i) —_— L2
° Ly + L,

I Zo
[ ) /+£If2 xXr

How to define the sum and scalar multiplication on that set V /L7
Given Ly, Ly € V/L, take any x, € Ly and any x5 € Ly. (These are
both vectors in V' = R2.) Form the unique line that passes through
71 + x2 and is parallel to L. Call this line L; + Ly. Similarly, the
scalar multiple rL; is the line passing through r - z; and parallel to
L. What is remarkable is that makes sense, i.e., that the resulting
lines do not depent on the choices of 1, x5 above. In the illustration
below, we indicate two choices for 1 (the second one being denoted
x}). The sum zy + x5 is clearly different from 2| + x2, but they do
lie on the same line (that is parallel to L). This holds since | — x4
lies in L. Thus

() + 22) — (1 + x2) = 2} — 1y

also lies in L, and therefore x| + xo and x1 + x5 lie on the same line
that is parallel to L.

With this settled, one can show (withouth much head-ache) that
V' /L is indeed a vector space. (What is the zero vector in V/L?)

A conceptually important insight is that there is no natural way
in which this V/L is a subspace of R?. E.g., one may assign to an
element L; € V/L, say, the y-coordinate of the intersection of L,
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with the y-axis. But, this idea is ad-hoc and problem-laden (why
not take the z-axis instead, and what is worse, what happens if L
is in fact the y-axis...).

3.5 Linear combinations

In the sequel, V will always denote a vector space, for example
V =R"

Definition 3.29. A linear combination of vectors vy,...,v,, € V is
a vector of the form

aivy + - F Gy Uy,
where the ay,...,a,, are arbitrary real numbers.

Example 3.30. If m = 1 in the above definition, there is only one
vector v := v1. A linear combination of a single vector v is therefore
any vector of the form av, with an arbitrary a € R. In other words
it is an arbitrary scalar multiple of that vector.

Example 3.31. More interesting things start happening for two
vectors and more. As an example, consider v; = (1,0,0) and vy =
(0,1,0) in the vector space R?. Then (3,2,0) is a linear combination
of these since

(3,2,0) = 3-(1,0,0) + 2 (0,1,0).

On the other hand, (0,0, 1) is not a linear combination of v; and vy:
for arbitrary aq,as € R, we compute

a1v + agve = (a1,0,0) + (0,a9,0) = (a1, as,0).
No matter how we choose a; and ay, we always have
(ab as, O) # (07 07 1)7

since the third components of these two vectors are always different.
In fact, the linear combinations of v; and vy are precisely the vectors
(x,y, z) that satisfy z = 0.
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Given two vectors vy, vs € R3, we will see later (Theorem 3.67)
that there will always be some vector w € R? (in fact infinitely
many) that is not a linear combination of v; and vy. In the above
example any vector w = (z,y,z) with z # 0 has that property.
Continuing with that example, the x — y-plane inside R3, i.e., V :=
{(z,y,2) | z,y € R,z = 0} = {(2,9,0) | 2,y € R} is a subspace
of R3: it contains (0,0,0) and given any two vectors v,w € V we

(@ have v +w € V and given r € R, rv € V (!)(convince yourself this

is true!). We can alternatively use Proposition 3.18 to see this is
a subspace: V' is the solution space of the equation z = 0 (in the
three variables x, y, z), which is a homogeneous linear equation. The
following statement asserts that we always obtain a subspace in this
manner.

Lemma 3.32. Let V be a vector space and vy,...,v,, € V be any
vectors. The set

L(v, ... o) :={av; + - + @y | a1,...,a, € R}

of all linear combinations of vq,...,v,, is a subspace of V. It is
called the span (or sometimes also the linear hull) of these vectors.

Proof. We check the three conditions in Definition 3.17. Let us

abbreviate L := L(vy, ..., Up).

(1) The zero vector 0 € L since 0-v1+...0-v,, = 0-(v1+- - -+v,,) =0,
using properties (4) and (8) in the definitions of a vector space.

(2) Given two vectors w,u € L, we check w + u € L. Since w € L
there are some real numbers a4, . . ., a,, such that w = a;v,+-- -+
AU = Z;il a;v;. Likewise there are real numbers by,...,b,,
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with w = 3" | b;v;. This implies

m
a;V; + Z bi’Uz’
i=1

(Cli + bl)Uz

w+u=

RgE

i=1

L

I
—

(2

L.

m

(3) Given w € L and r € R, one checks similarly that rw e L ((!), @)
verify that!). O

Example 3.33. In Example 3.31, we have
L((1,0,0),(0,1,0)) = {(x,y,0) | z,y,€ R}.

Exercise 3.10 and Exercise 3.11 discuss linear combinations in
the vector space R[z]S3. The span is closely related to another
construction that produces new vector spaces out of given ones:

Definition 3.34. Let V be a vector space and A, B < V be two
subspaces. The sum of A and B is defined as

A+B:={v+w|ve A we B}.

L.e., it consists of all possible ways to sum an element in A and
an element in B. More generally, given subspaces Ay,..., A, of V,
their sum is defined as

A+ 4+ Ay ={n+ -+, lvue A, ..., v, €A}
Lemma 3.35. The sum A + B is then again a subspace of V.

The proof of this is very similar to the one of Lemma 3.32 and
will be omitted.

Remark 3.36. Given some vectors vy, ...,v, € V, we have
L(vy,...,v,) = L(v1) + -+ + L(v,).

Indeed, both sets are precisely the vectors of the form a;v; + - +
a,v, for arbitrary a; € R.
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Remark 3.37. The sum is completely different from the union A u
B of the two subspaces. We have seen in Example 3.13 that the
union is (in general) not even a subspace (just a subset). We have

AuBc A+ B,

but these two subsets are distinct (unless A or B only consists of the
zero vector). To see this inclusion, note that A < A + B. Indeed,
the zero vector 0 € B (since it is a subspace!), and for any v € A,
we have v = v+ 0 € A+ B. Similarly, B ¢ A + B, and therefore
AuBc A+ B.

Remark 3.38. The sum A + B is different from the direct sum
A @ B. This is already clear from the definition: while the sum
makes use of the ambient vector space V', the direct sum A @ B is
insensitive to A and B both lying in V. Also, it does not “see” to
what extent A and B may overlap.

In a spirit similar to Question 3.21 we can ask the following ques-
tion:

Question 3.39. Given two subspaces A, B < V of some larger vec-
tor space, how much “bigger” than A and B is the sum A + B?

It turns out that Question 3.21 are closely related. Loosely speak-
ing, one can say that A + B “gets bigger” the same way as A n B
“gets smaller”. To give a precise meaning to this one needs the con-
cept of the dimension of a vector space. Understanding the dimen-
sion of a vector space requires combining two preliminary notions,
that of a generating system and that of linear independence below
(Definition 3.46).

Definition 3.40. A collection vy, ..., v, of vectors is a generating
system if

L(’Ul,...,Un) =V
or, equivalently, if every vector w € V' is an appropriate linear com-
bination of these vectors. We also say that these vectors span V' if
this is the case.

Example 3.41. The vectors e; := (1,0,...,0), e = (0,1,0,...,0)
up to e, = (0,...,0,1) are a generating system. Indeed, each vector
x = (x1,...,2,) € R" is a linear combination of these, namely

w:x1.61+...+xn.en_
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Example 3.42. We have observed in Example 3.31 that the vectors
e = (1,0,0) and e; = (0,1,0) in R? are not a generating system
since they only span the subspace

L(ela 62) = {(xvya 0) ‘ z,Y € R}
which is not the entire R? (e.g., (0,0, 1) is missing).

The following example shows that three arbitrary vectors in R3
need not form a generating set.

Example 3.43. Consider the vectors v; := e; = (1,0,0), vy =
(0,1,1) and v3 = (2,1,1). These three vectors do not form a gener-
ating set of R?. In order to show this and to also understand which
vectors are precisely in the span L(vy, vq, v3), we consider the follow-
ing equation, where w = (x,v, 2) € R? is a vector and ay, as, az € R:

W = a1V + AUy + a3vs.

Those vectors w that can be written in such a form are in the span,
those where no such equation holds are not in the span! This is
an equation between two vectors in R?, i.e., ordered triples. Two
such triples are the same precisely if their three components are the
same. This leads to the following linear system:

ar-1+as-0+as-2=rc,
a1-0+a2-1—|—a3-1=y,
a1-04+as-1+as-1=z.

In this system aq, as, ag are the variables, and x, y, z are parameters

(on which the solutions of the system will depend). We form the
matrix associated to this linear system, which is

1 0 2|z
01 1]y
01 11|z

We apply Gaussian elimination to that matrix, i.e., subtract the
second row from the third:

o O -
o = O
O~ N
N

| <
<@

We now distinguish two cases:
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e 2 —y =0 (ie, y = 2): in this case the matrix is already in
reduced row echelon form (Definition 2.28). The system has
solutions, namely the variable a3 is a free variable, so its value
be chosen arbitrarily. Then a; and as are uniquely determined
by as by the equations

a1 + 2a3 = x,

as + ag =y,

which gives a; = =z — 2a3 and as = y — a3. Therefore, for
arbitrary x,y € R, the vectors

w = (z,y,y) € L(vy, va,v3)
are in the span. They can be expressed as linear combinations
w = (z —2a)vy + (y — a)vy + avs,
for an arbitrary a € R (this was the a3 before).

ez —y # 0 (e, y # z). In this case, we can divide the last

equation by z—y, which gives the following reduced row-echelon
matrix

1 0 2

0 1 1

0 0 0

According to Method 2.32, the system has no solution in this

case. Thus, vectors of the form

T
Y
1

w = (z,y,2) withy # z
are not in the span: w ¢ L(vy,vs, v3).

The following method gives a criterion to check whether a given
set of vectors generates R™. We will prove this statement later
(Theorem 4.80).

Method 3.44. Let vq,...,v,, € R" be some vectors. Form the

matrix
(%1

A=| 7

Um
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(i.e., each the i-th row of A is precisely the vector v;, so that
A = (v;) if v; = (vi1, ..., vin).) Bring this matrix into row-echelon
form by Gaussian elimination (Method 2.30). Call this resulting
matrix B. If B contains n leading ones, then vq,...,v,, span R".
Otherwise, they don’t span R".

Corollary 3.45. Fewer than n vectors can never span R™ (since in
any event B can at most contain m leading ones).

3.6 Linear independence

Let vy, ...,v,,, € V be m vectors in some vector space. Then we have
O+ +0-0, =0-(v 4+ +v,)=0.

This follows from the distributive law and the scalar multiplication
of any vector with 0, cf. (4) and (8) in Definition 3.10. So, there
is always a “trivial” way to obtain the zero vector from vy,..., v,,.
We can ask if there are other ways of achieving the zero vector.

Definition 3.46. We say vy, ..., v,, are linearly dependent if there
is a non-zero linear combination of these that gives the zero vector.
Le., if there are aq,...,a, € R of which at least one is non-zero,
such that

a1y + -+ AUy, = 0. (3.47)

If this is not the case, then we say the vectors are linearly inde-
pendent.

Thus, they are linearly independent if the zero linear combina-
tion in (3.6) is the only way to obtain the zero vector as a linear
combination of vy, ..., vp,.

Example 3.48. The vectors e; = (1,0,0), e; = (0,1,0) and e3 =
(0,0,1) € R? are linearly independent. To see this, suppose some
linear combination equals the zero vector: if

aje; + ases + azes = (0,0,0)
then we compute the left hand side as

(al,0,0) + (0,@2,0) + (0,0,@3) = (al,ag, a3>,
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so the above equation forces a; = as = a3 = 0. This shows that the
vectors are linearly independent.
More generally, the same argument shows that

er = (1,0,...,0),es = (0,1,0,...0),...,e, = (0,...,0,1) e R"
are linearly independent.

Example 3.49. We revisit the vectors v; := e; = (1,0,0), vy =
(0,1,1) and v3 = (2,1,1) € R3 of Example 3.43. These vectors are
not linearly independent. Indeed, we observe that v3 = 2v; 4+ vs, so
that

201 + vy —v3 = 0.

Example 3.50. The polynomials 1 + z, 3z + 22, 2 + © — 22 are
linearly independent vectors in R[z]S2. To see this, suppose that a
linear combination of them equals the zero vector (i.e., the constant
polynomial 0):
0=a1(1+z)+ a3+ 2% +a3(2 +x — 2%
= a; + 2a3 + (a; + 3ay + az)x + (ay — az)2”.

Since this must hold for all x € R, this forces the following homoge-
neous linear system:

0= a; + 2(13
0=a, + 3as + as
0= a9 — as.
Solving this system (do it (!)) one sees that this only has the trivial

solution a3 = as = az = 0. Thus, the polynomials are linearly
independent.

The following statement says in some sense that a family of vec-
tors is linearly independent if there is no redundancy among them.

Lemma 3.51. Let vq,...,v,, € V be some vectors. They are lin-
early dependent exactly if (at least) one of these vectors can be
expressed as a linear combination of the others, i.e., some

Vi = a1 + -+ A;—1U;—1 + Ai11Vi41 R AU, (352)

for an appropriate ¢ and appropriate coefficients a; etc.
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Proof. If (3.52) holds, then
a1vq + -+ A;—1V;—1 + <—1)Uz + Air1Vi41 + -+ Ay Uy = O,

so they are linearly dependent.

Conversely, if (3.47) holds, then pick some i such that a; # 0 (by
assumption this is possible). Then one can subtract a;v; and divide
by —a; (which is nonzero, crucially!), giving

—a —a,— —a, —a
V; = 1U1—|—“'+ : 1111;1-1— l+1’l}i+1+"‘+ mvm.
a; a; i a;
This is an equation of the form (3.52). O

The following method decides whether a given set of vectors is
linearly independent in R". A proof is conveniently done using later
results, such as Lemma 4.76.

Method 3.53. Let vq,...,v,, € R™ be some vectors. Form the
matrix

01

V2

A —
U,

(i.e., each the i-th row of A is precisely the vector v;, so that
A = (v;) if v; = (vi1, ..., vin).) Bring this matrix into row-echelon
form using Gaussian elimination (Method 2.30). Call this resulting
matrix B. If B contains m leading ones, then vy, ..., v,, are linearly
independent. Otherwise, they are linearly dependent.

Corollary 3.54. More than n vectors can never be linearly inde-
pendent in R" (i.e., for m > n, any vectors vy, . .., v, will be linearly
dependent, since the matrix B can contain at most n leading ones,
being in reduced row-echelon form).

Remark 3.55. This method is very similar to Method 3.44, except
that there we asked B to contain n leading ones: this guarantees
that vy, ..., v, span R". Having as many leading ones as there are
vectors, i.e., m leading ones, instead guarantees that the vectors are
linearly independent.
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Example 3.56. We revisit the vectors v; := e; = (1,0,0), vy =
(0,1,1) and v3 = (2,1,1) € R? of Example 3.56. The matrix having
these vectors as rows is

N O =
— = O
[

We bring it into reduced row echelon form like so:

0
1
1

N O
—— O
O O =
—_— O
— = O
OO =
O = O
O = O

This reduced row-echelon matrix has only 2 leading ones, so the vec-
tors are not linearly independent, i.e., they are linearly dependent.

The importance of linearly independent vectors comes from the
following result:

Proposition 3.57. Let vq,...,v,, be linearly independent vectors
in a vector space V. If some vector v can be expressed as an (os-
tensibly different) linear combination of those, these presentations
must be the same. le., if

v =av; + -+ ayv, and
v=>bv + -+ bpuy,

for appropriate real numbers aq, ..., a,,, b, ..., b,, then necessarily
we have

aq :bl,ag :bQ,...,CLmme.

Proof. Subtracting these two equations from one another (and us-
ing the commutativity of addition, and the law of distributivity,
cf. Definition 3.10), we obtain

O=v—w
= (a1 — by)vy + - + (am — b)) U

Since the vectors are linearly independent, this implies a; — by = 0
etc., so that a; = by etc. O
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3.7 Bases

Definition 3.58. A collection of vectors in a vector space
Vi,..., U €V
is called a basis if they span V' and if they are linearly independent.
Example 3.59. The vectors
er =(1,0,...,0),es = (0,1,0,...0),...,e, = (0,...,0,1) e R"

are a basis, called the standard basis. Indeed, we have observed in
Example 3.41 and Example 3.48 that they span R™ and that they
are linearly independent.

We try and modify this basis a little bit and see what happens.
If we omit one of the vectors and only consider, say

ey =(0,1,0,...0),...,e, =(0,...,0,1) e R"

these do not form a basis: while they are still linearly independent,
they do not span R".
On the other hand, we now consider

€1y...,€n, U,

for an arbitrary vector v € R™. These do not form a basis: while they
span R™ (even without the v), they are not linearly independent.
Indeed, since ey, ..., e, span R", this means that

v =aie; + -+ anéy

for appropriate aq,...,a, € R. According to Lemma 3.51, this
means that e, ..., e,, v are linearly dependent.

Example 3.60. The vectors
v = (07 2, ].), Vo = (]_, 0, 2), V3 = (—17 ]., ].)
form a basis of R3. To see this, we apply Method 3.53 and Method 3.44:§

0o 2 1 1 0 2 1 0 2
1 0 2 |~ 0 2 1 |~ 0 2 1
-1 1 1 -1 1 1 0 1 3
1 0 2 1 0 2
wOQlWOl%
OO% 0 0 1



68 CHAPTER 3. VECTOR SPACES

This matrix has three leading ones, so the vectors are linearly inde-
pendent and span R?, so they form a basis.
Note that this is a different basis than ey, es, e3 considered above.

The following result, which is simply a combination of the defini-
tion of generating systems and Proposition 3.57, is often described
by saying that a basis gives rise to a coordinate system in a vector
space.

Proposition 3.61. Let vy,...,v,, be a basis of a vector space V.
Then each vector v € V' can be written in a unique way as a linear
combination

V=a1v1 + -+ AU,

For some other vector w = byvy + - - - + b, v, We have

v+w=(a;+b))vr + -+ (am + bp)Up.

3.8 The dimension of a vector space

We are all used to referring to the space surrounding us as “3-
dimensional”, and refer to a plane as “2-dimensional”. In this sec-
tion, which is crucial to linear algebra and, by extension to all ap-
plications of linear algebra in physics, engineering and mathematics
itself, we make this statement precise.

Theorem 3.62. Let V' be a vector space with a basis vy, ..., v,.
Then any other basis of V' also consists of n vectors.

In other words, the number of vectors in a basis does not depend
on the basis. (Recall from Example 3.60 that the vectors that form
a basis may very well be different.)

Definition 3.63. We say that a vector space V has dimension n if
there is a basis of V' with n elements.

Example 3.64. The standard basis of R™ consists of n elements
(Example 3.59), so that

dimR" = n.

The space of polynomials of degree at most d has a basis 1, z, 22, ..., 2%
These are d + 1 polynomials so that

dimR[z]s = d + 1.
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If V has a basis vy, ..., v, (so that dim V' = n) and another vector
space W has a basis wy, ..., w,, (and dim W = m), then a basis of
the direct sum V @ W is given by

(v1,0), ..., (vy,0), (0,wq), ..., (0, wy).
These are n + m vectors, so that
dim(Ve W) =dimV + dim W.
Theorem 3.65. Every vector space has a basis.

Remark 3.66. In this course, we only consider vector spaces with
a basis consisting of finitely many vectors, as in Definition 3.58. We
call such vector spaces finite-dimensional.

An example of a vector space not having a finite basis (i.e., an
infinite-dimensional vector space) is R[x] (for which a basis is given
by the polynomials 1, x, 22 23, ...).

The following theorem addresses the question how linearly inde-
pendent sets can be extended to a basis.

Theorem 3.67. (1) Suppose that some vector space V' is spanned
by m vectors vy, ..., v, (Definition 3.40). Then a basis of V' can
be obtained by removing certain vectors among the vy, ..., Uy,.
In particular, this says that V' has a basis and that

dimV <m

(and so, in particular that V' is finite-dimensional.)

(2) Every linearly independent set of vectors can be enlarged to a
basis by adding appropriate vectors from any given basis of V.
(Le., if vy,...,v, are linearly independent, and wy, ..., w,, is
any basis of V', then the vy, ..., v, together with certain vectors
among the wy, ..., w,, form a basis.) In particular, if vy,..., v,
are linearly independent, then

dimV > n.

(3) If W < V is a subspace, then dim W < dim V. (In particular,
if V' is finite-dimensional, then so is W.) Moreover, we have
dim W = dim V precisely ift W = V.
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(4) For a subspace W < V| any basis of W can be extended to a
basis of V.

Proof. This is proved in any linear algebra textbook, e.g., [Nic95,
Theorem 6.4.1] or [Bot21, §1.3]. O

Example 3.68. In V' = R?, consider the four vectors v; = (1,1, —1) ]
ve = (2,0,1), v3 = (—1,1,-2), vy = (1,2,1). We apply Method 3.44
and Method 3.53 by forming the associated matrix and bringing it
into row echelon form:

o 1 1 -1 1 1 -1
v |_[ 2 0 1 | |0 -2 3
v3 -1 1 -2 0 2 -3
Uy 1 2 1 0 1 2
11 -1 11 -1
Lo =3 101 3
00 0 00 0
00 I 00 1

(First step: add certain multiples of the first row to the others,

second step: multiply second row by —1 and add multiples to the

2
third and last row, third step: divide the last row by %) We can
swap the last two rows and obtain a row echelon matrix. This
matrix has three leading ones, so that the four vectors generate R3
but are not linearly independent. (We also know dim V' = 3, so these
four vectors can not be linearly independent by Theorem 3.67(2).)
According to Theorem 3.67(1), we can obtain a basis by removing
certain vectors among these. Notice that one may not (in general)

remove just any arbitrary of the four vectors. In this example,
e the first three vectors vy, vo, v3 do not form a basis,
e however vq, v9,v4 do form a basis.

Indeed, this holds since in the above matrix, we remove either the
last row, which brings us to
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This tells us that these three vectors are (still) not linearly inde-
pendent (and don’t span R?). By contrast, removing the third row,
gives

vy 11 -1
vy |~ 0 1 =3
V4 0 0 1

which has three leading ones, so these three vectors form a basis of
R3.

Corollary 3.69. Let V be a vector space with dimV = n. Let n
vectors be given: vy, ..., v,. These vectors are linearly independent
if and only if they span V.

Proof. This follows from the theorem above. For example, suppose
they span V. If they are not linearly independent, then some wv;
lies in the span of the remaining vectors. Thus V' is the span of all
vectors but v; so that n —1 = dim V' by Theorem 3.67(1). This is a
contradiction to our assumption.

The converse implication is proved similarly. [

Remark 3.70. If V = R", then Corollary 3.69 aligns well with
Method 3.44 vs. Method 3.53: we consider the matrix

U1
V2

Um

and bring it into row echelon form, denoted B. Note that (A and)
B are n x n-matrices. Thus, the vectors vq,...,v, span R" if and
only if B has n leading ones, which happens if and only if vy,..., v,
are linearly independent.

Example 3.71. Let a € R be a fixed real number. Consider the
vector space R[z]<¢. The polynomials

v(r) = (& —a)’ = Lu(z) = (z —a),...,v(r) = (z — a)?
are linearly independent. To see this, suppose

0 = agvg + a1vy + - - - + agvy.
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Note that v4 has degree d, all the remaining ones have degree < d—1.
Thus, looking at the coefficient for ¢, we see ay = 0. Continuing
this, we note that

0= AoV + a1 + - -+ + Ag—1Vg—1

forces ay_; = 0 (by looking at the coefficient of 2¢7!). Repeating
this argument, one sees that ag = --- = ag = 0.

We know dim R[z]S? = d + 1 (Example 3.64). Thus, by Corol-
lary 3.69, these polynomials vy, ...,vq form a basis. According to

Proposition 3.61, any polynomial f(z) of degree < d therefore can
be uniquely written as
f(x)=ao+ai(z—a)+ -+ ag(z —a)’.

Thus, every polynomial can be expressed as a sum of powers of
x — a. (By definition of a polynomial, it can certainly be expressed
as a sum of powers of  —0 = x.) The precise values of a4 are closely
related to the Taylor series familiar from analysis.

3.8.1 Dimensions of sums and intersections

In this section, we give an answer to Question 3.21 and Ques-
tion 3.39. Colloquially, the possible failure of A+ B being “as large
as possible” (i.e., having the maximum possible dimension, namely
dim A + dim B) is closely related to the possible failure of A n B
being “as small as possible.” Before stating that, we note another
consequence of Theorem 3.67.

Corollary 3.72. Suppose A, B < V are two subspaces with dim A =}
m and dim B = n. Then

dim(A + B) < dim A + dim B.

(Here, at the left 4+ denotes the sum of the two subspaces (Defini-
tion 3.34), while at the right it is the sum of the two dimensions.)

Proof. If vy,..., v, is a basis of A and wy,...,w, is a basis of B,
then they in particular span A, resp. B. Thus, A + B is spanned by

Viyeo oy Um,y, W1y ..., Wp.
These are m+mn vectors. According to Theorem 3.67(1), this implies

dim(A + B) <m +n.



3.8. THE DIMENSION OF A VECTOR SPACE 73

Theorem 3.73. Suppose A, B < V are two subspaces of a vector
space. Then

dim(A n B) + dim(A + B) = dim A + dim B.

This is a special case of a more general theorem, the so-called
rank-nullity theorem (Theorem 4.26). We illustrate it at the hand
of subspaces in V' = R2 If A = V is a subspace, then exactly one
of the following three cases occurs:

e dim A = 0. This means that A just consists of the zero vector:

A= {0

e dim A = 1. This means that there is a basis of A consisting of
a single vector v € A. Since v is linearly independent, we have
v # 0 (otherwise 1-v = 0 is a non-trivial linear combination
giving the zero vector). Since v spans A, this means A =
{av | a € R}. Thus, A is the line spanned by the (non-zero)
vector v.

e dim A = 2. In this case we necessarily have A = R? by Theo-
rem 3.67(3).

Of course, for another subspace B the same three cases apply. If
A = {0}, then An B = {0} and A+ B = B, so in this case the
dimension formula (4.35) just reads

dim({0}) + dim B = dim({0}) + dim B,

which does not give anything interesting. Similarly, if A = R2, then
An B =B and A+ B =R? so the dimension formula reads

dim B + dimR? = dim R? + dim B.

Again, this is tautological. The interesting case is therefore when
dim A = 1 and, by symmetry, dim B = 1. Thus both A and B are
lines, passing through the origin, in R?. We distinguish two cases:

e A= PB. Inthiscase An B=A, A+ B = A, so the formula
reads
1+1=1+1,

which is true.
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e A # B. In this case A n B = {0}, since the lines are distinct
and therefore only interesect at the origin. Then the formula
says

0+dim(A+B)=1+1=2.
Thus dim(A + B) = 2, which means that A + B = R?, again
using Theorem 3.67(3).

Here is a picture of the two cases:

A=B A#DB
15 &
51, —
4 ! —A 10 B
..... B |
2 51
i
1 S o 1
—4 -2 2 4
_5 1
—2 ¢
_10 1
—4 |
_15 1

Definition 3.74. Let A, B < V be two subspaces. We say “the
sum A + B is a direct sum” if dim A + dim B = dim A + B.

In other words, dim(A + B) needs to be as large as possible. In
the example of two lines, i.e., dim A = dim B = 1, the sum is direct
precisely if A+ B = R2

Example 3.75. In V = R?, consider subspaces A, B < R? with
dim A = 1 and dim B = 2. Thus, geometrically, A is a line passing
through the origin and B is a plane passing through the origin. We

have
OcAnBc A

This means that
0 <dim(An B) <dimA = 1.

We distinguish two cases:
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e A c B. Equivalently, A n B = A or, yet equivalently,

dim(A n B) = 1.

e Ad B. In this case An B < A. Since A n B is a subspace of
strictly smaller dimension, this implies A n B = {0}. Thus,

dim(A n B) = 0.

To summarize, a line A and a plane B (both passing through the
origin) in R? intersect either in a point or in a line.

Example 3.76. Consider V = R? and two subspaces A, B < R3 of
dimension 2. Then the formula reads

dim(A N B) =2+ 2 —dim(A + B).
We have in any event A, B < A+ B < R3, which implies
2 <dim(A + B) < 3.
We consider two cases:

e A= B. In this case An B = A and A+ B = A, which both
have dimension 2.

e A+# B. In this case An B < A, so An B has dimension < 2.
This means that dim(A + B) = 3, and therefore

dim(An B) = 1.

We summarize this as follows: two planes A, B passing through
the origin in R? intersect either in a plane (this happens precisely
if A = B), or they interesect in a line (this happens precisely if
A # B).

If the ambient vector space has dimension > 4, and dim A, dim B >}
2, then the possible dimensions of dim(A n B) and dim(A + B) are
more varied, so we refrain from making a similar list.
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3.9 Exercises

Exercise 3.1. Let V = {(x,y,2) | x,y,2 € R}. (Thus, V = R3.)
We use the regular addition of vectors. However, in contrast to
the regular scalar multiplication (Definition 3.7), we now use the
following. Decide in each case whether this turns V' into a vector
space:

o r-(v,y,2) = (rz,y,rz),
o r-(z,y,2) = (0,0,0),
o r-(r,y,2) = (2rx,2ry, 2rz).

Exercise 3.2. Let V < R2 be a subspace. Which of the following
statements are correct?
(1) V contains at least one element.

(

2)
(3) V contains the zero vector (0,0).
4)

(

Exercise 3.3. Using basic properties of differentiable functions fromfi
your calculus class, show that the space

V' contains at least two elements.

If v,weV thenalsov—weV.

{f : R — R | f is differentiable }

is a vector space (with the sum and scalar multiple defined as in
(3.22) and (3.22)).
Hint: structure your thinking as in Definition and Lemma 3.22.

Exercise 3.4. Give an example of two subspaces V, W < R? such
that their union

VuW ={z=(z1,20) e R* | zeVorzeW}

is not a subspace.

Hint: Example 3.13.

Also give an example of two subspaces V,W < R?, where the
union V' u W is a subspace.

Hint: be very lazy and minimalistic. What is the smallest sub-
space you can come up with?
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Exercise 3.5. Determine in each case whether w € R* lies in the
span of v; and v,. If so, name at least one linear combination of v
and vy that equals w; otherwise explain why there is no such linear
combination.

(1) w=(2,—-1,0,1), vy = (1,0,0,1), v, = (0,1,0,1)

(2) w=(1,2,15,11), v; = (2,—-1,0,2), v, = (1,-1,-3,1)

(3) w=(2,5,8,3), v = (2,-1,0,5), vy = (—1,2,2,-3)
Exercise 3.6. Determine whether the following vectors span R*:
(1) (1,1,1,1), (0,1,1,1), (0,0,1,1), (0,0,0,1)

(2) (1,3,-5,0), (—=2,1,0,0), (0,2,1,—1), (1,—4,5,0)

Exercise 3.7. Determine whether the following vectors are linearly

independent:
(1) vy = (1,-1,0), vo = (3,2,—-1), v3 = (3,5,—2) in V = R3,

(2) v1 = (1,1,1), vg = (1,—1,1), v3 = (0,0,1) in V = R3,
(3) (1,—,1,1,-1), (2,0,1,0), 0,—2,1,—2) in R?,

(4) (1,1,0,0), (1,0,1,0), (0,0,1,1) and (0,1,0,1) in R,
Exercise 3.8. Name three vectors vy, vo, v3 € R? such that:
e vy, vy are linearly independent,

e vy, v3 are linearly independent, and

e Uy, v3 are linearly independent, but

® U1, U9, U3 are not linearly independent.

Exercise 3.9. Consider the vector space V = R[x]|<? of polynomi-
als of degree at most 3. Decide which of the following subsets of V'
is a subspace:

(W) A{f [ feV. f(2) =1},

(2) {z- f | feR[=]*?},

(3) {z- f+ (A —2)g| f g€ R[z]*?},

(4) {f | feR[2]=%, £(0) = 0}

Exercise 3.10. Express the following polynomials as linear combi-

nations of z + 1, z — 1 and 2? — 1 (in R[z]¥?): 2 + 4z — 2, z,
40 — z2.
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Exercise 3.11. Is the following sentence correct? “In R[z]<3, the
polynomial f(z) = ix?’ + 3z + 1 is a linear combination of the
polynomials 2%,  and 1 since f(z) = 2 -2* +3 -2+ 1.

Exercise 3.12. Express each of the three standard basis vectors
e1, €2, €3 as a linear combination of the basis vectors in Example 3.60.
Exercise 3.13. (Solution at p. 235) Consider A = ( L1 > and

2 2
3 2\ . .
B = 3 5 | 0 the vector space of 2 x 2-matrices. Is C' =

( _21 2 ) a linear combination of A and B?

Exercise 3.14. In the vector space Matyy3 of 2 x 3-matrices, we
consider the set

T, Ty T
T:{( L2 3)|x1+x4+x6=0,x1+x4+x3+x520}.I
Ty Ty g

(1) Decide whether T is a subspace of Matyys.
(2) Find all the vectors (i.e., matrices) in 7.

(3) Find some vectors such that T = L(vy, vq, v3, v4).

Exercise 3.15. (Solution at p. 236) In R* consider the subset
S={(z,y,z,t) | x+y+z+1t=0}

(1) Decide whether S is a subspace of R*.

(2) Find all the vectors (i.e., matrices) in S.

(3) Find some vectors such that S = L(vq, v, v3).

Exercise 3.16. (Solution at p. 236) Consider the following two sub-
spaces of R*:

S=1L((1,-1,0,1),(2,1,-2,0),(0,0,1,1))
and T', which is the solution set of the system

21’1—.1’2—3374:0
2x1 +x3+ 14 = 0.

Determine S n T
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Exercise 3.17. Consider the following two subspaces of R*:
W = L((1,0,1,0),(2,0,0,0), (0, -3,—1,—1))
and T given by the solution set of the system
Ty — X2 =0
1+ 29 +2x3=0.
Determine T'n W.
Exercise 3.18. Show that
e R? = L((1,1),(2,-1)),
e R?=L((0,-2),(1,1)).

Exercise 3.19. Is (1,5,0) € R? alinear combination of v; = (1,1, 0),J
v = (2,0,1) and vy = (0,3, —1)7

(Le., are there aj,as,as € R such that ajv; + agve + agvs =
(1,5,0)7)

Exercise 3.20. Express the following polynomials as f(z) = Zj;l:o ai(:r;—l
)%

(1) f(x) = 2%,
(2) f(z) =27,
(3) f(z) = 23 — 32% + 4o + 2.

Exercise 3.21. Let a,b € R be two distinct numbers. Show that
the polynomials z — a and x — b are a basis of R[x]<!.

Exercise 3.22. In R* = {(x,y,2,t) | z,y,2,t € R} consider the
subspace W; < R* given by the solutions of the system

y+t=0,
y+z=0.

Also consider the subspace Wy = L((0,1,—1,0)).
Determine a basis and the dimension of W;. Describe W; n W,

Exercise 3.23. Let £ € R be an arbitrary real number. Consider
the subspace

Wy, := L((1,0,-1,0),(1,1,0,1),(1,2,k, 1)) R
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(1) For all k£ € R, find a basis of W}, and determine dim Wj.
(2) For which ke R is (~1,1,1,1) € W2

Exercise 3.24. Recall that the dimension of the space Maty,3 of
2 x 3-matrices is 6.

(1) Consider W = a atb b

0o 0 b ) | a,be R}. Confirm that W
is a subspace of Matsy,3. Determine dim W.

c 0
0 0
a basis and the dimension of) V' n .

(2) Let V := {( :z ) | ce R}. Determine (i.e., determine

Exercise 3.25. (Solution at p. 237) Consider the following sub-
spaces of R?:

Wy = L((1,0,1),(2,1,0))
Wo := L((—1,1,1),(0,3,0)).

(1) Determine (i.e., determine a basis and the dimension of) W N

Ws.
(2) Determine Wy + Wj.

Exercise 3.26. Consider the following subspaces of R*:

Wy = L((1,1,1,2),(2,0,3,5))
W = L((1,1,0,1), (0,2, -2, —2)).

As in the previous exercise, determine W7 n W5 and W7 + Ws.

Exercise 3.27. (Solution at p. 239) Consider the subspace
W = L((1,0,1,0),(2,0,1,1), (0,0, 1, 3)).
Y Y Y

=v1 =v2 =v3

(1) Find a basis of W and determine dim W
(2) Find a vector v € R* such that

W < L(vq,v2,v3,0).

What is dim L(vq, va, v3,v)?
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Exercise 3.28. (Solution at p. 240) Consider the vectors in R,
where ¢t € R:

= (1,0,-1,2)
Ug—(lOOl)

( ,3)
U4—( ,6).

(1) Let Uy = L(uy,us, ug, usg) be the subspace spanned by these vec-
tors (where the last vector depends on ¢ € R). Find the values
of t such that

dim U; = 2.

(2) Consider t = 1 from now on. Verify dim U; = 3 and find a basis
of U1~

(3) Let W = R* be the subspace given by the equations

$1+£L‘2+$3=0

1 — 3[L‘4 = 0.
Determine dim W and dimU; n W.

Exercise 3.29. Consider the subspace U, < R* spanned by the
four vectors

~ (1,0,0,1)

— (~1,1,2,3)
vy = (0,1,2,4)
ve = (£,2,4,8).

Here, t € R is an arbitrary real number.
(1) Find the values of ¢, such that dim U; = 2.

(2) Consider from now on ¢t = 1. Determine dim Uj.

(3) Let W < R* be the subspace given by the equations

ZEl—l’Q:O

$2—$3=0.

Determine a basis and the dimension of W and of W n Uj.
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Exercise 3.30. (Solution at p. 243) Let f: R?* — R* be the follow-
ing linear map:

flz,y,2) =(—y + 2z, 20 +y, —x+2y—5z, © + 2y — 32)

(1) Compute a basis of ker f and a basis of im f.

(2) Let W < R? be the subspace defined by the equation x5 — 33 =
0. Compute the dimension and a basis of W.

(3) We put U = Sf. Compute a basis of U n W and a basis of
U+ Ww.

(4) Determine for which values of a and b there exists a vector v € R3
such that f(v) = (a,4,3,b).



Chapter 4

Linear maps

Mathematical objects gain a lot of richness when they can be related
to each other. In linear algebra, the objects of interest are vector
spaces, and the way the relate to each other is by means of linear
maps. The word “map” is being used as a synonym to the word
“function”.

4.1 Definition and first examples

Definition 4.1. Let V, W be two vector spaces. A function f : V —
W is called linear (or a linear map, or a linear transformation) if it
satisfies the following conditions:

flo+) = f(v)+ f(v) for all v,v" € V and (4.2)
f(av) = af(v) foralla e R,ve V. (4.3)

The vector space V is called the domain of f, W is called the
codomain of f.

Remark 4.4. These two conditions can be squeezed into one con-
dition, by requiring that

fla' +dV') = af(v) +d' f(v'),

for all a,a’ € R and all v,v" € V. This can be paraphrased by saying
that f preserves linear combinations.
Using that 0-v = Oy (the zero vector in V'), the above condition
implies that
F(Ov) = F(0-v) = 0- f(v) = Oy

83
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Thus, for a linear map, the zero vector of V' is mapped to the zero
vector in W.

Example 4.5. The map f : R* —» R? f(z,y) := (z,—y) (ie,
reflection at the x-axis) is linear. This can be proven very simply
algebraically: for (4.2): if v = (z,y) and v' = (2/,y') € R?, then

flo+v') = f((z+2,y+y)) = (x+2’, —y—y) = (z,—y)+ (2", =) = fv)+ (")}

Checking (4.3) is similarly simple. The linearity of the map can also
be visualized geometrically:

y
6| v+
4 v —
2 1
v=(2,9) 5
-2 (4) = (26-y)
_2 1
—4 1 f(V)
—6 | flo+0) = fv) + f(

We will soon regard the preceding example as a special case of
the multiplication of a vector with a matrix, namely in this case the

: 1 0
matrix ( 0 —1 ), cf. §4.2.
Example 4.6. The map
D : R[z] — R[z], D(f) := f,

i.e., the derivative of f, is linear. This is true because we have the
formulae (proven in calculus)

(f +9)(x) = ['(z) + ¢' (), (af) (z) = af'(z).

Alternatively, one may use that the derivative of a polynomial
flx) = Zi:o a,z" is given by f'(z) = 2221 na,z™ . Then, for
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g = Zi:o b,x™, we check (4.2), say:

(f +9)(z) = (Z (an + bn)x">

n(a, + b,)a" !

I
M&.

1

3
Il

d
na,z" ! + Z nb,x"

I
M&

n=1

() + 4'(2).

3

Here are a few slightly more abstract examples of linear maps, in
which V' is an arbitrary vector space.

Example 4.7. e The identity map id := idy : V — V which is
given by id(v) := v is linear.

e For some other vector spaces W, the zero map 0 : V — W is
the map sending every vector v to Oy . It is linear.

e For any real number a € R, the map given by scalar multiplica-
tion V' — V' v+ a-v is linear. This follows from the conditions
(4) and (6) in the definition of a vector space (Definition 3.10).

Non-Example 4.8. e The map f: R — R, f(x) := 22 is not
linear. Indeed, f(z+vy) = (z+y)? = 2* + 2zy +y* # 2? +y* =
f(x)+ f(y). Also f(ax) = a®x? # ax® = af(z).

e The map f: R — R, f(x) := x + 1 is not linear since again
fety)=z+y+1#@+)+y+1)=f()+[(y)

Thus, (4.2) is violated. Also (4.3) is violated: f(ax) = azx+1 #
a(z +1) = af(x).

4.2 Multiplication of a matrix with a vector
In this section, we define the multiplication of a matrix with a vector

and show how this gives rise to a linear map. This is an extremely
important way to construct linear maps.
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Definition 4.9. Let A = (a;j)1<i<m1<j<n (cf. Notation 2.22) be an
U1

m X n-matrix and v = : be a n x 1-matrix, i.e., a row vector
Un

with n columns. The product of A with v is the m x 1-vector

a11v1 + a2 + - - - + a1nUy

Av = :

Am1U1 + AUz + -+ + App Uy,

Thus, the i-th entry of the (column) vector Av is computed by
traversing the i-th row of A and multiplying each entry of that row
with the corresponding entry of v.

Example 4.10. Here are two concrete examples:

4 -1 ; 4.3-1-4 8
2 1 (4)2 2.3+1-4 |=| 10
0 —2 0-3—2-4 -8
1 3 -2 1 1-143-24(=2)-(=1) 9
01 0 2 | = = .
10 —1 ~1 |

It makes perfectly good sense to consider matrices whose entries
are variables. Compute:

1 3 -2 T l-z+3-y+(-2)-y T+ 3y — 22
01 0 y | = _
1 0 -1 z

Thus, the equation (of column vectors consisting of 3 rows)

1 3 -2 x 3
01 0 y |=( 4
1 0 -1 P —2

is a very convenient way to write down the linear system
rT+3y—2z=1
y=4

r—z=—2.
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This shows that the product of matrices with column vectors is
very useful in enconding linear systems. We record this observation
in the due generality:

Observation 4.11. Let

a1 e Q1n

A —

be an m x n-matrix and

T

L,
be a column vector with n rows and
by
b= :
b
be a column vector with m rows. Then the equation

Ax =10

is equivalent to the linear system (in the unknowns zy, ..., z,, con-
sisting of m equations)

ai1xy + -+ a1y, = b1

11 + - F ATy = by,

4.2.1 The case of 2 x 2-matrices

The process of multiplying a matrix with a column vector is also ge-
ometrically very important. We now investigate this in more detail
in the case where

A= ( -tz ) € Matgxg.

Q21 Q22
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For a column vector v = ( :jl ) the product is, according to Defi-
2

nition 4.9,

Av = A1ty + dias ) (4.12)
2101 + A22V2

In keeping with traditional notation from geometry, we will instead

write the vector v as ( :; ), in which case

21T + a2y

Ap — ( aT + a2y )

It is useful to organize this situation into a function, namely the
function that sends the vector v to the vector Av. We obtain a
function

f:R* - R v+ Av (read “v maps to Av”.)

Of course, since Av depends on the entries of A, so does this function

f.

Reflections

Example 4.13. We consider A = < ) According to the

0 -1

mz(i).

We plot a few points v and the corresponding Awv:

above we have
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o1y
4 + °

° 3 3

w 2 Al' = ( 4 )
1
‘ TR x

—5-4-3-2-1| 1 2 3 45

—2 4

° -3+

Aw —4 °
51 (3
_6 1 Vv = 4
_7 1

Thus, geometrically, Av is the point v reflected along the z-axis.

Rescalings

0 1

compresses everything in the z-direction by the factor %, and leaves
the y-direction untouched.

1
Example 4.14. The matrix A = ( 2 U > describes the map that

Example 4.15. If r; s are two real numbers,

;)

rescales the z-direction by a factor r (so it shrinks for » < 1 and
enlarges for r > 1) and rescales the y-direction by a factor s.
1

For A = ( 8 g ), this looks as follows:
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T
—5-4-3-2-1| 1234567
—92 | ° 3

2l el

-2

&)

|
(@)
VR
Do

Shearing

Example 4.16. For a fixed real number r, the matrix

sends v to Av = ( v ZTy ) Thus it is a shearing operation. In

the following picture A = < (1) ? )
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571Y
4 1
° 3t °
w 21 Aw
1 s
e e .I
—5-4-3-2-1]1 1234567
—9 1
= 3
OAU—<—4> ou—<
—4 —4
—51
—6 |
_7]
Rotations
We now consider rotations.
Example 4.17. For A = (1) _01 ), the vector Av = ( ;y

Geometrically, the function v — Av is a counterclockwise rotation

by 90°.
-1 0
For A = ( 0 1
v — Av describes a counterclockwise rotation by 180° (or, what is

the same, a clockwise rotation by 180°).

), the vector Av = ( —yx ) so the function

For more general rotations, we use basic properties of the trigno-
metric functions, e.g., as recalled in §B.

Example 4.18. In general, for any r € R the matrix
A ( cos T —sinr )
sinr  cosT
is such that the function

cosrxr —sinr
vi— Av = < Y )

sinrx + cosry

is a (counter-clockwise) rotation by r. For this reason, A is called a
rotation matrix.
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In the following illustration, A = ( 0 -1 )

1 0
51Y
4 1
° 3 oA"U—<t1>
w 2 1 3
1
e R :‘E
—5-4-3-2=4] 12345678910
9|
3 ()
° —4 t o U= 4
Aw  —5 1
—6 |
—71
U1
We regard a vector v = : as an element of R". (Thus,
Un
instead of using the notation (vy,...,v,) for an ordered tuple, as in

Definition 3.1, we write the n numbers underneath in a row.) Fix an
m x n-matrix A. Then the product Av, which is an column vector
with m entries, is an element in R™. We now regard this matrix A
as fixed, and consider the vector v as a variable. In other words, we
consider the function (or map)

R” - R™, v Av.

Matrix multiplication has the following basic, but crucial prop-
erty.

Proposition 4.19. For any m x n-matrix A, the above map is lin-
ear.

Proof. We prove this in the case m = n = 2 using (4.12). (The case
of general m and n is just notationally more involved, but otherwise
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/
the same.) Let v = < Y1 ), v = < Y1 ) Then

Vg vh

Av + Av' — ( 1101 + a12V2 ) " ( a11v] + a12v% )

! /
(91V1 + A99V9 21U, + A22Uy

| an(v1 4+ ) + arp(ve + v5)
ag1(v1 + V) + aga(vy + vh)

+
-4
11T Vo
= A(v + ).
Likewise, one checks (4.3), i.e., that for a € R,

_ a11aV1 + a12av2
21001 + A92aV2

_a ( ajjvy + a2 )
Q21U + Q2202

= aAv

= a(Av).

4.3 Outlook: current research

Since matrix multiplication is such a key asset, it is of great interest
to perform this process as efficiently as possible. Given two 2 x 2-
matrices A and B, the computation of AB by just following the
definition takes 8 multiplications, namely

Qe bej

for each of the indices i, j, e being either 1 or 2. In the 1960’s an algo-

rithm (https://en.wikipedia.org/wiki/Strassen_algorithm) was]]

found that only requires 7 multiplications. By applying that algo-

rithm iteratively for larger matrices, this gives a decidedly better al-

gorithm. Current research is using methods of artificial intelligence

to try and come up with similar methods for 3 x 3- and other matri-

ces. Check out this interesting lay-accessible article on recent trends:
https://www.quantamagazine.org/ai-reveals-new-possibilities-in-matrix-multiplicatj]


https://en.wikipedia.org/wiki/Strassen_algorithm
https://www.quantamagazine.org/ai-reveals-new-possibilities-in-matrix-multiplication-20221123/
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4.4 Kernel and image of a linear map

The kernel and the image of a linear map are an important measure
how, roughly speaking, interesting this map is. E.g., the zero map

R? - R?, ( Z; — 8 ) is certainly very boring in the sense

that it only produces the zero vector in R?. By contrast, say, a
rotation (by a fixed angle 7) in R? is more interesting, since any
point in R? can be obtained from another point by rotating by that
angle r.

In order to introduce kernel and image, we need the following
general notions related to maps between sets.

Definition 4.20. Let f : X — Y be a function between two sets.

e The preimage of some element y € Y is
fHy) ={re X | f(x) =y} (c X).
e The image of [ is defined as
im (f) = f(X) = {f(x) | 7€ X} (€ V).

e f is called injective (or one-to-one) if for each y, the preimage
f~Y(y) contains at most one element.

e [ is called surjective (or onto) if for each y, f~1(y) contains at
least one element. Equivalently, f is surjective if im (f) =Y.

e f is called bijective if it is both injective and surjective. In other
words, if for each y € Y, f~'(y) contains exactly one element.

Example 4.21. While in the applications below, we will often con-
sider X and Y to be vector spaces, Definition 4.20 applies to maps
between arbitrary sets. For example, consider a group of n people
{P,...,P,}. Consider the function

m:{P,..., P} —1{1,2,...,12}

that assigns to each person their month of birth. This function
is surjective if for each month, one of the persons is born in that
month. It is injective, if in each month only one birthday party is
happening. It is bijective if both conditions are true, i.e., in every
month there is exactly one birthday party (for one of the persons).
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In the example above, the map m can only be bijective if n = 12,
i.e., if the size of the two sets is the same. For linear maps (between
vector spaces) we want to articulate a similar idea, but simply saying
that the size of the vector spaces are the same is insufficient, since
R, R?, R3 etc. all have infinitely many elements. Rather, we will see
in Corollary 4.28 that the dimension of a vector space is the correct
notion of size.

Definition 4.22. Let f : V — W be a linear map. The kernel of
f is defined as

ker(f) == f~'(Ow)
—(weV | ) = 0w}

Note that ker(f) < V and im (f) < W. In fact, these are not
just arbitrary subsets:

Proposition 4.23. For a linear map f : V — W, ker f is a subspacdj
of V', while im f is a subspace of W.

Proof. We only check the conditions in Definition 3.17 for the kernel.
(The case of the image is similar.)

e Oy € ker f: this means that f(0y) = Oy, which holds by Re-
mark 4.4.

e For v,v" € ker f we check v+ v € ker f: this means f(v+v') =
Ow . Indeed, using that f is linear we have

fw+v") = f(v) + f(v') = Ow + Ow = O

e For v € ker f and a € R, we check av € ker f: as before, using
the linearity of f, we have

flav) = af(v) = a- Oy = Oy.
Example 4.24. We consider the matrix

1 20
A:<240>

and the associated linear map

x
. 3_) 2 o s N l’+2y
f:R R v = Z Av_<2x+4y)'
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The kernel of f consists of vectors v such that

r+2y=0
2z + 4y = 0.

This tells us that the kernel of f, or equivalently the solutions of
this system (in the unknowns z,y and z!), is

ker f = y eR*|y,zeR
z
-2 0
A basis of ker f is given by the two vectors 1 and | 0
0 1

The image of f consists of all vectors of the form

i B r+ 2y
) T 2e+4y )’

with arbitrary =,y € R. (Also, the z is arbitrary, but it does not
show up in f.) This means that vo = 2v;, and vy is an arbitrary real

number. Thus
: _ U1 2
1mf—{(201)|v16R}cR.

A basis of im f is thus given by the vector ( ; )

Our goal below is to develop an algorithmic method that deter-
mine bases of ker f, im f. For now, just observe that in the example
above

dim(ker f) + dim(im f) =2+ 1 =3 = dim R

This is an example of the rank-nullity theorem (Theorem 4.26) be-
low.
Injectivity of linear maps can be measured in terms of the kernel:

Lemma 4.25. Let f: V — W be a linear map. Then the following
are equivalent (i.e., one condition holds if and only if the other
holds):
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(1) f is injective,
(2) ker f = {Ov}.

Proof. Suppose f is injective, we prove ker f = {0}. Since f(0) =0
by linearity (Remark 4.4), we have 0 € ker f. If v € ker f, then
f(v) = Ow, so both v and Oy are in the preimage of Oy,. By the
injectivity of f, this forces v = 0.

Conversely, suppose ker f = 0. Suppose two vectors v,v’ € V are
in the preimage of some w € W, ie., f(v) = f(v) = w. Then, by
linearity of f

flo=v") = flo+ (1)) = fv) + (=1)f(v') = f(v) = f(v') = 0.

Thus, v — v" € ker f, which means by assumption that v — v" = 0.
That is: v = v'. Therefore f is injective. m

Theorem 4.26. (Rank-nullity theorem) Let f : V — W be a map
between (finite-dimensional) vector spaces. Then

dim(ker f) + dim(im f) = dim V.
The rank of f is defined to be
tk f = dim(im f),
while the nullity of f is defined to be dim(ker f).

A proof of this theorem appears in any linear algebra textbook,
e.g. [Nic95, Theorem 7.2.4]. As a remark on the proof, we note
that one can prove the following fact, which is very useful in its own
right.

Theorem 4.27. Let f:V — W be a linear map. Let
Uly ey Upy Upg1y - - Up
be a basis of V such that
Uty nny Uy
is a basis of ker f. Then f(v,.1),..., f(v,) is a basis of im f.

The following facts are immediate consequences of the rank-
nullity theorem.
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Corollary 4.28. Let f : V — W be a linear map between finite-

dimensional vector spaces.

(1) If f is injective then dimV < dim W (since then ker f = {0},
i.e., dimker f = 0).

(2) If f is surjective then dim V' > dim W (since them im f = W,
so dimim f = dim W).

(3) If f is bijective then dim V' = dim W,

(4) The preceding three statements can in general not be reversed:
if, say, dimV < dim W, f need not be injective. For example
the zero map V' — W, v +— 0 is never injective if V' # {0}.

(5) Suppose in addition that dim V' = dim W. In this case f is injec-
tive precisely if f is surjective. (If f isinjective, then dimim f =
dimV = dim W, so that im f = W by Theorem 3.67(3). Sim-
ilarly, if f is surjective, then dimim f = dimW = dimV, so
dimker f = 0, so that ker f = {0}.)

An important case of this theorem is where f : R — R™ is
the linear map given by multiplication with a fixed m x n-matrix
A. We call the rank of A, resp. the nullity the rank, resp. nullity
of that linear map. The rank is denoted by rk A. These are two
highly important numbers associated to a matrix, so we want to
have a device for computing them. This is based on the following
computation: recall from Example 3.59 the standard basis vectors

e =(1,0,...,0),e3 = (0,1,0,...0),...,e, = (0,...,0,1) € R™.

1

. . . 0

We will in the sequel write them as column vectors, so e; = )

0

etc. Then we have

a11~0+~'+a1i~1—|—~-+a1n~0 a4

flei) = Ae; = : = Z
am10++amll++amn0 ami

(4.29)

In other words, the product Ae; is precisely the i-th column of the
matrix Al
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Since any vector v € R" is a linear combination of the e;, we
have, for appropriate by,...,b, € R

n

f(0) = F(Ybies) = Y bif (er).

i=1

Thus, f(v) is a linear combination of the columns of A. This proves
the following statement:

Proposition 4.30. Let A be an m x n-matrix and f : R® — R™
the linear map given by multiplication with A. We write

A=(c1 ¢ ...cp),
i.e., the ¢;(e R™) is the i-th column of A. Then
im f = L(cy, ... c).
This subspace of R™ is also called the column space of A.

Definition 4.31. The row space of A is the subspace of R™ spanned
by the rows of the matrix A.

We can compute the rank of A, i.e., the dimim f, as follows:

Proposition 4.32. Let A be an m x n-matrix. Suppose B is a (pos-
sibly non-reduced) row-echelon matrix obtained from A by means
of elementary row operations (Definition 2.29).

(1) Then the non-zero rows of B form a basis of the row space of A.

(2) If the leading ones of B lie in the columns ji, ..., j,., then these
columns of A form a basis of the column space of A.

(3) The following numbers are all the same: a) rk A, b) the dimen-
sion of the column space, ¢) the dimension of the row space of
A, d) the number of leading ones in B.

(4) The nullity of A equals n (the number of columns of A) minus
any of the quantities in the previous point.

Proof. Parts (1) and (2) can be proven by showing that the row and
column space of A do not change when one performs an elementary
row operation to A. We skip this part of the proof (e.g., see [Nic95,
Lemma 5.4.1] for a proof).
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(3) follows from the first two: by definition, rk A = dimim f
equals, by Proposition 4.30, the dimension of the column space. By
the second statement, this is equal to the number of leading ones
in B. Since B is a row-echelon matrix, this is also the number of
non-zero rows, i.e., by the first statement, the dimension of the row
space.

Finally, (4) is a consequence of the rank-nullity-theorem. O

Example 4.33. Consider the matrix

1 2 2 -1
A= 3 6 5 0
1 2 1 2

and the linear map
f:R* S R3 v Av.

The row space is the subspace of R* spanned by the vectors (122 —
1) etc., while the column space is the subspace of R? spanned by

1
the vectors | 3 | etc. We compute a basis of these two spaces as
1
follows:
1 2 2 -1 12 2 -1 1 2 2
A~1 0 0 -1 3 ~1 0 0 -1 3 ~ | 0 0 1
0o 0 -1 3 00 0 0 0 0 O

Thus, the vectors (1,2,2,—1) and (0,0,1,—3) form a basis of the
row space. In particular, its dimension is two. The first and third
row of A form a basis of the column space of A, i.e.,

1 2
imf=L([ 3 |.| 5 ).
1 1

Thus
dimim f=rk f =1k A = 2.

According to the rank-nullity theorem (Theorem 4.26),
dimker f = dimR* — dimim f =4 — 2 = 2,
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(i.e., the nullity of f or of A is 2). In order to determine a basis
of ker f, we denote the coordinates in R* by zi,...,z4. Then, ac-
cording to Gaussian elimination, the variables x, and x4 are free
variables, and x3 = 3x4 from the second row above, and then
r1 = —2x9 — 2x3 + x4 = —2x5 — bry. Thus a basis of ker f is
given by the vectors

—2 -5

OO =
— W O

This reconfirms that dim ker f = 2.

Remark 4.34. Even though the dimension of the row space and
the column space are the same, these vector spaces themselves are
not the same. In fact, they are not even comparable, given that the
row space is a subspace of R"™, while the column space is a subspace
of R™.

Here is another consequence of the rank-nullity theorem.

Theorem 4.35. (stated above in Theorem 3.73) Suppose A, B < V
are two subspaces of a vector space. Then

dim(A n B) + dim(A + B) = dim A + dim B.
Proof. The map
f:A®B -V, (a,b) —>a—b

is linear. Since for every b € B also b’ := —b is contained in B, the
image of this map is A+ B. The kernel of f consists of those vectors
(a,b) € A@® B such that a — b = 0, i.e., a = b. This means that
a € A n B. Therefore, the rank nullity theorem and Example 3.64
tell us

dim(AnB)+dim(A+B) = dimker f+dimim f = dim(A®B) = dim A+dim B}
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4.5 Revisiting linear systems

In this section, we apply our findings from above to the problem of
solving a linear system

anzy + -+ apx, = by

Am1T1 +  + QnTn = by,

Throughout, let A = (a;;) be the m x n-matrix formed by the coef-
ficients of that linear system. Recall that the vector

by
b:= :
b

is called the vector of constants. We will also consider the linear
map (Proposition 4.19)

f:R" > R™v— Av.

Theorem 4.36. (1) Suppose momentarily that by = -+ = b, = 0,
so the above system is homogeneous. In this case the solution
set equals ker f, which in particular is a subspace of R"™.

(2) For arbitrary b, the system above has (at least) one solution if
the vector b lies in the image of f. (Note that the vector is R™,
and im f < R™.) If r = (ry,...,7,) is any such solution, then
the solution set consists precisely of the vectors of the form

r +ker f := {r + v, where v € ker f}.
Proof. Recall from Observation 4.11 that
) ={reR™| Ar = b}

consists precisely of the solutions of the system above.

Therefore, the first statement is clear: ker f = f~1(0) are the
solutions of the homogeneous system. Also, the (non-homogeneous)
system has a solution precisely if f~!(b) is non-empty, i.e., if b €
im f. For the last statement: we show both implications:
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e if s =(sq,...,5,) is a solution, then we get

fls—r)=f(s) = f(r)

since f is linear. Since r is some solution of the system, we have
f(r) = b, and also f(s) = b. This implies v := s — r € ker f,

ie,s=r-+w.
e Conversely, consider a vector of the form r + v, with v € ker f.
Then
f(r+v)=f(r)+ f(v)=b+0=0.

Thus r + v is also a solution of the system. [

Remark 4.37. The solution set r + ker f of a non-homogeneous
system is mever a subspace: indeed any subspace contains the zero
vector, but if that is a solution we get

b= A0=0.

Instead, the solution set of the system with a non-zero vector b, i.e.,
f7Y(b) is a translation of ker f, as is

—
— ke f = f1(0)

Example 4.38. Consider the linear system (in the unknowns z, y, z)|j

r+3y+52="7
3r +9y + 10z =11
2z + 9y + 12z = 10.
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The pertinent 3 x 3-matrix built out of the coefficients is

1 3 5
A= 3 9 10
2 9 12
T
As above, we write f : R? - R3 v = | y |+~ Av for the associ-
2

ated linear map.
We compute its rank by bringing it into row-echelon form:

1 3 5 1 3 5 1 3 5 1
A~ 00 =5 |~[00 1 |~|00 1|0
0 3 2 0 3 2 0 1 0 0
This matrix has 3 leading ones, hence its rank is 3. Thus, f is

surjective. By the rank-nullity theorem we have
dimker f = dimR® — dimim f =3 -3 = 0.

Therefore, f is injective (Lemma 4.25). (Alternatively, we may use
Corollary 4.28(5) directly to see f is injective.) Thus, f is bijec-
tive. This means that for any vector of constants, such as the above
7
11 |, there is precisely one solution of the linear system. This
10
solution can be determined via Method 2.32, but we will omit this
computation here because we will later develop a more comprehen-
sive method, namely by using the inverse A~!, to obtain these so-
lutions.

4.6 Linear maps defined on basis vectors
An arbitrary map
FiV W

encodes a lot of information: one needs to specify f(v) for every
v e V. For linear maps, this simplifies drastically:

Proposition 4.39. Let vy,...,v, be a basis of a vector space V.
Let W be another vector space and wy,...,w, arbitrary vectors

S = W
— O Ot
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(they need not be linearly independent, or span W etc.) Then there
is a unique linear map f : V — W such that

fvi) = w;. (4.40)

Proof. Recall Proposition 3.61: given a basis vy,...,v, of a vec-
tor space, any vector v € V' can be uniquely expressed as a linear
combination

n
V= blﬂl + - +bnbn :Zbﬂ]i,
i=1

i.e., we can express v in such a form and the real numbers b; are
uniquely determined by v. Moreover, we can think of these numbers
by,...,b, as the coordinates of v (with respect to our coordinate
system given by the basis). Namely, given another vector v’ =
>, biv; and some a € R, we have

n

v+ = Z(bZ + b))v;

i—1
av = Z(abi)vi.
i=1

Now, given v € V', we define
F) == baw;. (4.41)
i=1

In particular, for v = wv;, this satisfies f(v;) = w;. The map f is
linear; this follows from the preceding discussion.

Conversely, if a linear map f satisfies f(v;) = w;, for v as above,
it necessarily satisfies

n

f(v) = f(Z biv;) = Z bif(vi) = Z biw;.

i=1

So, the map defined in (4.41) is the only linear map satisfying
(4.40). 0

Example 4.42. We consider V = R3, with the basis

V1 = €61 = (1,0, O),UQ = €9 = (0,1,0),1)3 = (O, 1, —1)
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(Note that e, ey are part of the standard basis of R3?.) According
to Proposition 4.39, there is a unique linear map f : R®* — R? such
that

f(vl) = (27 —1,0),f(1)2> = (17 _17 1),f(113) = (07272>'

We determine f(e3), where e3 = (0,0, 1) is the third standard basis
vector. We have
€3 = U2 — V3.

Thus
f(e3) = f(UQ_U?)) = f(Ug)—f<U3) = (17 _17 1)_(07272) = (17 _37 _1)'I

Thus, with respect to the standard basis ey, e, es (which is distinct
from the one above!), the matrix of f is given by

A= -1 -1 =3
0o 1 -1

That is, f agrees with the map
f:R* > R3 v Av.

4.7 Matrices associated to linear maps

In Proposition 4.19, we associated a linear map R — R™ to an
m x n-matrix. In this section, we will reverse this process: we will
begin with a linear map and associate to it a matrix.

Proposition 4.43. Let V, W be two vector spaces with bases vy, ..., v,
and wy, . .., W,,, respectively. Let finally f : V' — W be a linear map.
Then there is a unique m x n-matrix A = (a;;), called the matriz
associated to the linear map f with respect to the given bases, such
that

m
f(’Ul) = Z Qj;W; .
j=1
We denote this matrix by

My pw 1= My (o vn ) fwrewm} 2= (i),

where for brevity v := {vy,...,v,} and w := {wy, ..., wy,}.
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For a general vector v = Y | b;v;, we have
n m
Flw) =] biajiw;.
i=1j=1

Proof. We apply the above fact (Proposition 3.61) to f(v;) € W (and
the basis wy, ..., w,,), and see immediately that a unique expression
of f(v;) as claimed exists.

We now compute f(v):

f(v) = f(z biv;)

since f is linear

I
ing
S
s
—
<
SN~—

Example 4.44. We continue Example 4.42. The vectors w; =
f(U1> = (27_170>7 W2 = f(UQ) = (17_]-71) and ws = f(Ug) =

(0,2,2) form a basis of R3, as one sees by computing the rank of

2 -1 0
1 -1 1 |,
0 2 2

which is three. We can therefore apply Proposition 4.43 to the bases
v1, U9, v3 and wy, we, w3. The matrix is then

1 0 0
0 1 0 |!
0 0 1
To see this, note for example the second row says
f(ea) = 0wy + 1wy + Ows,

which is true.
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If, by contrast, we consider the standard basis e;, €2, e3 of V = R?
(and still wy, wy, w3 in W = R3), then the matrix reads

1 0 O
0 1 1
0 0 -1

For example, the third column of this matrix expresses the identity
f(e3) = aizwy + azswy + assws = wy — ws,

which we computed above.
This in particular shows that the matrix A depends (not only on
f but also on) the choice of the bases of V' and W!

Example 4.45. We consider the rotation matrix A = ( (1) _01 ),

cf. Example 4.17, and consider the associated linear map

f:RQHRQ,vz(x)Hsz(_y).
Y x

We consider the basis v of R? consisting of v; = (1,0) and vy =
(1,1). We compute the basis of f with respect to v on the domain
R?, and the standard basis on the codomain R2. In order to compute
it, we need to express v; and v, in terms of the standard basis, which
is straightforward:

v =1-e14+0- 69

vg=1-e14+1-es.

The linearity of f implies

f(vl):1.f(el)+o-f(eg):<(1)): 0 et 1 e

) =1 fle) e pe = (] )+ (5) = (7 ) - L

Thus, the matrix of f with respect to afore-mentioned bases is

. 11 Q12 . 0 -1
A_<a21 a22>_<1 1 >
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We additionally compute the matrix of f with respect to the basis
v both on the domain and on the codomain. To this end, we need

—1 . D
to express the vectors < (1) > and ( 1 ) as linear combinations

0 = —v1 +
1 = —U1 T U2
—1
( 1 )=—2v1+02.

Thus, the matrix of f with respect to the basis v on both the domain
and the codomain is
-1 =2
11 )

of v; and vy. We have

51y
4,,
3 is
9 |
flvg) =—201 +vy gl wvg={(1
< f / b= (IT’[\
—6 -5 —4 -3 -2 —_1177 12 3
=9 &
_3 e

4.8 Composing linear maps and multiplying ma-
trices

The following lemma, while simple to prove, is of fundamental im-
portance:

Definition and Lemma 4.46. Let f : U -V and g: V — W be
two linear maps between three vector spaces U, V' and W. Then
the composition of g and f is the map defined as

gof:U—Wur g(f(u)).

This map is again linear.
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Proof. We check the two conditions in Definition 4.1: for u,u’ € U
and a € R, we have, using the linearity of f and g¢:

(9o fllut+u)=g(f(u+u))

(f(u) + f(u))

(f(uw) + g(f(u))
o f)( o

=g
=g
= (go f)(u) + (go f)(u)

Example 4.47. The maps f : R* > R, (z,y) = zand g : R —
R3, z — (2,0, ) are both linear. The composition g o f is the map

gof,(x,y) — g(f(x,y)) = g(x) = (z,0, ).

We may also consider h : R — R? z — (z,z). Then the com-
posite
hof,(a,y) = h(f(z,y)) = h(z) = (z,2).

The other composite is also defined, it is
foh:R =R,z f(h(z)) = f(z,2) = .

(By comparison, the composition f o g is not defined, since g takes
values in R3, but f is defined on R?.)

We now relate this composition of abstract maps to something
more concrete, the product of matrices.

Definition 4.48. If A = (a;;) is a m x n-matrix and B = (b;;) is
an n X k-matrix, then the product AB (also sometimes denoted by

A - B) is the m x k-matrix whose entry in the i-th row and j-th
column is the following (see §A for the sum notation »)):

n
Z aiebej = ailblj + aigbgj + -+ ambn]’.

e=1

In other “words” .
AB = () aiche;).
e=1
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L.e., one picks the i-th row of A and the j-th column of B; one
traverses these and multiplies the corresponding entries together
one by one and finally adds up these products.

Example 4.49.

(3 3)00 %)

1 -1 2 0 1
1 3 -2 12 )=

2 3
01 1 -1 2
12 1 3 -2 )
2 3

(o7)(0 1)

Note that the second product is a 2 x 2-matrix while the product of
the same matrices in the other order is a 3 x 3-matrix!

The product AB is only defined if the number of columns of A
is the same as the number of rows of B. For example,

011 3 4
2 2 3 5 6
is not defined, i.e., it is a meaningless expression.

Remark 4.50. In the case when B is a column vector with n en-
tries, we can regard it as an n x 1-matrix. In this case the product
AB defined in Definition 4.48 is an m x 1-matrix, which agrees with
the column vector AB as defined in Definition 4.9, so the product
considered now is a generalization of that previous construction. In
general, if B is an n x k-matrix, we can write it as

B=(b by ...b),
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where the by, ...,b, are the columns of B. Then
AB = (Aby; Aby ... Aby,).

In Proposition 4.19, we associated to an m x n-matrix A a linear
map

f:R" > R™v— Av.

Let us also be given an n x [-matrix B, to which we can assign the
linear map

g:R' - R" u— Bu.

Proposition 4.51. In the above situation, the compositition fog :
R! — R" is the map given by multiplication by the matrix AB, i.e.,
the linear map

u— (AB)u.

Proof. Let us write C = AB for the product of A and B. It is an
m x l-matrix. If we write C' = (¢;;), we have

= Z airbrj- (452)
r=1

We have to compare two linear maps, R’ — R", namely fog
and u — Cu = (AB)u. According to Proposition 4.39, it suffices to
show that these two maps give the same values when we evaluate
them on some basis of R", for which we take the standard basis
€1,...,€n. As was noted in (4.29), the product Ce; is precisely the
t-th column of C. That is,

C15

m m n
Cei = =cper + -+ Cpilm = Z Csi€s = Z Z asrbries-
Crmi s=1 s=1r=1
Similarly,
fle) = Ae; = Z (giCs
and

g(e;) = Be; = Z byi€,.
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Here, as usual, e, ... denotes the standard basis vectors of R, R™
and R’. We now compute

(fog)(e:) = flg(es)
= F(Q brey)

= Z beif(er) (f is linear)

I
[
L]z

1@‘
3
<

= Z CsiCs. by (4.52).

With similar arguments, one proves the following:

Proposition 4.53. Let f : U — V and g : V — W be two linear
maps, and let uq,...,u;, v1,...,v, and wy,...,w, be bases of these
vector spaces. Finally, let A be the matrix of f with respect to these
bases (of U and V') and B the matrix of g with respect to these bases
(of V-and W). Then BA is the matrix of g o f with respect to the
bases (of U and W).

4.8.1 Properties of matrix multiplication

Dependence on the order of factors

A key property of matrix multiplication is that the product of two
matrices depends on the order of the factors.

Warning 4.54. For two n x n-matrices A and B, their product
depends on the order of the two matrices. In other words, in general

AB # BA!

Mark these words! It is a common misconception among linear
algebra-learners to think that AB would (always) be equal to BA.
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Example 4.55. Examples are not hard to come by:
1 (2
0 -
1 (1
) -

o)) -GG

Remark 4.56. The phenomenon AB # BA may be best under-
stood in the light of composition of (linear) maps: if f: R® - R"
and g : R® — R" is another linear map, then in general we have

O = =
_ - = O

1
1
0
1

gof#/fog.

To take a concrete example, consider the linear map f : R> — R?
given by reflecting along the z-axis, and ¢ : R> — R? the linear
map given by rotating counter-clockwise (around the origin) by 90°.

1y

T
—5-4-3-2=1\1 234567 8 910

glw) =51 g(f(w))

Let us conclude this discussion by noting that this issue is not
specific to linear algebra, but is a common phenomenon in daily
life: there is (often) no reason to expect that doing (the same) two
actions in different order give the same result:
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e You first do sports, then take a shower.

e You first take a shower, then do sports.
In the first scenario you may feel refreshed, in the second one a little
sweaty...
Further properties of matrix multiplication

Definition 4.57. The identity matriz is the square matrix

1 0 ... O

o 1 ... 0
id =

0O ... 0 1

Le., it is a square matrix whose entries on the “north-west — south-
east” diagonal (which is called the main diagonal) are all 1, and the
remaining entries are zero. If it is important to specify the size, one
also writes id,,.

Example 4.58. If n = 1, then id; is just the 1 x l-matrix whose
. . 10
only entry is 1. idy = ( 0 1 )

The first two identities in the next lemma assert that the identity
matrix takes the role of the number 1 when it comes to multiplying
matrices.

Lemma 4.59. Matrix multiplication satisfies the following identi-
ties, where A, B and C are matrices (of a size such that the products
and sums below are defined), and r € R

idA=A
Aid = A
A(B+C)=AB+ AC (distributivity)
(A+ B)C = AC + BC
(AB)C = A(BC) (associativity)

r(AB) = (rA)B = A(rB) (matrix vs. scalar multiplication)

Proof. These identities follow from similar identities for the multi-
plication and addition of real numbers.
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To illustrate the principle, we consider the first distributivity law
above. Let A = (a;;) be an m x n-matrix and B,C two n x k-
matrices, B = (b;;) and C' = (¢;;). Then B + C = (b;; + ¢;5) so
that

A(B +C) = () aiclbej + cej))

e=1
n

!
= (Z aiebej + aiecej)

e=1

= (Z aiebej) + (Z aiecej)
e=1 e=1

= AB + AC.

At the equality marked ! we have used the distributivity law for real
numbers, i.e., the identity e(f + g) = ef + eg for any e, f,ge R. [

Multiplication with elementary matrices

We recast the elementary row operations of matrices (Definition 2.29)|]
in terms of multiplication with appropriate matrices. Below, we use
the (standard) convention that an “invisible” entry in a matrix is

zero, e.g. idy = < (1) (1) ) will be written as ( 1 1 > etc.

Proposition 4.60. Let A be an m x n-matrix.
(1) Let A" be the matrix obtained by interchanging the i-th and the
j-th row. Then

Al = A.

(1)
E;;

(The first matrix is the m x m-matrix obtained from id,, by
exchanging the i-th and the j-th row.)
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(2) Let A’ be the matrix obtained by multiplying the i-th row with
a real number 7. Then

1

A = r A.

—

(The first matrix is the m x m-matrix obtained from id,, by
replacing the (i,7)-entry by r.)

(3) Let A’ be the matrix obtained by adding the r-th multiple of
the j-th row to the i-th row. Then

1

A = A.

B,
(The first matrix is the m x m-matrix obtained from id,, by
replacing the (7, j)-entry by 7.)
Definition 4.61. The matrices Ei(;),
priate ¢, j and any r € R, where r # 0 in Eﬁ)) appearing in the
statement above are called elementary matrices.

Eﬁ) and E%

17]77.

for any appro-
Yy app

Proof. This is a more cumbersome to write down precisely than to
convince oneself by unwinding the definition. We check the third
statement. If B = (b;;) is the above matrix as stated, we have that
bi; = 1 and b;; = r and all other entries are zero. Let us write
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C = BA, C = (¢ij). Then, by definition,

m
Cst = 2 bseaet-
e=1

We compute this sum:

e if s # 7, then the only b, that is non-zero is by, = 1, so that

Cst = bssast = Qgt-

e For s = i, the only coefficients b,. that are non-zero are by, = 1
and bg; = r. Thus, the sum above consists of two terms, and
therefore

Cst = bssast + bsjajt = Qg + raje.

Thus the i-th row of C' equals the matrix A’ as in the statement
above. O]

4.9 Inverses

Given a linear map f : V — W it is a natural question whether the
process of applying f can be undone. For example, if f encodes a
counter-clockwise rotation in the plane by 60°, it can be undone by
rotating clockwise by 60°. On the other hand, the linear map

R* - R (z,y) — (2,0)

cannot be undone, since there is no way of recovering (z,y) only
from z.

Definition and Lemma 4.62. Let f : V — W be a linear map.
Then the following statements are equivalent (i.e., one holds pre-
cisely if the other holds):

(1) f is bijective (Definition 4.20),

2) There is a linear ma : W — V such that
(2) pg
g o [ = ldV and f g = ldW

(By definition of the composition (see also §A) this means g(f(v)) =}
viorallveVand fog =idw (i.e., f(g(w)) = w for allw e W.)
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If this is the case, we call f an isomorphism. In this event, the
following statements hold:

e Such a map ¢ is unique. It is also called the inverse of f and
is denoted by f~1: W — V.

e dimV =dimW.

Proof. We only prove the direction (1) = (2). By assumption f is
bijective, i.e., the preimage f~!(w) consists of precisely one element,
say f~Y(w) = {v}. (That is, only for that vector do we have that
f(v) =w.) We define amap g: W — V by g(w) :=v.

To compute g(f(v)) we observe that f=*(f(v)) = {v}, since v is
the only element of V' that is mapped to f(v). Thus g(f(v)) = v.

To compute f(g(w)), say that f~'(w) = {v}. This means in
particular that f(v) = w. Then g(w) = v and therefore f(g(w)) =
w.

We show that ¢ is linear. Let w, w’ € W be given. Let v,v’ € V be
the unique elements such that f(v) = w, f(v') = w’. By definition,
this means g(w) = v, g(w') = v'. Then w + v’ = f(v + v'), since f
is linear. Thus g(w+w') = v +v = g(w) + g(w’). In a similar way,
one shows g(aw) = ag(w) for a € R.

If ¢ : W — V is another map with f(¢'(w)) = w, as above, then

Since f is injective, this implies ¢’(w) = g(w). This shows that g is
unique.
The last statement holds by Corollary 4.28(3). O

4.9.1 Definition and unicity of inverses

Definition 4.63. Let A be an n x n-matrix. Another n x n-matrix
B is called an nverse of A if

AB =id and BA = id.

If such a matrix B exists, A is called invertible.
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) is invertible, since B = ( —b )

— O
—_ =

Example 4.64. A = ( 10

is an inverse of A:

Not every matrix has an inverse. An 1 x l-matrix A, which is
just a single real number a is invertible precisely if a # 0. In this
case the 1 x 1-matrix with entry i is an inverse. For larger matrices,
it is not enough to be different from zero in order to be invertible,
as the following example shows.

Example 4.65. The matrix

(1)

is not invertible. We prove this by taking an arbitrary 2 x 2-matrix

a b .
B = ( ¢ d ) and computing

a+2c b+2d
AB:(2a+4C 2b+4d)

Thus the condition AB = id = ( (1) (1) > amounts to four equations:

a+2c=1
b+2d=0
2a +4c =0
2b+4d = 1.

Indeed, multiplying the first equation by 2 gives 2a + 4c¢ = 2, and
inserting the third equation gives a contradiction:

0=2a+4c=2.

Hence there is no such matrix B, so that A is not invertible. We
can observe that both the two rows of A are linearly dependent,



4.9. INVERSES 121

and also that the two columns of A are linearly dependent. We will
later prove that either of these two conditions are equivalent to A
not being invertible (Corollary 4.93).

Example 4.66. We revisit the reflection, rescaling, rotation and
shearing matrices (Example 4.13 onwards) and compute their in-
verses:

Geometrical description Matrix A

Inverse matrix A~!

. . 1 0 1 0
Reflection at z-axis 0 —1 0 —1
. . -1 0 -1 0
Reflection at y-axis 0 1 0 1
. r 0 r=t 0 .
Rescaling 0 s 0 s-1 ) (if r, s # 0;
if r =0 or s =0 then A is not invertible)
Rotation cosrT  —sinr cps(—r) —sin(—r) \ _
sinr  cosr sin(—r)  cos(—r)
. 1 r 1 —r
Shearing 01 > 0 1 ) (for any 7 € R)

Lemma 4.67. Let A be an invertible matrix. Then there is pre-
cisely one inverse matrix, i.e., if B and C' are two inverses (which
means AB = BA = id and AC = CA = id), then B = C. One
therefore speaks of the inverse (as opposed to an inverse), and writes
A~ for the inverse.

Proof. Using the associativity of matrix multiplication (marked !),
we get the following chain of equalities

B = Bid = B(AC) = (BA)C = idC = C.
Thus B = C as claimed. O

4.9.2 Linear systems associated to invertible matrices

Inverses of matrices are useful to solve linear systems. This is the
content of the following theorem:

Theorem 4.68. Let A be an invertible n x n-matrix. We consider

the linear system
Ax = b,
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xy
where x = : is a vector consisting of n unknowns and b =
Tn
b
: is a vector. This linear system has a unique solution, which
bn
is given by

r = A"'D,

i.e., the product of the inverse of A with the vector b.

Remark 4.69. By Observation 4.11, if A = (a;;), then the equation
Az = b is a shorthand for the linear system

111 + -+ a1y, = bl

A1 T1 + ATy, = by,

Proof. We first check that A~1b is indeed a solution to the equation
Ax =b:

A(A7D) £ (AA™Y)b = id,b = b.

At the equation marked ! we have used the associativity of matrix
multiplication (where the third matrix is b, which is just a column
vector, i.e., an n x l-matrix).

We now check that A='b is the only solution. Suppose then that
some vector y is a solution to the system, i.e., Ay = b. We will show
y = A7 by proving

z:=A"b—y=0.
Again using the properties of matrix multiplication (Lemma 4.59),
we have Az = A(A7'0 —y) = AA™1b— Ay = b— b = 0. Multiplying

this with the matrix A~!, we obtain our claim:

2=AT1Az=A"10=0.



4.9. INVERSES 123

4.9.3 Structural properties of taking the inverse

Below, it is necessary to have a few properties of the operation
“take the inverse of an (invertible) matrix” at our disposal. In the
following theorem, all matrices are square matrices of the same size.
In the right column, we illustrate what they mean for 1 x 1-matrices,
as a means to remember them. Recall that a 1 x l-matrix (a) is
invertible if and only if a # 0, and its inverse (a)~! is the matrix
(a™1). (Here, as usual, the reciprocal a=! of a non-zero real number
a is defined as ™! := 1))

Theorem 4.70. The following holds:

Statement for general (square) matrices For 1 x 1-
matrices
id is invertible: id™" = id %1 =1
If A is invertible, then A™! is also invertible: | + = a
(AH = A (4.71)
If A and B are invertible, then AB is invert- ﬁ = %%
ible:
(AB)™' =B'A™h (4.72)
If Ay,..., Ay are invertible, then their prod- al_}._ak = i -----
uct A, A, ... Ax is also invertible: 1
ay
(Ay . Ayt =400 AT (4.73).

Proof. We prove (4.72) to illustrate the technique. We compute
(AB)(B™*A™Y) = A(BB HA™ by associativity

= AA™! since B! is inverse of B

=id since A™! is inverse of A.

Using the same arguments, one checks (B™*A7!)(AB) = id. Thus,
by Definition 4.63, B~*A~! is the inverse of AB. O]

Remark 4.74. Among the above formulas, (4.72) is the most note-
worthy one: note that the order of A and B has been changed! (Re-
call from Warning 4.54 that the order of multiplication is important.
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Only for 1 x I-matrices, i.e., real numbers the order of multiplication
is irrelevant, so that ﬁ = %% = %% etc.)
4.9.4 Invertible matrices and elementary operations

Lemma 4.75. Any elementary matrix (Definition 4.61) is invert-
ible:

Proof. To illustrate this, we check this for the last one, where for
simplicity of notation we just treat the case of 2 x 2-matrices. l.e.,

we prove
1 r\ " (1 —r
01 VL0 1 )

To do this, we compute the product

()G ) (nen )=(01)

Similarly (or, actually, symmetrically)

()6 ) (enen )-G1)

Lemma 4.76. If A is an m x n-matrix and B is obtained from A
by means of elementary row operations:

A~ B,

then
B=UA

for an invertible m x m-matrix U. (In particular, if A ~ id, then
id=UA.)
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Proof. If A ~~ B in a single step, this is a combination of Lemma 4.75}
and Proposition 4.60: in this case U is the elementary, and in par-
ticular invertible, matrix corresponding to the elementary operation
that has been performed.

In general, say A =: Ay ~ A; ~» Ay ~ -+ ~~ A, = B, then
Ay = UjA, Ay = Uy Aq ete., so that

An = UnAnfl = UnUnflAan == UnUnfl <. Ul A:
—_——
=:U

where we have used the associativity of matrix multiplication. Being
the product of elementary, and in particular invertible matrices, U
is then also invertible (Theorem 4.70). O

We finally prove Theorem 2.18. You can check that there is no
vicious circle!

Corollary 4.77. Let
Axr =10 (4.78)

be a linear system. Apply any sequence of elementary row opera-
tions to A and to b, getting a matrix A" and a vector &’. Then the
system

Alz =1 (4.79)
is equivalent to (4.78), i.e., the solution sets of the two systems are
the same.

Proof. By Lemma 4.76, there is an invertible matrix U such that
A'=UAand V' = Ub. If Az = b, then also

Az = (UA)x =U(Az) =Ub=1.
Conversely, if A’z =¥, then (crucially using that U is invertible)
Ar =U"WAz =U '"Ax =U"W =U'Ub=.

4.9.5 Invertibility criteria

We can now establish a criterion that determines whether a given
matrix A is invertible (and that computes the inverse in case it is).
This can then be used in practice to apply Theorem 4.68.

Recall that three statements “X”, “Y”  “Z” are equivalent if any
of them implies the others. For example the statements (where r is
a real number)
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er+1>1
er >0
or—4>—-4
are equivalent. By contrast, the three statements
er+12=>1
er =0
e 2>

are not equivalent, since the third does not imply, say, the second:
for r = —1, the third statement holds, but the second does not. A
convenient way to show that three statements are equivalent is to
show “X” = “Y” then “Y” = “Z”, and then “Z” = “X”. Of course,
this also works similarly for more than three statements.

Theorem 4.80. The following conditions on a square matrix A e
Mat,,«, are equivalent:
(1) A is invertible.

(2) For any b e R™ (regarded as a column vector with n rows), the
equation Ax = b (for z € R" being a column vector consisting
of n unknowns 1, ..., x,) has exactly one solution.

(3) For any b e R", the equation Az = b has at most one solution.

(4) The system Az = 0 (0 being the zero row vector consisting of n
zeros) has only the trivial solution x = 0 (cf. Remark 2.14).

(5) Using the Gaussian algorithm (Method 2.30), A can be trans-
formed to the identity matrix id,,.

(6) A is a product of (appropriate) elementary matrices.

(7) There is a matrix B € Mat,,y,, such that AB = id.

If these conditions are satisfied, the inverse of A can be computed
as follows: write the identity n x n-matrix to the right of A (this
gives a n x (2n)-matrix):

B:=(A]id,) =

apl oo Gpp |0 ... 1
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(The bar in the middle is just there for visual purposes, it has no
deeper meaning.) Apply Gaussian elimination in order to bring the
matrix B to reduced row echelon form, which according to the above
gives a matrix of the form

(idn | E).
Then E = A1, i.e., E is the inverse of A.

Proof. (1) = (2): This is just the content of Theorem 4.68.

The implications (2) = (3) and (3) = (4) are clear.

(4) = (5): we can bring A into reduced row-echelon form, say,
A ~ R. We need to show that R = id. If this is not the case, then R
contains a zero row (since R is a square matrix). Method 2.32 then
tells us that the system Rx = 0 has (at least) one free parameter,
and therefore the system has not only the zero vector as a solution.
The original system Ax = 0, which by Corollary 4.77 has the same
solutions as Rx = 0, then also has a non-trivial solution. This is a
contradiction to our assumption that R is not the identity matrix.

(5) = (6): by Lemma 4.76, we have UA = id for U being a
product of elementary matrices, say U = Uy ...U,. Then, using
(4.73), we have

A=U"'UA=U"'=U". ..U,

and this is also a product of elementary matrices.
(6) = (7): if A=U;...U, for some elementary matrices, then

AU U =0 O U = d.

(7) = (1): suppose B is such that AB = id. We observe that
then the only vector x € R" such that Bx = 0 is the zero vector:

r =1id,z = ABx = A0 = 0.

Applying the implication (4) = (7) (which was already proved) to
B, we obtain a matrix C' such that BC' = id. Therefore

A = Aid, = A(BC) = (AB)C =1idC = C.

This means that BA = id.

This finishes the proof that all the given statements are equiva-
lent. The statement about the computation of A~! holds since the
row operations that bring A ~~ id also bring the augmented matrix

(A]id) to (UA | Uid) = (id |U). O
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1 0
Example 4.81. We apply thisto A=| 3 1 -3
1 2

1 0 -1]1 O
B=131 -3|0 1
1 2 210 0

We subtract the first row 3, resp. 2 times from the other ones, which
gives
0O -1 1 0 O
1 0 [-3 10
0 2 -1|-1 0 1
We subtract 2 times the second row from the third:

1 0 -1 1 0 O
01 0|-3 1 0
00 -1]5 =21

We bring the matrix into row echelon form by multiplying the last
row with —1, which yields

1 0 -1} 1 0 O
01 0 |-3 1 0
00 1]-5 2 -1

Finally, to bring it into reduced row-echelon form, we add the third
row to the first, which gives

1 0 0]—-4 2 -1
01 0]-3 1 0
0 0 1]-5 2 -1

Thus, according to Theorem 4.80, A is indeed invertible, and its
inverse is

—4 2 -1
A7l'=| =3 1 0
-5 2 -1

Corollary 4.82. If A is a square matrix such that for some other
square matrix B we have AB = id, then we also have BA = id.

Proof. We use the theorem to see that A is invertible, and then
B=idB=A"1'AB=A"
And we have seen in (4.71) above that A™'A = id. O
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4.10 Change of basis

Let V be a vector space with a basis vy, ..., v,. For brevity we write
v for this basis. Recall from Proposition 3.61 that then any vector
x € V can be written uniquely as

Tr =01V + -+ apUy

and we regard the coefficients ay,...,q, as the coordinates of x
with respect to the basis v. We indicate this notationally by writing
(Q1y. ey i)y
If we take, instead, another basis w consisting of vectors wy, . .., w, €jj
V then
r = frwy + -+ Bpwy,

giving different coordinates of x with respect to the basis w. Our
goal in this section is to answer the natural question how to pass
from the coordinates (ai,...,an), t0 (B1y -+ Bn)w

Example 4.83. Consider the identity map idy : V' — V (Exam-
ple 4.7). We fix a basis v = {vq,...,v,} of V and determine the
matrix of idy with respect to this basis both in the domain and in
the codomain. We have

idV<U1) = vyy=1-v1+0v+ -4+ 0v,

idy(v,) = vi=0-v 4+ 0v,_1 + lu,.

These coefficients in idy (v;) form the i-th column of the matrix,
which therefore is equal to

1 0 0
0 1 0 '
Midv,y,g = = id,,.
0O ... 0 1
Example 4.84. We now consider still the identity map idy, but
with a basis v = {vy,...,v,} on the domain and another basis w =
{wy,...,w,} on the codomain. The matrix of idy with respect to

these bases is found by expressing

idv(vl) =V = AWy + -+ + AWy
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i.e., we express v; in coordinates with respect to the basis w. More
generally, for all 1 < n:

idv(?)i) = V1 = a1;Wq + -+ Qi Wy

The matrix of idy with respect to the bases v (domain) and w
(codomain) is then

a1 12 ce QA1

a921 9292 Ce Aop,
MldV7y’w =

Ap1  QAp2 Ce QApn

We refer to this matrix as the base change matriz from v to w.

Example 4.85. Here is a concrete example of the above situation.
Let V = R? v = {e1,ea} = {(1,0),(0,1)} be the standard basis and
w = {wy,we} = {(1,1),(1,3)} be another basis. We compute the
matrix following the above lines:

idR2(1,0) = (1,0) = an(l, ].) + a21(1,3)
has the solution a;; = % and a9 = —%.
idR2(0, 1) = (O, 1) = alg(l, 1) + (122(1,3)

has the solution a9 = —%, oy = %, so the matrix reads

3 _1
MldRQ U, W = _21 12 °
2 2

Thus, for example, the vector (3,2) = 3e; + 2e; can be expressed as

3 3 _ 3 7
w(3) (4 1))~ (4),

7 1
3,2) = —w; — =wy.
(3,2) 2w1 2w2
By Proposition 4.51, the composition of linear maps corresponds

to the product of matrices. We apply this to the composition

NI

ie.,

idy oidy = idy.
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We choose the following bases on V| indicated by a subscript:
V, W v, %,

We consider the associated matrices Miq,, 4. for the first map, and
Miq, w for the second one. We have

Midy wp - Midy pw = Midp,p = idn.

In other words,
~1
Midy wp = (Midv,y,w> :

The above observations lead to the following.

Method 4.86. Let f : V — V be a linear map represented by a
matrix £ € Mat,, ., with respect to a fixed basis v on the domain
and codomain. The matrix of f with respect to another basis w
(again on the domain and the codomain) is

Mfypw = AEA™Y,

where A is the matrix describing the change of basis from v to w,
ie., A= M, pw (cf. Example 4.84).

Proof. Indeed, £ is the matrix for V, 4 Vy, which we indicate by
writing

v, L,
E
The composition
vy Lydyy

is again f, but as above we now put a different basis on V:

v, % né% 9oy

idy ,w,v idy ,v,w

According to the above, this simplifies to

id f id
Vw _‘; ‘/v_"/;)_"/vw
Wi 2 Yoy w

Example 4.87. Consider the linear map f : R? — R? given in
the standard basis e = {ej, es} by multiplication with the matrix
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E = _21 g . We compute the matrix associated to f with
respect to the basis w = {wy, we} = {(1,1), (1,—2)} (on the domain
and codomain). According to the above, we need to compute the
base change matrix A = Mq.,, and its inverse A™' = Mq .. The
matrix A~ can be computed more easily than A, because its entries
are given by coefficients in the following linear combinations:

id(UJl):w1=(1,1)=1'€1+1‘62,

1d(w2) = Wy = (1,—2) = 1'61 —2'62.

Thus A™! = } _12 We compute A = (A7')~! using the
method described in Theorem 4.80:
e (1 1 1]1 0
(4 |ld)_<1 —2 )“<0—3 -1 1>
2 1
N RIEY
3 3 3 3
. 1 .

This leads to

Mfypw = AEA™! = (

[SSIIE 9NN
| Wl
W=
~_
VR
I o
—_
w o
~
7N
— =
| =
(o)
~
|
N
O N
o |
—
~_
]

4.11 Transposition of matrices

Definition 4.88. If A is an m x n-matrix, then the transpose (de-
noted AT) is the n x m-matrix obtained by A by reflecting the entries
along the main diagonal. More formally, if A = (a;;), then

AT = (aji).
1 2
Example 4.89. For A=| 3 4
5 6

35
46

1
T _
A—<2
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The transpose of a column vector is a row vector and vice versa.

For example, for v = < z: >,

! = ( Ty ) :
We have the following basic computation rules involving the trans-Ji
pose.

Lemma 4.90. Let A be an m x n-matrix and r € R a real number.
(1) (AT)T = A, i.e., the transpose of the transpose equals the orig-
inal matrix,

(2) For another matrix B of the same size as A, (A+B)T = AT+ BT,

(3) For an n x k-matrix B, the transpose of the matrix product AB
is the products of the transposes in the opposite order:

(AB)" = BTA”. (4.91)

(4) If a square matrix A is invertible, then A7 is also invertible with
inverse

(ATt = (A™HT, (4.92)

Proof. The first two rules are quite immediate to check (and hardly
surprising). The first one can also be seen by noting that doing twice
the reflection of the entries along the main diagonal gives back the
original matrix.

The equation (4.91) is also directly following from the definitions:
let A = (a;;), B = (bi;). Let us write C = AB = (¢;;). Then
Cij = 2oy @icbej. Thus CT = (¢j;) = Y, ajebe;. This equals the
(i, j)-entry of BT AT,

For (4.92), we compute

AT(AHT = (A1 A)T by (4.91)
=id”
= id.
Similarly,
(AHTAT = (Aa™HT by (4.91)
=id”

=id.



134 CHAPTER 4. LINEAR MAPS

Thus the product of AT and (A™HT (in the two possible orders)
equals id, so they are inverse to each other. O

The usage of transposes helps us prove another set of equivalent
characterizations:

Corollary 4.93. Let A € Mat,«,, be a square matrix. Then the
following are equivalent:
(1) A is invertible.

(2)
(3) The rank of A is n.
4)

(

Proof. (1) < (2): According to Theorem 4.80, A is invertible pre-
cisely if the only solution to the system Az = 0 is the zero vector
L1

The n columns of A are linearly independent.

The n rows of A are linearly independent.

x = 0. Recalling that for x = : we have

Tn
Axr =101 + - + Tp0,,

where A = (¢; ... ¢,) are the columns of A, we see that the above
condition is equivalent to the columns being linearly independent.

(2) < (3): The rank is, by definition, the dimension of the column
space, i.e., the subspace of R" generated by the columns ¢, ..., c,.
In order to show that these vectors span R”, let b € R". By the
invertibility of A, we know that the system Az = b has a (unique)
solution z. Therefore Az = ZZ=1 r;c; = b.

(1) & (4): A is invertible if and only if the transpose AT is
invertible. Now use that the rows of AT are the columns of A, and
apply the (already proved) equivalence (1) < (2). O

4.12 Exercises

Exercise 4.1. Determine which 2 x 2-matrix A is such that the
function
f:R* - R*vm— Av

are the following:

e f(v) is the point v reflected along the y-axis,
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e f(v) is the same point as v,
e f(v) is the origin (0,0),

e f(v) is the point v reflected along the line {(z,z) |z € R} (i.e.,
the “southwest-northeast diagonal”),

e f(v) is the point v rotated counterclockwise, resp. clockwise by
60°7
Exercise 4.2. Determine the matrix A such that Av = _xy )
Describe the behaviour of the function v — Awv geometrically.

Exercise 4.3. Write down the matrix A such that the function f :
R* — R3 v — Av satisfies

f((1707070)) = (172a3)af((0> 170,0)) = (0707 7)7
£((0,0,1,0)) = (0,0,0), f((0,0,0,1)) = (13,0, —1).

Determine ker f and im f (i.e., determine a basis and their dimen-
sion).

Exercise 4.4. Compute the rank of

0 1 2 1
1 1 10
A=119 -1 1 1
1 1 4 2

Exercise 4.5. Consider the linear map f : R?> — R? described
in Example 4.42. Determine the matrix of f with respect to the
standard basis e, €5, e3 (both in the “source” R?, and also in the
“target” R?).

Exercise 4.6. For A € R consider the subspace of R? defined as
Wy=L(1L14+X—-1),(2,A = 2,2+ 2)).
For each A € R, find a basis and the dimension of W,.

Exercise 4.7. Determine the rank of

a 0 0
0 o 1+«
a 1 2

for each a € R.
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Exercise 4.8. For any A € R solve the system (in the unknowns
I1,$27$3)

)\xle
Ao+ (1 4+ N)zg =1
)\.Tl + X9 +2563 = 3.

Exercise 4.9. (Solution at p. 244) Consider the linear map
T 1 2 T x|+ 2332
f:R2—>R3,< 1>H 0 1 ( 1): T
3 5 3x1 + 5o

(1) Determine ker f.

1
(2) Does the vector [ 0 | lie in the image of F'?
3

Exercise 4.10. (Solution at p. 245) Consider the linear map

f:R'—>R’
il 2 —1 1 1 il 201 — To + T3 + T4
Jf — | 0 5 -3 -5 ; = 55 — 3x5 — b1y
3 3 -4 3 4 3 3z — 4wy + 315 + 41y
T4 Ty

(1) Determine ker f.

1
(2) Determine f~*(| —3 ), i.e., find all the vectors v € R* such
-3
1
that f(v) = | —3 |[. Is this subset of R* a subspace?
-3

Exercise 4.11. (Solution at p. 245) Consider the matrix

1 3 -1 2
A=15 1 1
2 4 t 5

Here t € R is an arbitrary real number.
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(1) Determine the rank of A;.

1
(2) Set t = —4,u= | a |. Find o € R such that
0

Iy
o)
T3
Ty

has solutions.

(3) Set again t = —4, v = 4 |. Determine the solutions of the

linear system
T
T2
A,4 = .

€3
Xyg

(4) Is there any t € R such that the homogeneous system

I 0

At x2 - O

T3 0

Ty
T 0
.. . ) 0
has only the trivial solution = ?

T3 0
Ty 0

Exercise 4.12. Let f : V — W be a linear map. For a subspace
U < V we define the image of U to be

fU):={f(v) |veU}.
(For example, for U = V| this gives back the image of f as defined

in Definition 4.20).

(1) Arguing as in Proposition 4.23, prove that f(U) is a subspace
of W.
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(2) Prove that dim f(U) < dimU.

Exercise 4.13. Let f : V — W be a linear map. For a subspace
U c W, we define the preimage of U to be

Y U):={veV | f(v)eU}.

(For example, if U = {0y} is the subspace consisting only of the
zero vector of W, this gives back the kernel: ker f = f~1({Ow}).)

Arguing as in Proposition 4.23, prove that f~(U) is a subspace
of V.

Exercise 4.14. (Solution at p. 246) Consider the linear map f :
R* — R? given by multiplication with the matrix

5
2 -1 -3 1

-1 0 1 -1
A= 2
Lol
0 2 1 0

Determine ker f, im f and ker f nim f.
Exercise 4.15. Consider the linear map
f:R’—R?
given by
flzyy,2) = 2z — z,x + y + 2).

(1) Determine the matrix of f with respect to the standard basis in
R3 and the standard basis R2.

(2) Determine ker f and im f.

(3) Determine the preimage f~'((0,1)). Write down the linear sys-
tem whose solution set is this preimage. Is it a subspace of R??

(4) Show that the vectors v; = (0,1,2), v = (0,—1,1) and v3 =
(1,1, 1) are a basis of R3. Determine the matrix of f with respect
to this basis of R? and the standard basis in the codomain R?2.

Exercise 4.16. (Solution at p. 248) Consider the linear map f :
R3? — R? whose matrix with respect to the standard basis (of both
the domain and the codomain R?) is

2 -1 0
1 0 2
0 2 -1
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(1) Let v; = (1,1,0). Compute vy = f(vy) and vz = f(ve). Show
that vy, ve, v5 form a basis of R3.

(2) Consider vy = f(v3) and determine ay, as, as such that
V4 = Q1V1 + AoV + a3vs.

(3) Determine the matrix of f with respect to the basis vy, vq, v3
(both of the domain and of the codomain R?).

Exercise 4.17. (Solution at p. 249) Consider the linear map

f:R'>R?
T
—x + z
‘z = | —y+t
t Ty

e Write the matrix associated to f with respect to the standard
basis of the domain R* and the standard basis of the codomain
R3.

e Determine ker f and im f.

Exercise 4.18. (Solution at p. 250) Consider the following func-
tions:

fl:RQ—)Rga(
21’2

1 T3 + X1
31’2 + 41‘1 +1

f2 . R3 — RQ’ i) —>

€3

(%
(
f RS R [ ()
|
|

>
€3
X X
Ja: R’ — R3, T2 — T2
x3 x3
1 T + T
f5 : R3 - R3, ) — To + I3

T3 T3 + X1
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(1) Verify which ones are linear.
(2) Determine all the images.
(3) Determine if the described linear functions are injective or/and
surjective.
Exercise 4.19. Consider the vectors in R?
v = (1,2,-3,—1)
ve = (3,4,4,1)
v3 = (1,0, 10, 3).
(1) Are vy, v9,v3 linearly independent? What is the dimension of
the subspace U of R* that these vectors span?
(2) Find a basis of R* that contains at least 2 of these three vectors.
(3) Define a map f : R* — R? that satisfies f(U) = R?% Can you
define a map g : R* — R3 that satisfies g(U) = R??

Example 4.94. Decide whether

1 3 -1
A= 2 1 D
1 =7 13

is invertible. If A is invertible, determine its inverse.

Exercise 4.20. Decide whether AB = BA holds for the following

matrlces( ) B= ( _01 i )
(
- (

S =N

) A

1
2

3 -1 0
0 4>’B:< 0 2>
1

0

v ), B = ( 4 ; > for two fixed real numbers x and

(4) A= ( 0 g ), B = ( ZH 221 ) an arbitrary 2 x 2-matrix
12 b2

(5) A an arbitrary matrix, B = AA (the product of A with itself,
this is also denoted A?%)
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Exercise 4.21. Determine in each case whether there is a matrix
A satisfying the following condition. If so, is there a unique such
matrix or can there be several matrices satisfying the condition?
Describe your findings geometrically.

()= (3)maa(V)-(5)
()= (1) maa(5)- ()
()= (1) maa(5)- ()

Exercise 4.22. Find two 2 x 2-matrices A, B such that

AB =0

(the zero matrix), but A # 0 and B # 0. (Hint: start with A =
B =0, and then change very few entries.)

Exercise 4.23. A square matrix A is called symmetric if

A= AT

: : 1 .
(1) Determine s,t € R such that the matrix ( 9 i ) is symmet-
ric.

(2) Let A be any square matrix. Prove that A + A7 is always sym-
metric. (Hint: Use Lemma 4.90).

Exercise 4.24. The trace of a square matrix A = (a;;) is defined
to be the sum of the entries on the main diagonal:

tl'(A) =ai; tag + -+ Ay
Prove the following statements (if you get stuck with the notation,
assume first that A = ( i Z ) is a 2 x 2-matrix, then tr(A) =

a+d):

(1) tr(A) = tr(AT),

(2) tr(AB) = tr(BA) (for another square matrix B of the same
size). This is noteworthy since AB # BA in general!
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(3) tr(A + B) = tr(A) + tr(B) (for another square matrix B of the
same size), tr(rA) = rtr(A) (for r € R).

(4) (optional, slightly more challenging) Prove there is no matrix B
such that AB — BA =id.

Exercise 4.25. Let A = ( CCL Z ) be an arbitrary 2 x 2-matrix
and r € R. Recall that the scalar multiple rA = ( ;i :Z > Find

a 2 x 2-matrix R such that the matrix product RA equals the scalar
multiple:

RA =rA.
Exercise 4.26. (1) Let
0 a b
A= 0 0 ¢
0 0 0

be a so-called upper triangular matriz (of size 3 x 3). Compute
A? and prove that A% = 0.

(2) Make a (sensible) similar statement for n xn-matrices (cf. Propo-
sition 5.17 for the definition of upper triangular matrices in gen-
eral).

Exercise 4.27. (Solution at p. 251) Consider the identity map

= (2,9).

y)—
Consider the standard basis e; = (1,0) and e; = (0,1) of the do-
main, and the basis comprised of v; = (1, —3) and v = (2,1) on the
codomain.

id : R* — R?, (x,

e Compute the base change matrix of id with respect to these
bases.

e Use it to compute the coordinates of (2, —5) in terms of the
basis vy, vs.

Exercise 4.28. (Solution at p. 252) Consider the identity map
id: R®* - R?
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and the basis v; = (1,0,—1), vo = (2,1,1), v3 = (—1,—1,7) on the
domain and the standard basis on the codomain. Compute the base
change matrix with respect to these bases.

Exercise 4.29. Find the base change matrix from the standard ba-
sis eq,e9,e3 in R? to the basis v; = (1,1,2), vy = (1,1,3), v3 =
(7,—1,0).

Exercise 4.30. (Solution at p. 252) Consider the linear map
f:R* - R3 v Av,

2
where A = 0
-3
to the basis v = {v; = (1,—1),v2 = (3,—1)} in R?, and the basis
t={t; =(1,0,1),t, = (2,1,1),¢3 = (—1,—1,—1)} in R3,
Hint: We may consider the following diagram:

. Compute the matrix B of f with respect

—_ = =

R; - R? L R} -5 R}
Here the subscripts at R? indicate which basis we consider. The
matrices H and K are the base change matrices from the basis v to
the standard basis e, resp. from the standard basis e to the basis t.
Then

B=K- A H.

Exercise 4.31. Consider the linear map
f:R*—> R’

which in the standard basis (on both the domain and the codomain)
is given by

2 0

A= 1 2

-1 0

—_— O

Compute the matrix of f with respect to the basis
v = (0,—1,1),v5 = (0,1,0), 03 = (—1,0, 1).

(on the domain and the codomain).
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Exercise 4.32. (Solution at p. 253) Consider the linear map
f:R* - R?

6 —
2 3
standard basis in the domain and the codomain.

Find its matrix with respect to the basis v; = (1,1), vy = (1,2)
both in the domain and the codomain.

1

which is given by the matrix A = > with respect to the

0 0 1
Exercise 4.33. (Solution at p. 253) Let A= 0 1 0 De-
1 0 0
T
termine the vectors x = ZTo | such that
I3
Ar = x.

Exercise 4.34. (Solution at p. 254) Find, if possible the vectors

T
T = To | such that
T3
1 0 0
0 4 2 |x=5x.
0 2 1

8 —1
which represents f : R?> — R? with respect to the standard basis.
Find the matrix of f with respect to the basis

v={v; = (2,1),v2 = (0,1)}.

Exercise 4.35. (Solution at p. 255) Consider the matrix A = < 50 )I

Exercise 4.36. For A and f as in Exercise 4.35, consider now the
basis

v = {Ul = (172)7U2 = (07 1)}
Compute the matrix of f with respect to that basis.
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Exercise 4.37. (Solution at p. 255) Let f : R* — R3 be the map
whose matrix with respect to the standard basis is

-1 1 0
0 2 0
1 -1 =2

Compute the matrix with respect to the basis
v={v; =(0,0,1),v3 = (2,6,—1),v3 = (1,0, 1)}.

Exercise 4.38. (Solution at p. 255) Let f : R®* — R3 be the linear
map whose matrix with respect to the standard basis is

1 -1 0
A= 1 2 1
2 1 3

(1) Find a basis of the solution space L of the linear system

x1 X1
A To =3 )
€3 €3

(As a forecast to terminology introduced later, this solution
space is the so-called eigenspace of A for the eigenvalue 3, cf. Def-}}
inition and Lemma 6.11.)

(2) Complete the basis of L (which is a subspace of R?) to a basis
of R?, and compute the matrix of f with respect to this basis.

Exercise 4.39. (Solution at p. 256) Consider the linear map f :
R? — R3 whose kernel is L((1,0, 1)) and such that

£(0,3,—1) = (0,3,—1), f(0,0,1) = (0,0, 2).
Compute its matrix with respect to the standard basis.
Exercise 4.40. Consider the linear map f : R* — R? such that
f(1,1,1)=3-(1,1,1), f(2,0,1) = (—4,0,-2), f(0,1,3) = (0,2,6).
(1) Show that the vectors
v=1{(1,1,1),(2,0,1),(0,1,3)}

form a basis of R3. (Note that for each of these three vectors,
one has f(v;) = \jv, with \; = 3 etc. Therefore, the basis is an
example of a so-called eigenbasis, cf. Definition 6.17.)
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(2) Compute the matrix of f with respect to that basis.
(3) Compute the matrix of f with respect to the standard basis.
The following two exercises are all concerned with linear systems

of the form
Axr = Az,

where A is a certain square matrix, x is a vector and A € R a real
number. We will study these systems systematically in §6.

Exercise 4.41. (Solution at p. 258) Find the solutions of the linear
system

1 0 0 X1 T
O 4 2 i) = 5 Zo
0 2 1 T3 €3

Exercise 4.42. Solve the system

SO O
OO ==
O = OO
_— O O O
QU O TR
QL O o

Exercise 4.43. (Solution at p. 258) Consider the vectors v; = (1,0, —1),]]

Vg = (]_, 1,0), Vs = (170, —2) e R?.

Let f: R® — R? be the linear map such that f(v;) = (3,0, —5),
f(v2) = (2,2,0) (in the terminology of Definition 6.1, v,is an eigen-
vector with eigenvalue 2) and f(v3) = (5,2, —5).

(1) Determine the matrix A of f with respect to the basis vy, v, v3
(both in the domain and the codomain).

(2) Determine the matrix B of f with respect to the standard basis
of R3.

(3) Compute a basis of the kernel and of the image of f.

(4) Determine for which value of ¢ is the vector w = (3,¢, —5) in the
image of f. For such ¢, compute the preimage f~*(w).

Exercise 4.44. (Solution at p. 260) Let f: R* — R* be the follow-
ing linear map:

flz,y,2) =(x —y+2z, 20 +3y—2z, y+3z, —x+ 3y + t2)
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(1) Determine the dimension of the image of f (depending on the
parameter t € R).

(2) Are there values of ¢ for which f is surjective? If so, what are
these values of ¢?7 Are there values of ¢ for which f is injective?
If so, what are they?

(3) For the value of ¢ for which the rank of f is 2, compute a basis
of ker f and of 3 f.

(4) Are there values of ¢ for which the vector w = (1, 1,0, 1) belongs
to the image of f7

(5) We now put ¢ = 0. Is there a linear map g: R* — R? such that
the composite go f: R® — R3 is the identity?
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Chapter 5

Determinants

The determinant of a square matrix A is a number that encodes
important information about A. For example, A is invertible (Def-
inition 4.63) if and only if the determinant of A is nonzero (Theo-
rem 5.13).

5.1 Determinants of 2 x 2-matrices

We begin with the definition of determinants of 2 x 2-matrices.
Definition 5.1. Let
PR b
\c d

be a 2 x 2-matrix. The determinant of A is defined as

det A := ad — be.

4 7

Example 5.2. e det ( 9 _1

>=4-(—1)—7~2=—18.

° det((l) :) =1-1—7r-0=1. In particular, detid, = 1.

a
ra
multiple of the first (so that the columns are linearly depen-
dent). Then

: ) b :
e Consider a matrix A = b ) whose second column is a

det( a b )zarb—braz().
ra rb

149
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According to Corollary 4.93, A is not invertible. This is an
example of the fact alluded to above (cf. Theorem 5.13).

Determinants carry the following geometric meaning. Recall that
the absolute value of a real number r is defined as

ir| = r r=0
Tl —r r<O.

For example, [4| =4 and | — 5| = 5.

Lemma 5.3. Let

A:(w'):("; Z‘)

be a 2 x 2-matrix, where v and v’ € R? are the two columns of A.
Then

| det(A)| = area(vq, v2),

where the right hand side denotes the area of the parallelogram
spanned by the two vectors vy, vs.

Proof. We illustrate this geometrically in the case where all entries
of A are positive and the vectors v and v’ lie as depicted, i.e., the
angle from v to v" goes, informally speaking, counterclockwise. The
area of the black rectangle is (x + 2")(y + ¢’). The area of the two
triangles whose long side is v (resp. parallel to it), is %7, so the area
of these two triangles together is xy. Likewise the total area of the
triangles (parallel to) v’ is 2'y/. Finally, the area of the rectangle at
the bottom right, resp. top left corner of the large rectangle is z'y.
Therefore, the area of the parallelogram is

(x+2)y+y) —ay—2'y — 22"y =y + 2’y +ay + 2y —ay — 2’y — 22y
/ /
=z — 'y

= det A.
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Y

[]

Lemma 5.3 does not give any information about the sign of the
determinant. Regarding that, we observe the following:

Ty T2
Y1 Y2

Al — T2 X7
' Y2 Y1
A// _: Y1 Y2
' Ty T2

be the matrices obtained from A by swapping the two columns,
resp. the two rows. Then

det A” = det A’ = — det A.

In other words, swapping two rows or two columns will change the
sign of the determinant.

Lemma 5.4. Let A = ( > and let

Proof. This is directly clear from the definition. For example,
det A/ = T2Y1 — Y21 = —<l’1y2 — J/’le) = —det A.

Thus, the determinant (as opposed to only its absolute value)
records the area of the parallelogram spanned by the vectors and
also the orientation.

5.2 Determinants of larger matrices

There are various (equivalent) approaches to defining determinants
of larger matrices. The following one is satisfactory from both a
conceptual and a practical standpoint.
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Theorem 5.5. There is a unique function, called the determinant,
det : Mat,,«, — R

with the following properties (throughout A € Mat,,y,,):
(1) det(id,) = 1,

(2) If A’ results from A by interchanging two rows, then

det(A") = —det(A). (5.6)
U1

(3) Let us write a matrix as : |, i.e., v; € R" is the i-th row of
Un

the matrix. Then for any w € R™ and any r € R:

U1 U1 U1
det(| rvi+w |)=rdet(| v |)+det(| w |.

Un Un Un

Remark 5.7. The above operations are somewhat like elementary
operations (Definition 2.29): if we take w = 0 above, then the for-
mula says that multiplying any one row by r (which may be zero,
unlike in Definition 2.29), then the determinant also gets multiplied
by r. In particular, if A has a zero row, then

det A = 0. (5.8)
Remark 5.9. We also have
detA=0

whenever two rows of A are equal: indeed, the matrix A’ obtained
by interchanging these rows is equal to A, i.e., A = A, so that
det A = det A’. However, according to (5.6), we also have det A’ =
—det A. Taking this together, we have

det A= —det A

and this is only possible if det A = 0.
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Remark 5.10. The preceding remark also implies that for ¢ # j
and r e R

(%1 U1 (%1

det | v; +7rv; | =det v; |+rdet| v where v; is in the i-th row!

Un U, Un

= det Vi +r

Un

U1

= det v; by the above remark.

Un,

In other words, adding an arbitrary multiple of some row to another
row does not affect the determinant.

In order to get a feeling for this theorem, let us apply it to a
concrete matrix, say

Taking the theorem for granted, we will compute det A by stepwise
applying the above rules and keeping track of how the determinant
changes.
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-2 1 8 0 7 18 0 1 6 0O 1 6
1 3 5 ~ 1 3 5 ~ 1 3 5 s 1 3 5
0 2 4 0 2 4 0 2 4 0 0 -8
A _, s s
0O 1 6 0O 1 6 0 1 0
~s 1 3 5 |~ 1 3 5 |~ 1 3 0
0 0 1 0O 0 1 0 0 1
A, s 6
0O 1 0 1 0 O
s 1 0 0 ~ O 1 O
0 0 1 0 0 1
A, — Ag—ids

From A to A; to As to Az, we have added appropriate multiples of
some row to another one, so that

det A = det A; = det Ay = det As.

We obtain A4 from A3 by multiplying the last row with —%, so that
det Ay = —% det A3. From Ay to As to Ag to A7, we again added
appropriate multiples to some other rows, so that

det A4 = det A5 = det AG = det A7.

Finally, Ag is obtained from A; by swapping the first two rows, so
that
1= detAg = —det A7.

Taking this all together we see that
det A = det A3 = —8det Ay = —8det A; = +8det Ag = 8.

This shows that the above abstract description of the determinant
can be used to compute determinants in practice.

Proof. (of Theorem 5.5) We only sketch the proof idea: one basically
proceeds, for a general square matrix, similarly to the computation
above: one uses Gaussian elimination, i.e., elementary row opera-
tions to bring a given square matrix A into reduced row-echelon
form, say A ~» A’. The properties in Theorem 5.5 then imply how
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to compute det A in terms of det A’. If the resulting matrix A’ has
a zero row, then det A" = 0. If it has no zero row, then A’ = id, and

det A’ = 1. 0

5.2.1 Small matrices

For practical purposes, it is useful to have an explicit formula at
hand for small matrices:
(1) For a 1 x 1-matrix A, i.e., A = (a), we have

det A = a.

(2) The determinant of 2 x 2-matrices defined in Definition 5.1 sat-
isfies the properties listed in Theorem 5.5.

o detidy = det Lo =1-1-0-0=1.
0 1
e Swapping two rows yields a sign change in the determinant
(Lemma 5.4).

det( “ b >=a(d+rf)—b(c+re)

c+re d+rf
=ad —bc+ r(af — be)

a b a b
=det(cd>+rdet(e f>'
Thus, the definition of det for general matrices agrees with the

one in Definition 5.1.

(3) For a 3 x 3-matrix one can show that the determinant is given
by the so-called Sarrus’ rule:

a b ¢
det | d e f |=aei+bfg+cdh—ceg—>bdi—afh. (5.11)
g h 1

A way to remember this formula is to write

a b ¢ a b
d e f d e
g h 1 g h
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and take products of entries along the top-left-to-bottom-right
diagonals with a positive sign, and the top-right-to-bottom-left
diagonals with a negative sign:

+
b

\\\/
\\\

One can prove by direct computation, that the function defined
n (5.11) satisfies the conditions in Theorem 5.5.

(4) Sarrus’ rule does not apply to larger matrices. Instead, for ma-
trices of size 4 x 4, one can prove that det A is the sum of 24
expressions, each of which is a product of 4 entries of A.

5.3 Invertibility and determinants

We can use the properties of the determinant in Theorem 5.5 (and
its proof) to obtain a useful criterion to decide when a matrix is
invertible. Determinants can also be used to compute the inverse of
an invertible matrix, however this is only of theoretical significance
due to the complexity of the ensuing (iterative) algorithm.

Definition 5.12. Let A € Mat,,»,. For 1 < 7,7 < n, denote by
A;; that is obtained from A by deleting the i-th row and the j-th
column. The number

cij = (—1)i+j det Aij

is called the (i, j)-cofactor of A.
The adjugate of A is the n x n-matrix defined as

adj(A) = (c;j(A))" = (¢ji(A)).
Theorem 5.13. An n x n-matrix A is invertible if and only if

det A # 0.
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If this is the case, then the inverse can be computed as

I
~det A

Proof. We revisit the proof of Theorem 5.5: say A ~ A’, a reduced
row echelon matrix, by means of elementary operations (Gaussian
elimination). In this process, one does not multiply any row by
zero, so that det A = 0 if and only if det A" = 0. We also know that
A" = UA, where U is an invertible matrix (namely, a product of
elementary matrices). Moreover, A’ is invertible if and only if A is
invertible (since U is invertible). We therefore have

adj(A).

A is invertible < A’ is invertible <> det A’ £0<detA#0

and it remains to show the middle equivalence.

The matrix A’ is in reduced row echelon form. Thus, either A" =
id or A’ contains a zero row. In the first event, A’ is invertible,
and det A" = 1 # 0. In the second event, A’ is not invertible (by
Corollary 4.93) and det A" = 0 as was noted around (5.8).

We skip the proof of the adjugate formula, cf. [Nic95, Theo-
rem 3.2.4]. O

Example 5.14. For a 2 x 2-matrix A = ( CCL Z

d —b
—c a )
Therefore, the inverse can be computed as

1 d —b
A= .
ad — be ( —Cc a )

5.4 Further properties of determinants

) , the adjugate

matrix is

Proposition 5.15. (Product formula) For two n x n-matrices A, B,
we have the following formula:

det(AB) = det A - det B.

Le., the determinant of a product (of square matrices of the same
size) is the product of the two individual determinants.
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In particular, this shows
det(AB) = det(BA),
even though AB # BA!

Proof. We don’t include a full proof, but only observe that one
checks this by direct computation when A is an elementary matrix.
This implies the formula if A is invertible, since then A is a product
of elementary matrices. If A is not invertible, then one shows that
AB is also not invertible (for any B), and therefore both det A = 0
and det(AB) = 0, so the formula holds in this case too. See, e.g.,
[Nic95, Theorem 3.2.1] for a proof. O

Remark 5.16. The determinant is therefore multiplicative, but it
is not additive: one has

det(A + B) # det A + det B,

e.g.

20 10 10
det(o 2)=4¢1+1=det(0 1>+det(0 1).

Proposition 5.17. Let A be an upper triangular matriz or a lower
triangular matriz, i.e., of the form

ajp  * *
a=| 0 ,
0 0  apn
resp.
a1y 0 0
A=l
* * ann



5.4. FURTHER PROPERTIES OF DETERMINANTS 159

Proof. 1f one of the entries on the main diagonal, i.e., ayq,...,an,
is zero, then the columns of A are linearly dependent, so that A is
not invertible and det A = 0. If instead all a;; # 0, we can divide
the i-th row by a;;, and assume the entries on the main diagonal are
all 1. Then, adding appropriate multiples of the rows to the rows
above (resp. below in the case of a lower triangular matrix), which
does not affect the determinant, gives A ~~ id, so that det A = 1, so
the claim holds in this case. O]

Proposition 5.18. For A € Mat,,,,,, we have
det A = det(A”),

i.e., the determinant does not change when passing from A to its
transpose (Definition 4.88).

Proof. For small matrices (of size at most 3 x 3), this can be proved
directly from the formulae in §5.2.1.

In general, one may argue like this: if A is not invertible, then
AT is not invertible either (by Lemma 4.90). In this case, both
sides of the equation are zero. If A is invertible, it is a product of
elementary matrices: A = U; ...U,. We then have AT = U ... UT.
By the product formula (Proposition 5.15), we may therefore assume
A is an elementary matrix. In this case, one checks the claim by
inspection:

o for A = , we have AT = A, so

the claim clearly holds.
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1
1
o Likewise, for A = r , we have A =
1
1
AT so again the claim holds obviously.
1

1
e The matrix is a lower trian-

r 1

1
gular matrix, and its transpose an upper triangular matrix.
Both have determinant 1 according to Proposition 5.17.

Remark 5.19. We introduced the determinant using row opera-
tions. The preceding result implies that one can replace the word
“row” in all of the above by the word “column”. Applying that,
say, to Remark 5.9 we obtain that det A = 0 if A has two identical
columns.

Proposition 5.20. Let A = (a;;) € Mat,,»,,. Then, for any 4, one
can compute the determinant using “cofactor expansion” along the
i-th row. That is, the following identity holds, where ¢;; are the
cofactors of A (Definition 5.12):

det A = Aj1Ci1 + *+ + AinCin,-

Similarly, one can compute it using cofactor expansion along the
j-th column, for any j:

detA = alelj + -+ anjcnj.

For a proof of this, see, e.g. [Nic95, §3.6].
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Example 5.21. For example, we expand the determinant along the
second row:

3 7
det —4 0 6 = (921C91 + A99Coo + a23C23
5 0

—4.(=35)+0—6-7
— —182.

The choice of the second row (as opposed to the others) is arbitrary,
and the result is the same if we choose another row. However, the
presence of the ayy = 0 simplifies the computation.

5.5 Exercises

Exercise 5.1. For which values of a,b € R is the following matrix
invertible? In this event, what is its inverse?

a b 3
A= 2 1 —1
1 -1 4

Exercise 5.2. Let A be a square matrix such that A* = id (the
identity matrix). Prove that det(A) = +1.

Exercise 5.3. Compute the determinant of a rotation matriz (cf. Ex-|]
ample 4.18),
cosr —sinr
A= ( sinr  cosr >

Exercise 5.4. Compute the determinant of

2 0 1 4
-1 3 0 2
1 0 2 -3
0 -2 5 1
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Exercise 5.5. (Solution at p. 261) Compute the determinant of
3 0 0
1 4 0 |in three ways:
2 =3 5

e by using Theorem 5.5,
e by using Sarrus’s rule, (5.11),
e by using Proposition 5.17.

Exercise 5.6. (Solution at p. 261) Compute the determinants of

1 5 8 1 5 8
40 -9 1 and 40 -9 1
0 0 0 1 5 8

Exercise 5.7. Compute the determinants of

3 26 -9 3

0 3 1 28 123
0 0 9 71 and 4 5 6
0 0 0 3 89

Exercise 5.8. Compute the inverses of

10 9 5 2 -1
11 10 and 0 0 1
6 2 3



Chapter 6

Eigenvalues and
eigenvectors

Eigenvalues and eigenvectors are an extremely useful concept of lin-
ear algebra. Coupled with certain numerical considerations, which
are (only slightly!) beyond the scope of this course, eigenvalues have
been used, for example, in the early PageRank algorithm employed
by Google.

The overall idea of eigenvalues and eigenvectors is this: square
matrices of the form

a1 0
A=

0 Ann

(i.e., the only non-zero entries are on the main diagonal; such ma-
trices are called diagonal matrices) are particularly simple to com-
prehend and to use in computations. For example, products of the
can be computed easily:

a1 0 b1 0 ai1bny 0

i.e., the (diagonal) entries can just be multiplied one by one, some-
thing that clearly goes wrong for products of general matrices. Eigen-Jj
values and eigenvectors can, in certain cases, be used to reduce com-
putations for general matrices to those for diagonal matrices.

163
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6.1 Definitions

Definition 6.1. Let A be a square matrix. A real number X is
called an eigenvalue of A if there exists a nonzero vector v € R"
that satisfies the equation

Av = .

Such a vector v is called an eigenvector for the eigenvalue A. In
other words, multiplying the matrix A by the vector v results in a
scaled version of v, where the scaling factor is the eigenvalue \.

Likewise, for a linear map f: V — V. )\ is an eigenvalue if there
is v e V,v # 0 such that

f(v) = Av. (6.2)
We consider some of the linear maps f : R? — R? of §4.2.1.

Example 6.3. If f is the reflection along, say, the z-axis, i.e., f(z,y)
(x,—y), then (6.2) reads

(l’, _y) = ()\JI, >\y),

ie., x = Axr and —y = Ay. The first equation holds if z = 0 and A
arbitrary or if A = 1 and z arbitrary. Similarly, the second forces
y = 0 or A = —1. Since, by definition, we have (z,y) # (0,0), we
cannot have both x = 0 and y = 0. If x # 0, then A = 1, which
forces y = 0. If x = 0, then y # 0 and therefore A = —1. Thus,
there are two eigenvalues and eigenvectors are as follows:

e )\ = 1, with eigenvectors (z,0) for arbitrary = € R,

e )\ = —1, with eigenvectors (0,y) for arbitrary y € R.

Before going on, we make the following observation, for any n x n-

matrix A. The equation
Av = )v

can be rewritten as
0=Av— v = Av — (Aid)v = (A — Aid)v.

Here we have used standard properties of matrix multiplication
(Lemma 4.59). We seek a non-zero vector v satisfying this con-
dition. Such a vector exists if and only if A — Aid is not invertible.
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Example 6.4. We consider the shearing matrix A = é 7{ ),

where we assume 7 # 0 (otherwise A = id). We check the invert-
ibility of the matrix:

. 1—A T
A—)\ldz( 0 1_)\>.

It suffices to compute the determinant (Theorem 5.13):
1-X 7
det< 0 1_)\)2(1—>\)2—7"0=()\—1)2.

This is zero precisely if A = 1, i.e., A = 1 is the only eigenvalue of
A. Eigenvectors for this eigenvalue are those vectors such that

(A—ha)( z ) — 0,

ie., (0 “ ) = 0. Since we have assumed r # 0,
0 00 Y

this implies y = 0, and x is arbitrary. Thus, the eigenvectors for
x

)\zlareoftheform(o ) for z € R.

6.2 The characteristic polynomial

Definition and Lemma 6.5. For A € Mat,,,,, the function
x(t) = det(A —t-id,)

is a polynomial of degree n. It is called the characteristic polynomial
of the matrix A. A real number A is an eigenvalue of A if and only
if

x(A) = 0.

For example, for A = ( (1) Ti ), x() = (t—1)%

Example 6.6. We compute the eigenvalues of A = (Z :é) using

the characteristic polynomial:

XA(t)Idet(ZZt _;£t>=(2—t)(—3—t)+4=t2+t—2.
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The equation y4(t) = 0 solves as

+

Y

b 1 Lot 1 3
V2T 4~ 272
i.e., the eigenvalues are t; = —2, t5 = 1.

Example 6.7. We consider the rotation matrix A = ( cosr T smry ) I
sinr  cosT
We have:

o if r = ... —4dw,—27,0,2m,... (i.e., a rotation by a multiple
of 360°, i.e., no rotation at all), then A = idy, and the only
eigenvalue is A = 1, and any vector (z,y) € R? is an eigenvector.

o if r=... —3m, —m, m3m,... (ie., arotation by 180° (plus an
irrelevant multiple of 360°)), the only eigenvalue is A = —1,
and again any vector in R? is an eigenvector,

e in all other cases, i.e., if the rotation is not by 0° or by 180°,
there are no eigenvalues (and therefore no eigenvectors).

These statements are clear geometrically: for a rotation other than
the special cases, for any vector v € R? we have that the rotated
vector Av lies on a different line, so that it cannot be an eigen-
vector. To confirm this algebraically, we compute its characteristic
polynomial:

x(t) = det(A — tid)
— Jot ( cos T —t —sinr )
sinr cosr —1
= (cosr —t)% + (sinr)?
= (cosr)? — 2tcosr + t* + (sinr)?
=14t —2tcosr.
We solve this for ¢ using the usual formula:
t =2cosr +4/—1+ (cosr)?.

We have 0 < cosr < 1, and cosr = 1 if and only if r is a multiple
of m (cf. §B). Thus the term inside the square root is zero in this
case, in all other cases it is strictly negative, so that the equation
X(t) = 0 has no solution.
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The non-existence of eigenvalues can be salvaged by working with
complex numbers, instead of real numbers.

Theorem 6.8. (Fundamental theorem of algebra, cf. also §1.2 for
further discussion) For every non-constant polynomial

p(t) = az™ + -+ + ao,

where the coefficients aq, . . ., a, are complex numbers (for example,
they can be real numbers), there exists a complex number z € C
such that

p(z) = 0.

This theorem is famous for the number of entirely different proofs.

A completely elementary proof fitting on about two pages is given
in [Oli11].

Example 6.9. Consider the rotation matrix

0 -1
=)
describing a (counter-clockwise) rotation by 90°. Its characteristic
polynomial

xalt) =1+

does not have a real zero, i.e., for all real numbers r, y4(r) # 0.
However, the complex number i, the imaginary unit, which satisfies
i? = —1 is a complex zero. In addition, —i, which also satisfies

(—i)? = —1 is another complex zero.

It is therefore helpful to consider the concepts of linear algebra
not only for real matrices, but for complex matrices. All of the con-
cepts and theorems that we have encountered in this course continue
to hold for complex matrices, complex vector spaces etc.

Corollary 6.10. Any complex square matrix A € Mat,, has at
least one (complex) eigenvalue. In particular, any real square matrix
has at least one complex eigenvalue (but it may not have a real
eigenvalue).
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6.3 Eigenspaces

In the above examples, the set of all eigenvectors for a given eigen-
value has a particularly nice shape. This is a general phenomenon:

Definition and Lemma 6.11. Let A € Mat,,,, be a square ma-
trix and A € R a fixed real number. The set

Ey:={veR"| Av = \v}

is a subspace of R". It is called the eigenspace of A with respect to
A

Proof. The equation Av = Av is equivalent to (A — Aid)v = 0,
i.e., we have F) = ker(A — \id). This is a subspace of R™ by
Proposition 4.23. [

Remark 6.12. If A above is not an eigenvalue, then E, = {0}, i.e.,
the zero vector is the only one satisfying Av = \v.

If X\ is an eigenvalue, then E) consists of all the eigenvectors for
the eigenvalue A, together with the zero vector (which by definition
is not an eigenvector).

Example 6.13. We compute the eigenspaces of the matrix A =

( _02 _01 ) Its characteristic polynomial is
xa(t) = det ( :g :i > =\ -2

Its zeros, i.e., the eigenvalues of A are Ay, = ++/2. The eigenspace
for v/2 is the solution space of the homogeneous system

(2 )5 )0

~
=A—+/2-id=:B

We solve this by reducing the matrix B to row-echelon form

(2 )= (5 R) -G F)
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Thus, y is a free variable and = = —ﬁy. Thus F ;5 has dimension

2
1, a basis vector is (—‘/75, 1). Similarly, one computes the eigenspace

for A = —/2:

poacviia- (V2 ) (Y ) - () ),

so the eigenspace E_ s is again one-dimensional, and a basis vector

is (\/75, 1). Here is a plot showing the two eigenspaces: the map
v — Av will stretch the vectors in F /5 by a factor of v/2, while

those on the eigenspace E_ 5 will be flipped and stretched by a
factor of v/2:

6.4 Diagonalizing matrices

As was mentioned above, diagonal matrices are particularly easy to
compute with. This raises the question if (and how) it is possible
to “bring” a given matrix A into such an easy form.

Definition 6.14. A square matrix A is called diagonalizable if there
is an invertible matrix P € Mat,,«, such that

PAP~! = D,

dll 0
where D = is a diagonal matrix.
0 dnn
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An example showing the relevance of this notion is this: in the
context of differential equations, one needs to compute the exponen-
tial of a square matrix A, which is defined as

A2 A3 At
A=14+A+—+—+—+....
exp + A+ 5 + G + Y +
Here A3 = A- A - A etc. Instead of computing all these powers
of A one after another, one can use the above definition: if A is
diagonalizable, i.e., PAP™! = D, then A = (P'P)A(P~'P) =
P~ Y (PAP™Y)P = P7'DP. Then,

A2 = p7'DP.P'DP = P'D?P, A* = P'D?P

etc. Computing the powers of D, as opposed to those of A is easy:
one just needs to raise the diagonal entries to the corresponding
power.

Method 6.15. In order to diagonalize a square matrix A € Mat,, »,,,
i.e., to determine whether P above exists, and to compute D, one
proceeds as follows:

e Compute the eigenvalues of A, for example by finding the zeros
of the characteristic polynomial. Denote them by Aq,..., \x.
Denote the eigenspaces by E}, .

e The matrix A is diagonalizable precisely if
k
Z dim £, = n,
i=1

i.e., if the dimensions of the eigenspaces sum up to the size of
the matrix A.

e In this event, one may choose P to be the n x n-matrix whose
columns are the basis vectors of all the eigenspaces (for the
various eigenvalues Aj, ..., Ay). The matrix D is the diagonal
matrix whose diagonal entries are

dim Ej times dim E}, times
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One can show that above, one always has £ < n. One does this
by proving that the sum of the subspaces E),,..., E), is a direct
sum, so that

k

n=dmR" >dim(E), +--- + E),)
= dlIIl(E')\1 @ cee @E)\k)
= dim(Ey,) + -+ + dim(E),)
>14-+1
—_—

k summands

=k.
This implies the following:

Corollary 6.16. If an n x n-matrix has n distinct eigenvalues, then
it is diagonalizable.

Definition 6.17. Let A € Mat,,,, be given. A basis vy,...,v, of
R™ is called an eigenbasis for A if each v; is an eigenvector (for a
certain eigenvalue) of A.

Lemma 6.18. For A € Mat,, the following two statements are
equivalent:
(1) A is diagonalizable.

(2) A admits an eigenbasis, i.e., there is an eigenbasis (of R") for

A.

One proves this by observing that if PAP~! is a diagonal matrix,
then P is a base-change matrix between the standard basis and an
eigenbasis.

0 -1
-2 0
has two distinct eigenvalues, and is therefore diagonalizable (Corol-
lary 6.16). An eigenbasis for A is

v = (\/E, 1),1)2 = (—\/5, 1)

Example 6.19. The matrix A = ( in Example 6.13

Example 6.20. We consider the shearing matrix

(31)
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Its characteristic polynomial is ya(t) = (1 — t)?, whose only zero
is t = 1. Thus, A has this eigenvalue only: A = 1. We compute

the eigenspace: consider the matrix B := A — A\id = ( 8 (1) )

Writing, as usual, v = ( z ) e R?, the space of solutions of the

homogeneous system

is our eigenspace, namely
B, ={veR?|Bv=0}={(x,0)] zeR}.

This space is 1-dimensional, and has a basis consisting of the (single)
vector (1,0). Thus, A is not diagonalizable.

Example 6.21. We continue the discussion of the rotation matrix

A= (1) _01 ) Its (complex) eigenvalues are \; = i, \y = —i.

According to Corollary 6.16, A is diagonalizable. We compute the
eigenspaces, where we regard A as a complex matrix:

E;i={veC?| (A—i-id)v=0}.

vaz(zl),then
22

.. o - =1 21 B —121 — 29 1 (0
amewe= (50 2) (2) - (22 ) < (0):

This means z; = iz, from the second equation; the first is then also
satisfied since —iz; — 2z = —i(izg) — 29 = 25 — 29 = 0. Thus

E; ={(iz,z) | z€ C},

i.e., as a complex vector space, F; is 1-dimensional and a basis of it
is the vector (i, 1).
Similarly,

E ;={veC?|(A+i-id)v = 0}.
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Computing this leads to the linear system

avie= (7 ) ()= (502)=(0)

This gives z; = —izy, so that E_; = {(—iz,z) | z € C}, and a basis
of it is the (single) vector (—i,1). Thus, the matrix P above is

p:(jj).

10

Example 6.22. For A = < 00

), A = 0 is an eigenvalue (and

( (1) ) an O-eigenvector) and A = 1 is another eigenvalue (and

( (1) ) an l-eigenvector).

6.5 Exercises

2 1

Exercise 6.1. Let A = 0 1

1 -1

decide whether A is diagonalizable.

Help: you will find that the eigenvalues of A are among the

numbers 0,1,2,3. You will be able to choose basis vectors of the
eigenspaces all of whose coordinates are —1,0, 1.

Exercise 6.2. Let A = ( a b
c d

o xa(t) =12 —tr(A)t + det A = t? — (a + d)t + (ad — bc). Here
tr(A) is the trace of A, cf. Exercise 4.24.

1
0 |. Following Method 6.15,
2

) . Show that:

e The eigenvalues of A are

a+d \/(a—b)2
Aijg = + 4bc.
1/2 5+ 1 + 4bc

Exercise 6.3. For each of the following matrices, compute y (%),
the eigenvalues of A, the eigenspaces for these eigenvalues. Also
decide whether A is diagonalizable and compute an eigenbasis if
one exists.
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3 5
ma-(3 )
0 1 0
(2) A= 3 0 1
2 0 0
1 0 0
3)A=0 0 2
0 0 1
0 1 0
4)A={(0 0 1
0 0 0
1 0 0
Exercise 6.4. Consider the matrix A = 1 1 2 |. Compute
1 0 1

its characteristic polynomial, its eigenvalues and its eigenspaces. Is
A diagonalizable? If so, find a basis of R? such that the associated
matrix is a diagonal matrix, as in Definition 6.14.

Exercise 6.5. (Solution at p. 262) Let
[ R R’

be the linear map such that f(1,0,1) = (2,0,2), ker f = L((1,1,1))
and f(2,0,—3) = (=2,0,3). Compute the matrix of f with respect
to the standard basis.

Exercise 6.6. For which a € R is the matrix

a 0 0
A, = a—2 1 1
0 1 1

diagonalizable?

Exercise 6.7. (Solution at p. 263) For a parameter a € R, let

4 0 4
A, = a 2 a
-2 0 -2
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(1) Compute the characteristic polynomial and the eigenvalues of
A,, for all a € R.

(2) Compute the values of a for which A, is diagonalizable. For
these a, find an invertible matrix P such that P7!A,P is a
diagonal matrix.

Exercise 6.8. Consider the matrices

1 1 1 2 1 0
A=10 2 0 and B=| 0 2 0
1 -1 1 0 0 0

(1) Compute the eigenvalues and eigenvectors of A and show A is
diagonalizable.

(2) Show that the characteristic polynomials of A and B are the
same. Compute the eigenvalues and eigenspaces of B. Explain
why A and B do not represent the same linear map with respect
to different bases!

Exercise 6.9. For a parameter t € R, consider the matrix

-1 2 t
Ay = 2 0 -2
t -2 -1

(1) For which values of ¢ does A; have 0 as an eigenvalue?

(2) Compute the eigenvalues and eigenspaces of A; for those values
of t obtained in the previous part.

Exercise 6.10. Consider the space Matg.o of 2 x 2-vector spaces.

) —4 8
Con81derA=( . 9

) and the linear map
F Matgxg - Matgxg,X — AX.

(1) Compute the 4 x 4-matrix of F' with respect to the standard
basis of Matgys, i.e., the matrices

10 01 0 0 0
Ellz(o 0)7E12:(0 0)7E21:(1 0)7E22:(0

(2) Compute a basis of ker F' and im F'.

— O

)|
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(3) Compute the eigenvalues and eigenspaces of F'.

Remark 6.23. The linearity of F' is a consequence of Lemma 4.59.
It is also very similar to Proposition 4.19.

Exercise 6.11. (Solution at p. 264) Consider the two matrices

1
A=1 0
0

o w o
w O N

1
and B = 0
0

S w o
w N O

Do they represent the same linear map f : R®* — R? (with respect
to different bases)?

1 1 1
Exercise 6.12. (Solution at p. 265) Let A= | 0 2 1 |. De-

0 0 2
termine the eigenvalues of A and the corresponding eigenspaces. Is
A diagonalizable? Is A% similar to A? l.e., does A? represent the

same linear map R®> — R? as A?

Exercise 6.13. (Solution at p. 265) Consider the vectors vy = (1,0, 1)}
vy = (1,1,1) and vy = (1,1,2).
(1) Explain why there is a unique linear map f : R® — R? such
that f(v1) = (0,0,0), f(ve) = (1,0,3) and v3 is an eigenvector
of eigenvalue 4.

(2) Compute the matrix A of f with respect to the basis vy, v, v3
(both on the domain and on the codomain).

(3) Compute the matrix B of f with respect to the standard basis
(both for the domain and the codomain).

(4) For t € R, consider the vector v; = (2,¢,5). For which values of
tis v, €im f7

Exercise 6.14. (Solution at p. 267) Consider the matrix

0 2 t
A=1-3 -5 6
-2 =2 5

(1) Determine the value of ¢ for which A is not invertible.
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(2) We now put t = 2 for the remainder of this exercise. Determine
the value of a for which the vector v = (2,0, a) is an eigenvector
of A. What is the corresponding eigenvalue?

(3) Determine all the eigenvalues of A and decide whether A is di-
agonalizable.

(4) Decide whether A is similar to the matrix A? (justify your re-
sponse).

Exercise 6.15. (Solution at p. 268) Consider the matrix

—1
2
t

2
A=11

_—o

-1
(1) Compute the value of ¢ for which the kernel of A is different
from {0}.

(2) For the remainder of the exercise we put ¢ to be equal to the value
computed in part (a). Compute the characteristic polynomial
and the eigenvalues of A.

(3) Find an invertible matrix P such that P~'AP is a diagonal
matrix.

(4) Explain why any 3 x 3-matrix B such that x4(t) = xp(t) is
diagonalizable.

Exercise 6.16. (Solution at p. 268) Consider the matrix A =

DO = =
oo

(1) For what value of ¢ € R is the matrix A non-invertible?

(2) For each t € R, determine the eigenvalues of A. Specify for
which values t € R all the eigenvalues of A are real numbers.

(3) Determine for which ¢ € R there are eigenvalues with multiplic-
ity > 1.

(4) For the value of ¢ found in the first part of the exercise: compute
a basis of all eigenspaces and decide whether A is diagonalizable.
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Chapter 7

Euclidean spaces

The definition of a (real) vector space encodes the existence (and
good properties) of the addition of vectors and the scalar multipli-
cation of vectors. The vector space R™ has, however, another im-
portant piece of structure, namely the distance between two points,
and the property of vectors being orthogonal to each other.

7.1 The scalar product on R"

Definition 7.1. The scalar product of v,w € R" is defined as
v, w) := vlidw = vTw = viw; + - + VW,

(This is not to be confused with the scalar multiple of a vector,
which is again a vector!)

Example 7.2. The scalar product can be positive, zero, or nega-

() ()
() (7)) vimnae
{(3).(2))-vnrmon-

However, for any v € R", we have
{v,v) = va >0 (7.3)
i=1

179
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i.e., a scalar product of a vector with itself is always non-negative.

This implies that
vl := /(v v) = 4 Joi + -+ 0]

is a well-defined (real) number. It is called the norm of the vector
v.

Lemma 7.4. The norm |jv|| is the length of the line segment from
the origin to v.

For v, w € R?, there holds
[o = wl* = [o® + fwl? = 2[v]w] cos,

where r is the angle between the vector v and w.

Proof. The formula for the norm follows from repeatedly applying
the Pythagorean theorem. Illustrating this for n = 3, we see that
the line segment (shown dotted below) from the origin O = (0,0, 0)
to the point (v, v2,0) has length 4/v? + v3. Therefore the length of

the segment from O to v is

2
\/(VU%—I—U%) + 03 = A/v? + V3 + V3.

UV = (U17 V2, U3)

(U1, V2, O)

The formula for the norm of v — w follows is a reformulation of
the law of cosines.
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[l

]

Given a square matrix A € Mat,,»,, we have considered so far
the linear map
R"—>R"v— A0

In addition to that, there is another fundamental map that one can
associate to a matrix:

(=, =, R"xR" > R, (v,w) — (v,w), :=v" - A-w.
Here we regard v and w as column vectors, i.e., as n x l-matrices.

V1
Therefore, for v = ( : ), vl = ( V1 ... Uy ) 1S a row vector

Un

(with n entries). Therefore vT A is an 1 x n-matrix, so that v7 Aw
is an 1 x 1-matrix, i.e., just a real number. We call this number the
scalar product of v and w with respect to the given matrix A.

Lemma 7.5. The scalar product has the following fundamental
properties:

o If we fix w € R", then the maps
,wy R" - R, v — (v,w)
(w, 7y R" - R,v—{w,v)

are linear (cf. Definition 4.1; e.g., for the first this means con-
cretely that

ro + 1"V w)y = r{v,w) + '’ w),

for r, 7" € R, v,v" € R™. We refer to this by saying that (—, —) :
R" x R" — R is a bilinear form (or as the bilinearity of the
scalar product).

o We have
(v, w) = {w,v).

This property is called symmetry.



182 CHAPTER 7. EUCLIDEAN SPACES

Proof. By Proposition 4.19, the map w — vTw = {(v,w) is linear.
The proof of the linearity in the first argument is similar, or it follows
from symmetry.

The identity (v, w) = (w,v) is directly clear from the definition.
One may also prove it using (4.91):
)T T(UT)T _ wTU.

(W Tw)" =w

Noting that any 1 x 1-matrix (such as vTw) is equal to its transpose,
the left hand side equals (v, w), while the right equals (w,v). ]

Using the bilinearity of (—,—), we can compute the following
expression

[o —wl* = (v = w,0 —w)
= (v, —w)y —(w,v —w)
= <U7 U> - <U7 U)> - <U), U> + <U), w>
2 2
= [0l + llw]” = 2<v, w).
Comparing this with the cosine law above we see
(v, w) = [vlw] cos .

The factor cosr is equal to 0 precisely if r = —7, 7 (i.e., 90° or
—90°). In other words,
(v,wy =0

if the angle between the vectors v and w is £90°. This motivates
the following definition.

Definition 7.6. Two vectors v, w € R" are said to be orthogonal if

(v, wy = iviwi =0.
i—1

7.2 Positive definite matrices
Definition and Lemma 7.7. If A is a symmetric n x n-matrix
(i.e., A= AT), then the map

(==, R"xR" - R, (v,w), :=v" Aw

is bilinear and symmetric, i.e., Lemma 7.5 holds verbatim for (—, —) ,]]
instead of the standard scalar product (which corresponds to the
case A =id,).
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10 0 0
01 0 O
Example 7.8. Suppose A = 00 1 0 Then Aw =
0 0 0 -1
w1y
2 , so that
3
wy
_ 7 _ ) Wa
<'U,U}>A =v' Aw = ( V1 Vg2 V3 Uy ) ws

= VW1 + VW2 + V3W3 — VgWy.

This example is not an anomaly, but the basis of so-called Minkowsk:
space which is fundamental in special relativity, which is R**! with

3 space coordinates and 1 time coordinate.
1

The standard basis vectors e; = are

o O O
Q)
W~
|

— o O O

orthogonal to each other, but

<€4, €4>A = -1

where as (e, ey, = +1 for the other three basis vectors. In that
sense, the scalar product (with respect to A) is able to distinguish
between the last and the other three directions.

Definition 7.9. A symmetric matrix A is called positive definite if
{v,v), >0

for all v € R™, v # 0. In this case we can define the norm (of v with
respect to the matrix A) as

o] 4 := \/ (U, 1) 4-

It is negative definite if instead (v,v), < 0 for all v # 0. The
matrix A is called indefinite if there exist v, w € R" with (v,v), >0
and (w,w), < 0.
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Example 7.10. As we have seen in (7.3), id,, is positive definite.
The matrix in Example 7.8 is indefinite.

It is suggestive to blame the —1 in the last entry for the indefi-
niteness of the matrix in Example 7.8. The following result gives a
way to ensure positive definiteness for general matrices. To state it,
we introduce a bit of terminology:

Definition 7.11. For a square matrix A, the principal submatriz
(of size r) is the matrix

AN = (az’j)léi,jér'
L.e., it is the matrix consisting of the first r rows and columns of A.

Proposition 7.12. Let A € Mat, «,, be a symmetric square matrix.

The following are equivalent:

(1) the bilinear form (—, —) , is positive definite, i.e., (v,v), = 0 for
all ve R™,

(2) A is positive definite,

(3) For all 1 <7 < n, det(A") > 0.
In particular, any positive definite matrix A has det A > 0. There-
fore such a matrix is invertible (Theorem 5.13).

A proof of this criterion requires methods from §7.3.

1 2 t
Example 7.13. Consider the matrix A = 2 5 8 |, where
t 7 14

t € R is some parameter. We inspect its positive definiteness: since

AW =1 is positive, det A®) = det ( ; g ) =1>0and det A =

det A®) = —5¢2 + 32t — 50. For t = 3, this equals +1, so the matrix
A is positive definite in this case. For ¢ = 4, this equals —2, so the
matrix A is indefinite in this case.

Example 7.14. The defininiteness of matrices has applications in
analysis: for a (twice differentiable) function f: R? — R, such as

f(may) = x2 +y2>
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Figure 7.1: The function g(z,y) = 2?—y? has a saddle point at (0,0); informally
this means that there are directions in which g increases (here the z-direction,
shown blue), and directions in which g decreases (the y-direction, red parabola).

one considers the so-called Hesse matriz, which is given by

o’ f 0 f

oxox 0xoy
of °f
oyoxr  Oydxy

For the above function it is

(i2)

which is positive definite. By contrast, for g(z,y) = 2% — ¢?, it is

g _02 , which is indefinite. One proves in analysis that the

positive defininetess of the Hesse matrix implies that there is a local
minimum at a given point (z,y), provided that g—j: = g—g = 0 at this

point. Thus, f has a local minimum at the point (0,0), but g does
not.

7.3 Euclidean spaces

Definition 7.15. A FEuclidean vector space is a vector space V to-
gether with a map

(=, —:VxV >R
that is
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Figure 7.2: The function f(x,y) = 2% + y? has a local minimum at (0,0).
Informally this means that moving in any direction from the point (0,0), the
value of f(x,y) increases.

e bilinear (i.e., (v,—) and (—,v) : V" — R are linear for each
veV),

e symmetric (i.e., (v,w) = {(w,v)), and
e positive definite ((v,v) > 0 for each v # 0).

One also refers to the map (—, —) as the scalar product on V. We
say v, w are orthogonal if (v, w) = 0. We will indicate this by writing

vlw.

We call
[v]| := +/{v, v)(e R*?)

the norm of the vector v. For v,w € V, the distance between v and
w is defined as
d(v,w) = |lv —w|.

Example 7.16. (1) R™ with the above scalar product is an Eu-
clidean vector space. More generally, for a symmetric, positive
definite matrix A, R™ together (—, —) , is an Euclidean space.

In other words, the above turns the fundamental properties of
R", together with the standard scalar product (or, more gen-
erally R™ with the scalar product (—,—), given by a positive
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definite symmetric matrix A) into an abstrac definition, simi-
larly to the way that a vector space is an abstraction of the key
properties of R™.

(2) If V, together with some given scalar product (—, —) is a Eu-
clidean space, then so is any subspace of V. In particular, any
subspace of R™ with the standard scalar product is again an Eu-
clidean space. For example, any plane inside R? is an Euclidean
space.

(3) One can use elementary properties of the integral to show that
the vector space C' = C([—1,1]) of continuous functions f :
[-1,1] — R with

1

{frg) = B f(x)g(x)dx

is an (infinite-dimensional) Euclidean space, which is of funda-
mental importance in analysis.

(4) As in Example 7.8, consider again V' = R", but
(v, w) :=vjwy + + + V1 Wy — VW,

This is bilinear and symmetric, but not positive definite, and
therefore not a scalar product.

Proposition 7.17. Let (V,{—, —)) be an Euclidean space. For each
v,w €V, there holds:
(1) [[oll = 0,

(2) |lv|| = 0 if and only if v = 0,
3) llroll = [r[[v] for r e R,

Proof. The first and third statement is immediate. The second holds
since {(—, —) is (by definition) positive definite. O

The scalar product yields a crucial additional feature that general
vector spaces do not possess. This is based on the following idea.
Throughout, let (V,{—, —)) be an Euclidean vector space.

Lemma 7.18. Let e € V be a vector of norm 1, i.e., |le| = 1. Let
v eV be any vector. Then the vector

v:=v—{v,ey-e
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is orthogonal to e and we have the equation
v="0+{v,ey-e (7.19)

expressing v as a sum of a scalar multiple of e and a vector that is
orthogonal to e.

Proof. The orthogonality of © and (v, e) - e is a computation using
the bilinearity of (—, —):

(0,{v,ey-ey={v—{v,ey-ev,ey e
= (v, e)((v=Cv,€)-¢,€))
= (v, e)((v,e) = v, €) - €,¢))
= <U’ 6>(<U7 6> - <U’ 6> <€7 €> )
I

= 0.

The equation (7.19) is obvious from the definition of o. O

We now extend the observation of Lemma 7.18 to more than a
single vector. To do so, we introduce some terminology.

Definition and Lemma 7.20. The orthogonal complement of a
subset M < V is defined as

M* = {veV |{v,m)=0for all me M}.

This is a subspace of V.
For a subspace W, one has

W AWt ={0}, (7.21).

The last assertion can be rephrased by saying that the zero vec-
tor is the only element in W that is orthogonal to all vectors in
W. Colloquially, this means that if W gets larger, then W+ gets
smaller. This idea is made more precise (in terms of dimensions) in
Corollary 7.30 below. The last assertion is proved using the positive-
definiteness of {(—, —) (specifically, Proposition 7.17(2)).
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Example 7.22. Consider the subspace W = L(( 2 ), ( 1 )) c
4 0
R? (with its standard scalar product). We compute W+. A vector

x = < o ) € R3 will be orthogonal to W if and only if it is orthog-

z3

onal to v, = ; and vg = ( 1 ) This follows from the linearity
4 0
of {x,—). We make the conditions xLv; and x Lv, explicit:
rlvy = x1 + 229 + 4a3 =0
rlvy =z + 29 = 0.

We solve this homogeneous system

124W124W124
1 1 0 0 -1 -4 0 1 4

which shows that x3 is a free variable, and that the solution space
of the system, i.e., W+ is the subspace

Definition 7.23. A family vq,...,v, of vectors is called an or-
thonormal system if

o |v;| =1 (ie., (v;,v;) = 1) for all 4,
o v; lv; (ie., (v;,v;) =0) for all i # j.
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If the vectors additionally form a basis of V', then we speak of an
orthonormal basis.

For example, the standard basis in R" is an orthonormal basis
(with respect to the standard scalar product).

Theorem 7.24. Let uy,...,u, be an orthonormal system (in an
Euclidean space). Let U = L(uj,...,u,) < V be the subspace
spanned by these vectors. Then there is a unique linear map, called
the orthogonal projection

p:V->U

such that
(1) p(u) = u for all u e U,

(2) p(v) —ve Ut forallveV.
In particular, every vector v € V' can be written as

v= p(v) +v—p),
—_——  —
eU eUt

i.e., a sum of a vector in U and another one in its orthogonal com-
plement U*. This is the unique representation of v in such a form.
The map p is given by

p(v) = > (v, u ). (7.25)

Example 7.26. In V = R?, equipped with its standard scalar
product, we consider u; = (1,0,0) and us = (0,1,0). These form
an orthonormal system. Then U = L(uy,us) = {(z,y,0)|z,y € R}
is the z-y-plane; its orthogonal complement is U+ = L((0,0,1)) =
{(0,0,2)|z € R}, the z-axis. The orthogonal projection as defined
in (7.25) sends a vector v = (x,y, 2) to

p(v) = <U7u1>u1 + <U7 u2>u2 = Uy + Yug = (l’,y, O)

Proof. The map p defined in (7.25) is linear, since (—, uy ) is linear. It
satisfies the two conditions. One checks this using that the u; form
an orthonormal system, very similarly to the proof of Lemma 7.18.
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If ¢ : V — U is another map with these two properties, we have

p(v) = q(v),u) = < — v —(q(v) —v), >—0

for all ve V, uwe U. Since ¢q(v), p(v) € U, we have p(v) — q(v) € U.
Thus, the vector p(v)—q(v) is zero, by (7.21). This shows the unicity
of p.

The final claim holds since v = p(v) +wv — p(v) is such a rep-

N~ Y
eUu eUt

resentation. If v = u; + v} with u; € U and v} € Ut is another
such representation, then u — u; = «’ — uj lies both in U (left hand
side), but also in U+ (right hand side). However, again applying
Proposition 7.17(2) to U, we have U n U+ = {0}, so u = u; and
u' = uj. O

Corollary 7.27. Suppose uq,...,u, form an orthonormal system
(of a Euclidean vector space (V,{—, —))) such that V is spanned by
these vectors. Then

e the following formula holds for any v € V:

n

v = Z RS (7.28)

k=1

e The vectors are necessarily linearly independent, i.e., they form
an orthonormal basis.

Proof. We apply Theorem 7.24 to these vectors. By the assumption
U =V, so that by (1), p(v) = id. The first claim then holds by
(7.25).

If 0 = >, ayug is a linear combination, we apply {(—,w;), for
any 1 <1< n, to (7.28):

0 = <0, ul>

n
= () agug,u
k=1

n
= Z ar{Up, up).
k=1
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In this sum, all terms except the one with k£ = [ are zero, since
uy Luy for k # 1. We also have (u;, u;y = 1, which shows that a; = 0,
and therefore the linear independence of the given vectors. O

Example 7.29. The standard basis ey, ..., e, of R" is an orthonor-
mal basis. For v = .|, we have {e;,v) = v; and the represen-

tation in (7.28) is the usual expansion of v:
V="01€1 + -+ Uply.

In general, the identity (7.28) is a convenient way to compute the
coordinates of a given vector in terms of an (orthonomal) basis.

Using these results, one can quickly prove:

Corollary 7.30. If U < V is a subspace of a finite-dimensional
Euclidean space then

dim U+ = dimV — dim U.

The presence of a positive definite (symmetric) matrix yields the
following algorithmic device that constructs a particularly conve-
nient set of vectors.

Proposition 7.31. (Gram-Schmidt orthogonalization) Let vy, ..., v,}}
be any set of linearly independent vectors (in an Euclidean space).

Then the vectors wy,...,w, defined inductively as follows are an
orthonormal system: They are constructed as follows
1 o
wy = ——Uy (normalization)
Jloa ]
wh := vy — (vg, w1 Ywy (orthogonalization w.r.t. L(wy))
r ., o
Wy 1= Wy (normalization)
Jlws |
r—1
w, = v, — Z (vp,wg) - wy (orthogonalization w.r.t. L(wy,...,w,—1))
k=1
! (normalization)
Wy 1= ——W normalization
B (04 |
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We have

L(vy,...,v.) = L(wy, ..., w,).

In particular, if the v; form a basis, then so do the wj;, i.e., they
then form an orthonormal basis. Yet more in particular, this shows
that any finite-dimensional Euclidean space admits an orthonormal
basis.

Proof. In each step, the vector w!. is constructed in such a way that

w!. is orthogonal to the preceding vectors wy, ..., w,_1, cf. (7.25).
The division by the norms of the vectors w!. ensures that ||w,| = 1.
Note that this is possible since |w!.| > 0 since w!. # 0 and {(—, —) is
positive definite. [

Example 7.32. We consider A = ids, i.e., the standard scalar prod-
uct on R? and v; = ( 1 ) and vy = ( ? ) (One checks this is a
basis of R?!) Then

ne5(1)

wy = vz — (U, w1 )Wy
-(2)-53()
(%)

()

Here is an illustration of the method in this example. The blue line
depicts the vectors of the form vy + aw; for a € R. The vector w) is
the vector on that line that is orthogonal to ws:
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Y,
12
+1v1 U
w1
—1 2 3
% o % % .
W €T
/ o

Corollary 7.33. Let U < V be a subspace of a finite-dimensional
Euclidean space V. Then there are two unique linear maps, called
the orthogonal projection onto U, resp. onto U+,

py !V —-U
PuL :V—>UJ_

such that every vector v € V' can be written as
v =py(v) + py:(v). (7.34)

Proof. By Proposition 7.31, U has an orthonormal basis, so we can
apply Theorem 7.24, which gives us the orthogonal projection py :
V — U. If we define py.(v) := v — py(v), (7.34) holds by design,
moreover, pyL(v) € Ut again by Theorem 7.24. The unicity of a
decomposition as in (7.34) is again part of Theorem 7.24. O

7.4 Orthogonal and symmetric matrices

Definition 7.35. A real square matrix A € Mat,,,, is called or-

thogonal if
AAT =id.

This is equivalent to saying that A is invertible and A=' = AT,
The following lemma explains the name “orthogonal”.

Lemma 7.36. For a square matrix A € Mat,,,, the following are
equivalent:
(1) A is orthogonal,
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(2) the n rows are an orthonormal basis of R",

(3) the n columns are an orthonormal basis of R™.

Proof. 1f e; is the i-th standard basis vector, we know that Ae; is
the i-th column A. We compute

(Ae;, Aej) = (Aei)T<A€j) = eiTATAej.

The vector AT Ae; is the j-th column of ATA, and the number
el AT Ae; is the i-th entry of that vector. Thus, saying that the

above expression equals 1 for ¢+ = j and 0 otherwise is equivalent to
requiring A7 A = id. m

Theorem 7.37. The following conditions are equivalent for an n x
n-matrix A:
(1) A is symmetric,

(2) Ais orthogonally diagonalizable, i.e., there is an orthogonal ma-
triz P such that P71AP is a diagonal matrix,

(3) A has an orthonormal eigenbasis.

If these equivalent conditions hold, then the columns of P form an
orthonormal eigenbasis and vice versa. (Note that P~! = PT can
be computed without computing, properly speaking, the inverse of
P.)

The implication (1) = (2) in particular says:
A symmetric = A diagonalizable.

For a proof of this theorem, see, e.g. [Nic95, Theorem 8.2.2].
The vectors of an orthonormal eigenbasis are also called the princi-
pal axes of A. The theorem is sometimes called the principal axes
theorem. We only point out that the difficult direction is to show
that (1) = (2). One does this by proving that a symmetric real
matrix has only real eigenvalues (as opposed to complex). For 2 x 2-
matrices, one can see this by direct computation (see also Exer-
cise 6.2): the characteristic polynomial of a symmetric 2 x 2-matrix

A:(Z 2)is

xa(t) = det(A—tid) = (a —t)(d —t) —b* = t* + (—a — d)t + ad — b*.
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The zeroes of this polynomial are given by

d d)?
/\1/2:a+ i\/m_ad_FbQ

2 4
a+d a?+d?  ad
— + ac 2
5 _\/ 1 +2 ad + b
a+d (a—d)
- LY e,
2 4 +

The expression in the square root is always non-negative, so that
A1/2 are real numbers.

As an example of a non-symmetric matrix with imaginary eigen-

values, we have seen in Example 6.21 that the matrix A = ( (1) _01 )I

has the eigenvalues \;/, = +i.

5 —4 2
Example 7.38. The matrix A = -4 5 2 is symmet-
2 2 -1

ric. We compute an orthonormal eigenbasis by first computing the
eigenvalues:

xa(t) = —t* + 9% + 9t — 81.
The eigenvalues and an eigenvector for them are as follows:
e\ =9 v =(-1,1,0),
e Ny =3, v =(1,1,1),
o \3=-3 v3=(—-1,—-1,2).
These three vectors are orthogonal; this is seen by direct computa-
tion. Alternatively, since the eigenvalues are all distinct, they are

automatically orthogonal (Exercise 7.12). They are however not
normal, dividing by their norm gives an orthonormal eigenbasis:

A(1)5(1)5(1)
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7.5 Affine subspaces

Definition 7.39. Let V be a vector space. An affine subspace of V
is a subset of the form

vo + W= {vy+w |we W}
for an appropriate vector v € V and a subspace W < V.

In other words, an affine subspace is obtained by translating a
subspace (i.e., a sub-vector space) by a certain vector. For example,
any line or a plane in R? that is not necessarily passing through the
origin is an affine subspace. A key example of an affine subspace is
the solution set of a (not necessarily homogeneous) linear system

Az = b.

Indeed, by Theorem 4.36 its solution set is precisely an affine sub-
space. See also the illustration in Remark 4.37.

Lemma 7.40. Let X = v + W < R" be an affine subspace. If
X =o' + W for any vector v’ € R™ and a subspace W’ < R", then
the following holds:

o W =W'and
ev—v eW.

In other words, the sub-vector space W is uniquely determined by
X.

Proof. If v+ W =o' + W', then v — v € W. This implies
W=—-0404+W==-0+X=-0+0v+W=W.
\__V__J
ew

Here we have used that for a subspace A < R"™ (such as A = W),
and an element a € A, we have a + A = A. n

We can therefore define the dimension of an affine subspace as
dim X =dim W, if X =v + W as above.

Definition 7.41. Let X, X’ be two affine subspaces. Let W, W' c
R” be the associated sub-vector spaces, as per Lemma 7.40.
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e We say X intersects X' if X n X' # (.

e We say X is parallel to X' if W c W orif W < W.

e We say that X is skew to X' if WnW’ = {0} and if Xn X' = .
Example 7.42. We examine the relative position of the lines

X =(1,-3,5)+ L(1,-1,2) = {(1 +t,-3—t,5+2t) | se R}

X' =(4,-3,6)+ L(—1,1,2) = {(4—t,-3+t,6+2t) | t e R}.
The two subspaces W and W’ are spanned by (1, —1,2) and (-1, 1,2),]]
respectively. These two vectors are linearly independent, so that the

lines are not parallel. We determine whether they have an intersec-
tion point by solving the system

(14+s,-3—s5,5+2s)=(4—t,—3+1,6+2t).

Considering the first two equations gives s +t = 3 and s +t = 0,
which has no solution. Thus X n X’ = ¢, which means that the
lines are skew.

Definition 7.43. For two affine subspaces X, X’ < R" we say that
two points x € X, 2’ € X’ realize the minimal distance of X and X'
if

d(z,2") < d(xy, )
for any two points z; € X, 2] € X’. In this event, we also write
d(X, X") := d(x,2’) for that minimal distance.

Proposition 7.44. Let X = vy + W be an affine subspace of a
Euclidean space V. There is a unique vector v € V' characterized by
the following equivalent properties:

(1) v is an element of X n W+,

(2) v realizes the minimal distance of the origin to W.
This vector v is given by

v = pw(vo) = vo — pw(vo),
i.e., the projection of vy onto the orthogonal complement W+.

Proof. We first prove that X n W+ contains v as defined above.
Indeed, by Theorem 7.24, we can write

Vg =W+ v
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with uniquely determined w = py (vg) € W and v = py1(v) € W
This means that v = vg —w e X n W,

We now prove that X n W+ consists only of that vector v. If
another vector v/ € W+ n X, then v/ = vy + @ for @ € W, so that
v—v =w—weW n W ={0}, so that v = v/

We prove that this vector v realizes the minimal distance to the
origin. To this end, let x € X be any vector. We need to prove
||| = |w]]. Then w :=v —x € W. We can then compute

] = flv + wl]
= /v +w, v+ w)
= \/<v, vy + 2 (v,w) +{(w,w) by bilinearity and symmetry
—

=0

= Vvl + [lwl?

= o]

Here is a picture of the proof idea:

’1)0+W

We finally show that a vector z € X with minimal distance to
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the origin agrees with v:
Jz]* = |2 — v +v]?
=:weW
={(w+v,w+v)

= [[wl* + 2 w, v) +[v|? (bilinearity)
~—
=0
= w|?® + [v]*. since v € W+
Since ||z|| = |v||, this implies |w|?> = 0, i.e., w=0,ie,z=v. O

Definition 7.45. A hyperplane in R™ is an affine subspace H of
dimension n — 1, i.e., an affine subspace of the form

H = Vg + w
where W is a subspace with dim W =n — 1.

For example, a line is a hyperplane in R?, and a plane is a hy-
perplane in R3.

Proposition 7.46. Let a = : € R" be a non-zero (column)

vector, and let b € R. Then the subset

H:={zxeR" [(z,a) = b}
is a hyperplane. Its distance to the origin is given by
1ol
d(0,H) =
flal

Proof. We show that H is a hyperplane. Indeed, the equation
{x,a)y = b, which can be rewritten as

axy + -+ apT, =b

is a (non-homogeneous) linear system and the matrix ( a .. Qn, )I
has rank 1, since the vector is nonzero. Therefore H has d1mens1on
n — 1.

Let W := {z € R" [{x,a) = 0} be the associated subspace. Then
H = v+ W for some v e R", according to Theorem 4.36. Thus,
ae W If we set A := HaIIQ’ we have Aa € H:

() = e -
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Therefore A\a € H W+, Thus, by Proposition 7.44, Aa is the closest
vector (in H) to the origin, and we have

6]
d(0, H) = [|Aal| = 7=

la]
Above we saw that an equation of the form
{x,ay=10

for fixed @ # 0 and b € R determines a hyperplane. Here is a
converse to this statement.

Proposition 7.47. (Hesse normal form of a hyperplane) Let H =
vo + W < R™ be a hyperplane, and let d = d(0, H) be its distance
to the origin. Then there is a unique vector a € R™ such that

(1) fall =1,

1)

(2) ae H,
(3) H={zeR"|{z,a)=d}.
This vector can be computed as

where v is the unique element in H n W+ or (equivalently) the point
in H that is closest to the origin.

The equation {x,ay = d (which is a linear equation in the un-
knowns z1,...,z,) is called the Cartesian equation of the hyper-
plane.

Example 7.48. We continue the example in Example 7.22:

vn(:)(3)
WL=L<(—‘})>,

and consider the hyperplane H = < 1 ) + W. We compute H n

11

W+, which by Proposition 7.44 requires to find w e W and v e W+
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such that

1
We compute the inverse of A = [ 2 —4 | using Theorem 4.80
4 0 1
(alternatively, one can also use the adjugate matrix, as in Theo-
rem 5.13). The result is

1 -1 1 8
1= _—_ | 18 15 -12
3B\ 4 -4 1

According to Theorem 4.68, the above system therefore has a unique

solution, given by
1
A_lvo = —( 281 >
3\ 1

Thus, ¢ = % above, so that

()
v=—| -1 |.
3 1

According to Proposition 7.44, this is the closest vector in H to the
origin, and the distance of H to the origin is given by

33 11
d: — e _
ol = /2 =
_ s
=N\ 1)

7.5.1 Lower dimensional affine subspaces

In addition,

This representation of hyperplanes can also be used to understand
the geometry of subspaces of smaller dimension. For simplicity, we
discuss this in the special case of lines in R3. A line L < R? can be
described in two ways:
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(1) L can be described as an affine subspace
L =v+ L(w) (7.49)

for appropriate vectors v,w € R3. Le., the points in L are of the
form v + Aw for A € R. This can be spelled out for each of the
three components:

T, = v, + Awy for k=1,2,3. (7.50)
This system is referred to as the system of vector equations or
parametric equations.
(2) L can also be described by a system of two equations
a1 21 + Ty + asxs = b (7.51)
ayry + ayTe + azrs = b
This system is referred to as the system of cartesian equations

of L. If we write z = < @2 ) etc., it can be rewritten more

x3

compactly as
{x,ay =10
{x,ay =1V

Each of these two equations describes a hyperplane in R?, i.e.,
a plane, and the line is the intersection of these planes.
One can pass from (1) to (2) by eliminating A in (7.50). Conversely,
in order to present L as an affine subspace, i.e., in the form

L =v+ L(w),
we solve the above linear system.
Example 7.52. The following equations

r+y—1=0
Jr+y—2z—1=0

determine a line L < R®. We compute a representation L = v + W

by solving the system:
1 1 0 |1 - 1 1 0 1
31 =21 0o -2 —=2|-=2 )
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so the solutionsare y =1—z, z=1—y = 2, i.e,

() (1)

Example 7.53. The line
L=1(1,0,1)+ L(2,1,-1),

is described by the vector equations

1'1:1—1'2)\
LL'Q:)\
LE3:1—>\.

The cartesian equations can be determined by observing that A =
Zo, so that the other two equations read

ZE1=1+2ZE2

$3=1—x2

which can be rewritten as

$1—2I2=1

To+x3=1

or, yet equivalently
1
(%))
0
(= (1))
1

The planes P containing the given line L, i.e. such that L < P
can be characterized by the equation

(x,Aa+ Na'y = b+ NV,

where A\, X € R are arbitrary such that Aa + Na' # 0. Indeed, this
equation does describe a (hyper)plane, and if z € L, then it satisfies
this latter equation.
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Example 7.54. The line defined by the equations
L:xy=023=1

can be written as <x,( : )> = 0 and <x,( 0 )> = 1. (It
0 1
0
1

can also be written as + L(( 0 ))) Thus, the planes P
0

[}

containing L are all of the form

(5

for arbitrary A\, \' € R. Note that the vectors < X ) are precisely
A/

the vectors orthogonal to the vector ( o )

0

Given another line L' = v/ + L(w'), this conveniently allows to
determine the plane P that is parallel to L’. The line L’ is parallel
to P exactly if

w'Lha + Nd
for appropriate A\, \’ € R.
Example 7.55. Continueing the example above, let

L':z=2x=y.

It is given by L' = < 0 ) + L(< " >) We solve the equation
2

0

o~ (D:1)

it gives A = 0, and X # 0 is arbitrary. Thus, for any X', the plane

defined by the equation
<x, < 0 )> =\
A/

is parallel to L’ and contains L. This gives the equation

()=

or, more concretely, x3 = 1.
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7.6 Distance between two affine subspaces

Theorem 7.56. Let X = v+ W, X' =o' + W’ be two affine sub-
spaces. Let us write d := v —v" and Z := W + W’ (Definition 3.34).
Let

m = pzi(d) = d—pz(d)

be the orthogonal projection of d onto Z*+ (Corollary 7.33).
For two points x € X and 2’ € X’ the following are equivalent:

(1) z — 2’ =m.

(2) d(z,2") = |ml].

(3) x and 2’ realize the minimal distance of X and X', i.e., d(z,2") =

d(X, X").

(4) The vector x — 2’ is orthogonal to W and to W' (i.e.,  — 2’ is
orthogonal to any we W, w' e W’).

In particular, X intersects X’ if and only if d € Z.

Proof. Here is a picture of the geometric ideas in the proof. For
simplicity of the picture, we choose v/ = 0, so that X’ = W’ and
d=nv.
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(1) = (2) is obvious since d(z,z") = ||z — 2/|.
We next prove the equivalence (3) < (2). We write a point € X

as r = v+w with an arbitrary vector w € W. Likewise, 2’ = v/ +w'.
We then have

dz,2")y =z —2'| = v =V +w—w| = ||d +w—u'|.

The vector w — w' is an arbitrary vector in the sum Z = W + W’
(notice that for any w’ € W', also —w’ e W’).

Therefore, we are seeking the point z € Z = W + W’ such that
|d + z|| is minimal. This is just the distance of the affine subspace
d + Z to the origin. According to Proposition 7.44, this distance is
given by |m| = |pzL(d)|| = |d — pz(d)||, and m is the unique vector
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in Z realizing that minimal distance. This shows the equivalence of

(3) and (2).
(3) = (4): let z € X and 2’ € X’ be two points realizing that
minimal distance: d(z,z’) = |m||. In particular, this means that

x' € X' is the point realizing the minimal distance to z. Again by
Proposition 7.44, 2’ — z is therefore orthogonal to W’. Switching
the role of X and X’ we obtain similarly that  — 2’ is orthogonal
to W.
(4) = (1): Our assumption means that
r—2 eWraWh =W+ W)t =2"%

To see the latter equality note that some vector is orthogonal to W +
W' precisely if it is orthogonal to W and to W', by the bilinearity
of (=, —). We use this remark as follows: from
r—2=v+w—0v —uw
we get
d=v—v=z—2"+v —w.
N~—~— Y~
ezL ez

By the unicity of the representation of d as a sum of a vector in Z+
and one in Z, this means that  — 2’ = py.(d) = m. O

Example 7.57. We consider the two lines in R?
X=(2,-1,3)+L(1,1,-2)=v+ W
X'=(-3,0,0) + L(0,2,4) = + W'

The general vectors of X and X’ are of the following form, for a,b €

R.

r=(2,-1,3)+a(l,1,-2) =2+a,—-1+a,3—2a)
' = (=3,0,0) + b(0,2,4) — (—3,2b, 4b)
r—a = (5+a,—1+a—2b3—2a—4b)]

We compute the minimal distance of X and X’ by considering the

condition z — 2’ 1(1,1,—-2) and = — 2/1(0,2,4). This gives the fol-

lowing homogeneous linear system
0=0bB+a)+(-14+a—2b)—2(3—2a—4b) = -2+ 6a+6b
0=2(—1+a—2b)+4(3 —2a—4b) =10 — 6a — 200.
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This can be solved to b = % and a = —%. The points x and 2’ and
their distance is then readily computed.

7.7 Summary of some computational tasks

(1)

Given a subspace U < R", compute an orthonormal basis: com-
pute a basis, then orthonormalize the basis using the Gram—
Schmidt algorithm (Proposition 7.31).

See Exercise 7.17 for a concrete example.

Given some point x € R"™, compute its orthogonal projection
to a sub-vector space U < R": compute an orthonormal basis
Uy, ..., up of U (cf. (1)), then

pu(z) = Z (@, uiyu;.

See Exercise 7.2 for a concrete example. One may also compute
Ut (cf. (3)), and then compute pyi(z), and then py(z) = z —
pyi(z). This approach may in practice be easier especially if
dimU > dim U+,

Given a subspace U < R", compute its orthogonal complement:

compute a basis, say uq,...,u,. Then solve the homogeneous
linear system given by the equations (x,u;) =0, ..., {x,ux) = 0.
I.e., form the matrix

Uy

U,

(whose rows are the basis vectors u; etc.), and compute its ker-
nel.

See Exercise 7.17 for a concrete example.

Given a line L in cartesian equations (as in (7.51)), convert it
into a vector equation as in (7.49): pick two (distinct) points
p, q satisfying the cartesian equations. Then L = p + L(p — q).

See Exercise 7.18 or Exercise 7.19 for a concrete example. Choos-}
ing different points instead of p, ¢ will give different vector equa-
tions; but if L = p' + L(p' — ¢'), the two vectors p — ¢ and
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p — ¢’ will necessarily be (non-zero) multiples of each other (by
Lemma 7.40).

(5) Given a line L = v + L(w) (i.e., in vector equations), convert it
into cartesian equations: express one of the three coordinates in
terms of the free parameter, insert it into the others.

See Example 7.53 for a concrete example.

(6) Given three points p,q,r € R® (not lying on a line), describe
the plane P containing p, q,r in cartesian form: We have P =
p+ L(qg — p,r — p). Similarly to (4), different choices of p, q,r
may give different results (but ¢ — p, r — p need to span the same
subspace as ¢’ — p/, 7" — /).

See Exercise 7.19 for a concrete example.

(7) Given a line L and a point r (with r ¢ L), find the plane P
containing L and r: choose two distinct points p,q € L, then
apply (6).

(8) Given a plane P = {z|{x,a) = d}, aline L = v+ L(w) < P
and a point p € P, find the line M < P that contains p and is
orthogonal to L: M = p + L(w'), with w’ being orthogonal to
a and to w, i.e., w' € (L(a,w))* (which can be computed as in
(3))-

See Exercise 7.22 for a concrete example.

(9) Given a plane P = v+ L(wy, ws) in cartesian form, compute it as

P = {r € R*{x,a) = d}: compute the orthogonal complement
of W = L(wy,ws). Pick a non-zero vector a € W+. Then
compute d = {x,v).
See Exercise 7.19 for a concrete example. Note: a presentation of
P as above is not unique, but another presentation as P = {x €
R3|(z,a’) = d'} will be such that a = \a’ for some A € R, \ # 0,
and d = \d'.

(10)gheck whether two lines L = v+ W = v + L(w) and L =
v/ + W' =+ L(w') are parallel: this is the case precisely if w
and w’ are linearly dependent. (If the lines are given in cartesian
form, apply (4) first.)

See Exercise 7.8 and Exercise 7.18 for concrete examples.

(11)fheck whether two lines L = v + W = v + L(w) and L =
v+ W' ="+ L(w') are skew: this is the case precisely if a) w
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and w’ are linearly independent and b) L n L' = ¢J. To check
the condition b), it is convenient to express the lines in cartesian
equations first (cf. (5)).

See Exercise 7.18 for a concrete example.

(12)fheck whether a line L = v + W = v 4+ L(w) is parallel to a
plane P = o' + W’ = v’ + L(w},w}): this is the case precisely
if W < W’ or, equivalently, if w is a linear combination of w]
and wj. If the plane P is instead given as P = {x|{x,a) = d},
L is parallel to P precisely if (w,a) = 0, i.e., if w (the direction
vector of L) is orthogonal to the plane W’ underlying P.

See Exercise 7.18(3) and Exercise 7.23 for a concrete example.

(13)fheck whether a line L = v+ W = v + L(w) is orthogonal
to a plane P = {z[{z,ay = d}: this is the case precisely if
w and a are linearly dependent. If the plane is given rather
as P = v + W' = v + L(w},w)), it is the case precisely if
(w,w}) =0 and (w,wh) = 0.

(14)fompute the distance of two affine subspaces X = v + W and
X" ="+ W’ (this includes the case when, say, X is a point, in
which case W = {0}, and X = v):

e apply Theorem 7.56 via part (1): compute Z = W + W',
d := v — ', and compute the orthogonal projection m =
pzL(d), or equivalently m = d — pz(d) (cf. (2)). Let = be a
general point in X, 2’ a general point in X’, and solve the
linear system = — 2’ = m, — or —,

e apply Theorem 7.56 via part (4): again let = be a general
point in X, 2’ a general point in X', compute x — 2’ and
solve the homogeneous linear system given by (x,w) = 0
and (z,w’) = 0, where w runs through a set of vectors
spanning W, and w’ runs through a set of vectors spanning
w’.

See Exercise 7.9 or Exercise 7.23 for a concrete example.

7.8 Exercises

Exercise 7.1. Let V = Py = {at®* + bt + ¢ | a,b,c € R} be the
vector space of (real) polynomials of degree < 2. We consider the
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scalar product in Example 7.16(3), i.e.,

pq) = J

e Let e; =1, 3 =t and e3 = t2. (These vectors form a basis of
P<y.) Compute {e;, e;) for 1 <i,j < 3.

e Apply the Gram—Schmidt orthogonalization procedure to this
basis.

Exercise 7.2. (Solution at p. 269) Consider the subspace U < R?
given by the solutions of the homogeneous linear system

r—y+3z=0.
(1) Find a basis of U.

(2) Compute a basis of UL. What is dim U+?

(3) Consider t = (0,1,5). Find its orthogonal projection onto U
(recall from Corollary 7.33 that ¢t = ¢y + ¢, with uniquely deter-
mined vectors ty € U and t, € U*. The orthogonal projection
of ¢ onto U is then the vector ty.)

Exercise 7.3. Consider the subspace W < R* given by the equa-
tions

r—t=0
y+z—1t=0

(where z,y, z,t are the coordinates of R*).
(1) Compute a basis of W and of W*.

(2) Compute the orthogonal projection of t = (1,5,1,6) onto WW.

Exercise 7.4. (Solution at p. 271) Consider the subspace U < R3
given by the equations

z=0
r+y+z=0

(where z,y, z are the coordinates of R?).
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(1) Compute a basis of U and of U*t.
(2) Compute the orthogonal projection of t = (5,1, 3) onto U.

Exercise 7.5. (Solution at p. 272) Compute the orthogonal com-
plement of 7" = L((1,0,-3)).

Exercise 7.6. (Solution at p. 272) Is there a subspace U < R? such

that

(1) the orthogonal projection of ¢ = (1,1,0) onto U is given by
(1,5,6)?

(2) the orthogonal projection of t = (2,0,1) onto U is given by

(1,1,1)?
)

Compute the closest point of L to the origin, and its distance to the
origin.

Exercise 7.7. (Solution at p. 272) Let L = ( 3 > + L(

ot
B

Exercise 7.8. (Solution at p. 273) Consider the two lines L : z =
l+t,y=t,z=2+t,te Rand L' : v —3 =y—1=2z—3. Are they
parallel? Compute the distance between L and L'.

Exercise 7.9. (Solution at p. 273) Are the lines

L:xzy—lz—zandL’:x—Qz—yzg
identical, parallel, or skew? Compute their distance.

Exercise 7.10. (Solution at p. 274) Let P be the plane given by
the equation
4o + 5y + 102 — 20 = 0.

Let L be the line given by the equations z = 0,y = 5 — z.
(1) Sketch P and L.

(2) Compute the orthogonal complement of the underlying vector
space W of P.

(3) Compute the point of P that is closest to the origin and its
distance to the origin.

(4) Are P and L parallel?
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Exercise 7.11. (Solution at p. 276) Which of the following matrices
is orthogonally diagonalizable? If so, find a orthonormal eigenbasis

of R2.

V()
@a-( 45 7)
(3)A=(O 8)

Exercise 7.12. (Solution at p. 277) Let A be a symmetric matrix
and A # u two distinct eigenvalues of A, with eigenvectors v and
w, respectively. Then v lLw, i.e., eigenvectors of distinct eigenvalues
are orthogonal.

Exercise 7.13. (Solution at p. 277) Let P = R* by the hyperplane
given by
201 + x3 — x4 = 4,

where (21, ...,14) are the coordinates of R*. For a parameter t € R,
let L; be the line

Ly =(1,0,0,—2t) + L(¢,1,0,—1).
e For which t € R is L; parallel to P?

e Let nowt = —% and consider the line L = L 1. Determine the

pair(s) of points (p,) such that p € P and [ € L such that their
distance is minimal.

Exercise 7.14. Let L = R3 be the line defined be the system

r+z=1
y+z=-2

Let L' be the line in R? passing through the points (0,0,1) and
(0,1,1).

e Present L as L = v+ W for a subspace W < R?. Do the same
for L'.

e Are L and L' a) identical, b) parallel or c) skew?
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e Compute the Cartseian equation (i.e., in the form ax+by+cz =
d, for appropriate values of a, ..., d) of the plane P < R? that
contains L and is parallel to L’.

e Let [ =(2,—1,—1) € L. Compute a point I’ € L' such that the
line passing through [ and [’ is parallel to the plane given by
the equation x + z — 1 = 0.

Exercise 7.15. Let V' = Py be the vector space of polynomials of
degree < 2. We write elements of V as p(t) = a + bt + ct?, where
a,b,c € R. Define

v,q = f_lp(t)q(t)dt.

e Confirm that (—, —) is a scalar product on V.
e Compute an orthonormal basis of V.

e Consider the map
dp
V=V, =1
f o) =t

(i.e., it maps a polynomial p to the product of the indetermi-
nate ¢t with the derivative of p with respect to the variable ).
Confirm that this map is linear. Compute the matrix of f with
respect to the standard basis e; = 1, e; = t and e3 = t2. Is this
basis an eigenbasis for f? Compute dimker f and dimim f.

e Does the map f have an orthonormal eigenbasis?

Exercise 7.16. Consider the subspace U < R* given by the solu-
tions of the equation

T1— To9 + a3+ 224 = 0.

(As usual zy, ..., x4 are the coordinates of R%.)

(1) Find a basis of U. What is dim U?

(2) Compute an orthonormal basis of U.

(3) Compute the orthogonal projection of v = (2,3,0,0) and of
w = (2,5,3,0) onto U.

(4) Compute U+t.
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Exercise 7.17. (Solution at p. 279) In the Euclidean space R*,
endowed with the standard scalar product, let U be the subspace
spanned by the vectors u; = (1,2,0,—1), us = (0, —4, 3,4).

(1) Compute an orthogonal basis of U.

(2) Compute a basis of Ut.
(3) Compute the orthogonal projection of v = (0,5,3,4) onto U.
(4)

4) Let w = (2,—1,0,2). Decide whether there is a subspace L = R*
such that the orthogonal projection of w onto L is the vector
¢=(1,1,2,0).

Exercise 7.18. (Solution at p. 280) Consider the following two lines
in R3, where z, v, z are the coordinates:

L: Try M : o Y
20—2—-1=0 y—2+2=0

(1) Determine whether L and M are the same line, parallel, or skew.

(2) Compute the cartesian equation of the plane that contains the
line M and that is parallel to L. (Recall that a cartesian equa-
tion is of the form (x,a) = d for an appropriate vector a and an
appropriate d € R..)

(3) Given the point [ = (0,1, —1) € L compute a point m € M such
that the line passing through [ and m is parallel to the plane
defined by the equation 3z — z = 0.

(4) Consider the family of planes 7, : z = «, for some parameter « €
R. Let r, = L n 7, and s, = M nm,. Let m, be the midpoint
of the segment with endpoints r,, and s,. Verify that the points
m, are all lying on the same line. Moreover, determine the
parametric equation of that line.

Exercise 7.19. (Solution at p. 281) Consider the points p = (3,1,0),J}

q = (0,1,3) and r = (=3,0,—3) € R3. Let L be the line passing

through p and q.

(1) Determine the parametric equation of L, i.e., express L in the
form L = v+ W, for an appropriate vector v € R? and a subspace

W < R3.

(2) Verify that r does not lie on L. Give the plane P containing
p,q,r both in vector and in cartesian form.
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Exercise 7.20. (Solution at p. 282) Consider the line L = (3,1, 0)+
L(1,0,—1). Is there a plane containing L and the line M given by

the systen = + z = 2,  — 2y = 2 (with x,y, z being the coordinates
of R?)?

Exercise 7.21. (Solution at p. 282) Consider the line L = (3,1,0)+
L(1,0,—1). Let p = (—1,—1,—1). Describe all the points q € R3
such that the line M passing through p and ¢ intersects L orthogo-
nally (i.e., intersects it, and does so orthogonally).

Exercise 7.22. (Solution at p. 283) Consider the plane P = {z €
R3 3x — 4y + z = 2} and the point p = (0,1,6) € P, as well as the
line L = (0,0,2) + L(1,1,1) ¢ P, compute the line M < P that is
orthogonal to L and contains the point p.

Exercise 7.23. (Solution at p. 284) Consider the lines (in R?)
Ly:2 —y=—3

y+z=-2
and
Lo:xz=1t
=2
z=4—t,teR.

1) Determine their relative position (skew, parallel etc.)

2) Find the plane 7 parallel to L; and containing Ls.

3)
)

4) Find points p; € Ly, ps € Lo such that

le - pz” = d<p17p2) = d(Lb L2)7

i.e., two points that realize the minimal distance between L; and
Lo.

Compute the distance between 7 and L.

(
(
(
(

Exercise 7.24. (Solution at p. 286) We endow R* with its usual
scalar product. We consider the subspace U < R* defined by the
equations

{Qﬁ +x3=0

2I1+$2—I4=0
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(1) Compute an orthogonal basis of U.

(2) Given the vector wy = (1,1,—1,—1) find a vector wy that is
orthogonal to w; and such that the vector space W := L(wy, wy)
satisfies W = U™,

(3) Write down a system of linear equations in the unknowns 1, xs, 3, x4l
whose solution set is the subspace W = U*.

(4) Given the vector v = (3,1, —1,1) find a vector u € U such that
the vector v + v has minimal norm.

Exercise 7.25. (Solution at p. 287) Consider the lines (contained
in R?)
I r—2y+4=0 M r+22—-5=0
y+z—-3=0 r—2y+1=0

(1) Verify that L and M are parallel and write down the cartesian
equation of the plane containing L and M.

(2) Given the point p = (0,2, 1) € L find the point ¢ € M such that
the line passing through p and ¢ is orthogonal to L and to M.

(3) Write down the cartesian equation of the plane X containing
the line L and passing through the point r = (-1, 1,0).

(4) Write down the parametric equation of the line N contained in
the plane X, passing through r = (—1,1,0) and orthogonal to
the line L.

Exercise 7.26. (Solution at p. 289) Let U = R* be the subspace
defined by the equations

Ty —2r5+ 24 =0
U:{3x0+2x3—224=0
3r1+2x3+txy, =0
(1) Find the value of ¢ for which U has dimension 2. For this value
of t, compute a basis of U.

(2) Apply the Gram—Schmidt method to the basis computed in part
(a) in order to compute an orthogonal basis of U.

(3) For the value of t computed in part (a), compute a basis of U~.
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(4) Given v = (3,2,2,—2) € R* compute the cartesian equation of a
subspace W of dimension 3 such that the orthogonal projection
of v onto W is equal to the vector w = (1,2,1,1).

Exercise 7.27. (Solution at p. 290) We consider the following pointsf]

(in R3®) A= (6,—-1,—4), B=(1,1,—1) and the plane X : 2z —y —

2z = 3.

(1) Verify that B € X. Let C be the orthogonal projection of A
onto the plane X. Compute C.

(2) Compute the cartesian equation of the plane containing the tri-
angle AABC.

(3) Compute the parametric equation of the line that a) passes
through B, b) is contained in the plane X and c) is orthogo-
nal to the line passing through A and B.

(4) Compute the value of the parameter ¢ such that the line M, :
{t r—y+2=0

i llel he pl X.
2t 1=0 1s parallel to the plane
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Appendix A

Mathematical notation and

terminology

Sets
Symbol Reads Explanation Example
{...} a set The elements of the set {1,2,3} denotes the set con-
are written inside the sisting of the numbers 1, 2
braces. and 3.

{...]...} The set of This denotes the set con- { all vegetables V| I eat V regularly }|
all ... sat- sisting of all objects sat- consists of all the vegetables
isfying the isfiying a certain condi- that I eat regularly.
condition tion.

5 is an ele- If M is a set the expres- &€ {O, 0, M, &}
ment of sion € M means that x

is a member of M.

¢ is not an If M is a set the expres- & ¢ {O, M, &}

element of sion x € M means that x

is a member of M.

221
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f: X->Y

XxY

XcY

XcY

XnY

XuY

f from X
to Y

to

maps to

The prod-
uct of two
sets X and
Y.

subset

proper sub-
set

A function f from a set
X to another set Y.

The regular arrow is the
symbol for a function.

xr +— y indicates that a
particular element x € X
is sent to (or “mapped
to”) the element y € Y.
The product consists of
pairs (z,y), where z € X
and y e Y.

X is asubset of Y if every
element of X is also an
element of Y.

X is a proper subset of Y
ifXcVYbut X #Y

intersectionl The intersection consists

of X and
Y

union of X
and Y

of those elements that
are contained in X and
inY. {0,1} n {-1,0} =
{0}

The union consists of
those elements that are
contained in X or in
Y. {0,1} n {-1,0} =
{-1,0,1}

compositionfIf f : X — Y and g :

Y — Z are two func-
tions, then go f : X —
Z is the function sending

re X to g(f(x)).

f ;
{Monday, ..., Sunday} —

{true, false} is some func-
tion that assigns to any
weekday either true or
false. For example, f could
indicate whether I go to
school that day.

Sunday — false

} -

{0,1} x {0,1
1,0),(1,1)}.

{(0,0), (0, 1), (1,
(1,2} = {0,1,2}

(1,2} < {0,1,2}
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Logic

Symbol  Reads Explanation Example

= Implies If Aand B are two (mathemat- = >1= 22> 1
ical) statements, then “A =
B” means that if A holds then
B also holds.

= Equivalent If A and B are two mathemati- r>0< x+1>1
cal statements, then “A < B”
is an abbreviation for A = B
and (at the same time) B =
A.

= is defined r = 2 means that we

to be define the variable z

to take the value 2

Numbers and arithmetic

Symbol  Reads Explanation Example

Z The set of all integers. —-34,-1,0,1,2,18,--- ¢
Z, % ¢ Z

Q The set of all rational numbers. ;—g, -3.3,—1,0,24, % €
Q V3¢Q

R The set of all real numbers. 0,1, —1, %, V3, T, ec
R

> a.  Sum This is an abbreviation for the 37 _ ¢? = 12 4 22 +

sum of the a., where e runs
from 1 to n. (Here a. can be
any expression depending on
e.) It can also be written as
ay + ag + - + Qe.

32 = 14.
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Appendix B

Trigonometric functions

Angles can be measured in degrees or in radians. These are con-
verted as follows:

angle radian
(in degree) (no unit)
180° ™
90° 5
ﬁr 187(304

i

Geometrically, given an angle a (between 0 and 360° as in the
picture below), the radian is the length of the yellow circle segment
as shown:
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sin(av)

A rotation by a positive number is counter-clockwise; conversely
negative numbers correspond to a clockwise rotation. For example,
a rotation by 7 is a counter-clockwise rotation by 90°. A rotation
by —7 is a clockwise rotation by 45°.

Given any radian r, the ray that has an angle r between itself
and the positive x-axis meets the circle with radius 1 and mid-point
(0,0) in exactly one point p. The trigonometric functions sin and
cos are defined to be the coordinates of that point:

p = (cos(r),sin(r)).

For example, we have the following values

r 0 w/6 (30°) =/4 (45°) =/3

|

60°) /2 (90°)

sin(r) | 0 1 V2 Y3 1
cos(r) | 1 \/Tg V2 z
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Appendix C

Solutions of selected
exercises

C.1 Complex numbers

(i—Ditl _ (=D(A—) _

Solution of Exercise 1.4: We have &1 =

i1 12 T 2
Thus z = ® = —i is the algebraic form. We have |2| = 1 and
argz = 3m, so
(3 ) +is 3
z = cos(=m) + isin —.
2 2

Solution of Exercise 1.5: In order to solve
z = 3ilz|Z

we would like to divide by z. This is only possible if z # 0, so we
first consider the case z = 0. In this case both sides of the equation
are equal to 0, so z = 0 is indeed a solution. Now, we consider z # 0
and divide the above equation by z and obtain

1 = 3ilz| 2.
z

There are different ways to solve this equation. One may put z =
a + b and solve the resulting quadratic equation. For illustrational
purposes, we rather consider the trigonometric form z = r(cosa +
isina). Then Z = r(cosa — isina) = r(cos(—a) + isin(—«)), and
r(cos(—a) + isin(—a))

r(cos(a) + isin(a))

z
|z|- =7
z

229
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Note that r = |z| # 0, so we can cancel this in the right-hand
fraction. We have

cos(—a) +isin(=a) _  o(_90) + isin(—2a).

cos(a) + isin(a)
We then obtain

1 1 z

— = ——1 = |z|- = r(cos(—2a) + tsin(—2a)).

S = —5i = J2l = r(cos(~20) + isin(2a))
This implies r = % Concerning the arguments, we have to be more
careful: the above equation is equivalent to saying that

3
—2a= —m mod 27

cf. around (1.6). There are two solutions: —2a = $m or —2a =
%’/T + 27. The former yields a = _37@ the latter o = 7. (Of course,
we can now add integer multiples of 27 to these values of «, so
o = %71' is another solution. However, this gives the same value for
z.) The resulting solutions are

[ERSIN

3 . 3
z = §(cos(—17r) + zsm(—zw))

and

1 1 .1
z = §(COS(Z7T> + 181n(zl7r)).

To sum up, the above equation has three solutions, z = 0 and these
two solutions.

Solution of Exercise 1.6: There are three solutions, namely
20 = V3 — i = 2(cos(—7/6) + isin(—7/6)),
2 = =3 —i = 2(cos(—5m/6) + isin(—57/6)),
29 = 2i = 2(cos(—3m/2) + isin(—37/2)).

Here is a picture:
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R
21

N
N~

C.2 Systems of linear equations

Solution of Exercise 2.6: If a # 0 or b # 0, then the equation
ax + by = c¢ has infinitely many solutions. Indeed, if, say a # 0, we

can subtract by and divide by a, which gives = = % Thus, for

any y € R, the pair (z = %, y) is a solution. A similar analysis
works if b # 0. It remains to consider the case in which a = 0 and
b = 0. In this case the solution set of the equation depends on c:

e If ¢ = 0, then any pair (x,y) is a solution. Indeed: 0x + 0y = 0
holds true then. Thus, if a = b = ¢ = 0, there are infinitely
many solutions.

e If ¢ # 0, the equation Ox + Oy = ¢ has no solution, since the
left hand side is always 0, while the right hand side is nonzero.
So, in the case a = b = 0 but ¢ # 0, there is no solution.

Solution of Exercise 2.10: The matrix associated to the system
is as follows, and we bring it to reduced row echelon form:

1 2 =110 1 2 =110
-2 -3 1|1 |~ 01 —-1]1
0o 1 -—-1]|1 01 —-1]1

1 2 =110 1 0 +1]-2

~0 1 —=1]1 |~ 0 1 —-1] 1

00 010 00 00
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We have two leading ones (underlined), so the third unknown z3 is
a free variable and z; and x5 are non-free, and we have o = 1 + 23
and x1 = —2 — x3. Thus, the solution set is

{(—2 — I3, 1+ .1'3,1'3) ’ T3 € R}

Solution of Exercise 2.12: We apply Method 2.32. The matrix
associated to the system is

1 -1 1 0 |-2
0O 0 1 —-1]1
1 -1 0 1 |-3
1 -1 3 =210
We compute the reduced row-echelon form of that matrix using

Gaussian eliminiation (Method 2.30): we subtract the first row from
the third, which gives

o O =
(a]
—
|
—
—

1 -1 3 =210
We then subtract the first row from the fourth:

1 -1 1 0 | -2
0 0 1 1] 1
0o 0 -1 1 |-1
0 0 2 =21 2

We add the second line to the third:

1 -1 1 0 |-2
0 0 1 —-1|1
0 0 0 0 0
0o 0 2 =2 2

We then add (—2) times the second line to the fourth (equivalently,
subtract 2 times the second line from the fourth):

1 -1 1 0 |-2
0 0 1 —-1/|1
0 0 0 0 0
0 0 0 0 0
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This matrix is in row-echelon form, with the leading 1’s being un-
derlined above. We finally bring it into reduced row-echelon form
by subtracting the second from the first line, which gives

1 -1 0 1 |-3
0O 0 1 —-1]1
0 0 0 01O
0 0 0 01O
The matrix has no entry of the form 0 ... 0 1, so the system does

have a solution. The first column of the matrix corresponds to the
variable x; etc., so that the free variables are x5 and z,. We let
To = «, ¥4 = 3, where a and [ are arbitrary real numbers. The
non-free variables x; and 3 are uniquely determined by a and /.
To compute them, we use the equations obtained by the matrix

5(73—5:]_
CCl—Oé—FB:—?)

which we solve as x5 = 1+ 8 and x1 = a — [ — 3. Thus, the solution
set is

{<a_6_37aa1+576) | Q’BER}'

Solution of Exercise 2.14: Hint: we will apply Gaussian elim-
ination, but it simplifies the calculations to do a certain change of
rows first. (Why is that allowed?)

Solution of Exercise 2.17: Suppose 1 = 1—t, 19 = 2+ 3t and
x3 = 4t. We have to determine whether there is some ¢t € R such
that for these choices of x1,x9, 3, we have a solution of the given
system, i.e., whether

x1+ o+ w3 =(1—1t)+ (2+3t) + 4t =1
Il—ZL’g:l—t—4t = 0.
Simplifying these equations gives the system

6t+3=0
1—-5t=0.

This system has no solutions, so there is no ¢ € R such that the
vector (1 —t,2 + 3t,4t) is a solution to the original system.
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Solution of Exercise 2.19: We substitute xr1 =1+t 29 =t +¢
and x3 = —t + 2q + 1 into the given equation and get the equation

31+t)+2(t+q) —(—t+2¢+1)=5.

This simplifies to
6t+2=5

which has the solution t = —%. Since the variable ¢ does not appear
in that equation it is a free variable. Thus, for all ¢ € R, the vector

1 1 1 1 1 3
($1=1—§,x2=—§+q,x3=§+2q+1)=(§,—§+q,§+2q)

satisfies the requested conditions. Note that these are infinitely
many solutions.

Solution of Exercise 2.20: We have to find ag,...,as, so these
are the unknowns. The conditions amount to the linear (!) system

p(l)zao+a1+a2+a3 =0
p(2)=a0+a1'2+a2-22—|—a3-23 23

This can be rewritten as

a0+a1+a2+a3=0
ap + 2a1 + 4as + 8as = 3.

Using Gaussian elimination to solve this: the associated matrix is

1 11 10
1 2 4 83 /)
d

Subtracting the first from the second row gives
1 1.1 110
013 73 )"

Subtracting the second from the first yields a reduced row echelon

matrix:
1 0 -2 -6 -3
01 3 7 3 ’
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The variables ag and a; correspond to the leading 1’s, the variables
as and ag are therefore free variables. Thus, there are infintely many
solutions. One solution, for ay = a3 =0 is

apg = —3, ap :3,

so that
p(z) = =3 + 3z

is a solution to the problem. Another solution would be ay = a3 =1,
which gives a; = —7 and ag = 5, i.e.,

p(z) =5—"Tr +2° + 2°.

C.3 Vector spaces

Solution of Exercise 3.13: A linear combination of A and B is

of the form
11 3 2
aA+BB=a<2 2)+B(3 5)

with a, f € R. Computing the left hand side, we need to find o and
[ such that

a o« 38 286\ ([ a+38 a+28 Y\ (10
20 20 )T\ 38 58 ) "\ 20438 204538 ) =\ 2 4 )

Comparing the entries of the matrix, this gives the linear system

a+36=-1
a+26=0
20+ 30 = 2
20+ 50 = 4.

The second gives a = —20, inserting into the first gives —25 + 38 =
—1, which means § = —1. However, inserting into the third equation
gives —40 + 38 = 2, so that f = —2, contradicting the previous
equation. Thus, there is no solution, so C'is not a linear combination
of A and B.
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Solution of Exercise 3.15: The system z +y + 2+t = 0
corresponds to the matrix

(1111).

This matrix is already in reduced row echelon form: the leading one
is for the variable x, the variables y, z, t are free variables. Thus,

S: {(_a_ﬂ_'%aaﬁa")/) | O‘a@aVER}'
We have
(—a,,0,0) + (=5,0,58,0) + (=7,0,0,7) | o, 8,7 € R}

= {Oé(—l, 1707()) + B(_laoa 17()) + 7(_17070a 1) ’ 0657’7 € R}
L((-1,1,0,0),(—1,0,1,0),(—1,0,0,1)).

S

Solution of Exercise 3.16: By definition, S consists of all the
linear combinations of the three given vectors. These can be written
as

a(l,—1,0,1)+b6(2,1,-2,0)4¢(0,0,1,1) = (a+2b, —a+b, —2b+c, a+c)|]

for arbitrary a,b,c € R. The intersection is given by vectors as
above satisfying the linear system determining 7', i.e.,

r1=a+2b
To=—a+b
T3 =—2b+c
Ty =a-+C

such that

2(a+2b) —(—a+b)—3(a+c)=0
2(a+2b)+ (—2b+c¢)+ (a+c) = 0.

Simplifying these equations gives

3b—3c=0
3a +2b+ 2c = 0.
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Thus b = ¢ and 3a + 4¢c = 0, ie., a = —%c, and c is a free vari-

able. (Alternatively, the above system is associated to the matrix

( (3), g _23 ), which can be brought into reduced row echelon

form.) Thus,

4
SnT = {_50(1’ —1,0,1) +¢(2,1,-2,0) + ¢(0,0,1,1) | ce R}

4 4 4
={c|(-=,-,0,—=)+(2,1,-2,0) + (0,0,1,1) ) | ce R}
33 3
2 1
= {C(ga gv_]-)_g) | ce R‘}

_ L((%,g,—l,—é)).

Solution of Exercise 3.25: We have to find a vector v € W; that
is also contained in W5. This means that
v=a(1,0,1)+b(2,1,0) = (a + 2b,b,a) (C.1)
for some a,b € R and at the same time
v=oa(-1,-1,1)+ 5(0,3,0) = (—a, —a + 30, @)

for some a, 8 € R. Comparing the two vectors gives the following
linear system, where a, b, a, 8 are the unknowns:

a+2b=—a
b=—a+38
a=q.

We solve this system: the last equation gives a = o and, from the
first equation, b = —a. The second equation implies § = 0. There
is no condition on «, this a = r for an arbitrary real number r € R.

Instead of solving the above system by hand, we may also use
Gaussian elimination to solve this linear system. The matrix is the
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following (where the columns are for a,b, a, 8, in that order):

12 1 0 12 1 0 1 21 0
o1 1 -3 |~(0 1 1 -3 |]~1011 -3
1 0 -1 0 0 -2 -2 0 0 0 0 -6

1 21 0

~1 0 1 1 -3

0 0 0 1

The three leading ones are for the variables a,b, 5, and « is a free
variable, so let a = r, where r € R is an arbitrary real number. This
gives again f =0,b+1r —38 =0, so that b= —r and a = r.

Thus the intersection W; n Wy consists of the vectors

v=0a(1,0,1)+(-a)(2,1,0) = a(—1,—1,1)+0(0,3,0) = (-, —, ).}

Thus,
Wy n Wy = L((1,-1,1)),

so a basis of W; n Wj consists of (the single vector) (1,—1,1), and
in particular

dim W1 N WQ = 1.
We now consider W7 + W,. According to Definition 3.34,
W1 + W2 = {w1 + Wo ‘ wy € Wl,wQ € WQ},

i.e., of arbitrary sums whose two summands are in W7, respectively
Ws.

As was noted in the proof of Corollary 3.72, if Vi = L(vy,...,v,)
and V5 = L(wy, ..., w,) are two subspaces of a vector space V', then
the sum

Vi+Vo=L(vy,...,00,W1,...,Wp).

For the subspaces Wy, W5 above, this means that we determine
the span
L((1,0,1),(2,1,0),(—1,-1,1),(0,3,0)).
—_—— —— — ——— —

v1 V2 w1 w2

By Definition 3.58(1), we obtain a basis of W; + Wj by (possibly)
removing several of these four vectors. To determine which ones
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these are, we apply Method 3.53 and Method 3.44. The matrix
built out of the four vectors is

01 1 0 1 1 0 1 1 0 1
v |_ |2 1t o} fo 1 2| |01 -2
w, 1 -1 1 0 —1 2 0 0 0
Wy 0 3 0 0 3 0 00 6

Note that in this process we only added multiples of some rows to
another row, but did not interchange any rows. Since we have the
zero vector (underlined) in the third row, the vector w; is a linear
combination of v; and vy. The vectors vy, vo, wo are however linearly
independent. Thus, they form a basis of W; + W5, In particular,
dlm(W1 + WQ) = 3.

An alternative way to determine at least the dimension of W;+Wj
is to use Theorem 3.73:

dim(W7 + W3) = dim Wy + dim Wy — dim(W; n Wh).

Using again Method 3.53, one can check that vy, vy is a basis of Wy,
so that dim W; = 2 and similarly that w;,w, form a basis of Ws,
so that dim Wy = 2. Thus, using the first part of the exercise, we
confirm dim(W; + Ws) = 3.

Solution of Exercise 3.27: We will show that v, vy, v3 are lin-
early independent (in R* and therefore also in the subspace W) and
therefore form a basis of . We use Method 3.53:

() 1 01 0 10 1 O 1 0 1
vo |=12 0 1 1 |~} 00 -1 1 |~ 0 0 1
U3 0 0 1 3 0O 0 1 3 0 0 0
1 01 0
~ 0 0 1 -1
0 0 0 1

This matrix has three leading ones, so the vectors are linearly inde-
pendent as claimed.

We “guess” v = (1,2, 3,4) and check that these vectors vy, ve, v3, v
are linearly independent. By Lemma 3.51, this will then imply that
v is not a linear combination of the other vectors, so that W <
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L(v1,v9,v3,v). We use Method 3.53:

_ O N =
N O OO
W~ /= =
O )
—_
= W = O
OO O
_ o O O
—_
—_
D W O

OO O OO O

—_ o oo NO OO
= O -
N Wk O

After dividing the second row by 4, we can interchange rows and
get a row echelon matrix with four leading ones (underlined). Thus,
v1, U9, U3, v are linearly independent. Therefore, they form in fact a
basis of R*, and we know by Definition 3.58(3) that therefore

W < R* = L(vy,vg, 03, 0).

Remark C.2. A more systematic way of solving the second part
of the exercise, without guessing, is to use Definition 3.58: we can
take the standard basis of R?, and for (at least) one of the four
standard basis vectors eq, e, €3, e4 we will have that this standard
basis vector together with vy, vs, v3 form a basis of R*. We can then
use Method 3.53 to see that, for example, vy, v9,v3,e; are linearly
independent and therefore form a basis of R*, so that in particular
W < L(’Ul, Vg, V3, 61).

Solution of Exercise 3.28: We bring the matrix formed by these
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vectors in row-echelon form:

1 0 -1 2 10 -1 2
10 0 1| (00 1 -1
2 0 -1 3 00 1 -1
4t -2 6 0t 2 -2
10 -1 2
Lo 2 2
00 1 -1
00 1 -1
10 -1 2
0t 2 -2
100 1 -1
00 0 O

If t # 0, we can divide by ¢, which gives a matrix with three leading
ones. Thus, the space U, which is spanned by these vectors has

dimension 3 in this case. If ¢ = 0, we continue simplifying the
matrix into row echelon form:
1 0 -1 2 10 -1 2
ot 2 =21 00 2 =2
oo 1 -1 00 1 -1
00 0 0 00 0 O
10 -1 2
00 1 -1
“loo 0o o
00 0 O

This has two leading ones, thus dim U; = 2 in this case.

We now consider ¢ = 1. The subspace U := U; then has a basis
consisting of the non-zero rows if the matrix above, i.e., it has a
basis consisting of the vectors

(1,0,-1,2),(0,1,2,-2),(0,0,1,—1).

In order to determine a basis of W, we form the matrix associated
to these homogeneous equations, which is

1110W1110
1 0 0 -3 o -1 -1 -3 )~
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This has two columns not having a leading one, namely the last two.
These are the free variables, say x3 = a, x4 = b for a,b € R. To
determine a basis of W, we therefore have to consider the system

$1+£C2+CL=O
To+a+3b=0

This gives x5 = —a — 3b, and x; — 3b = 0 so that x; = 3b. Thus, a
basis of W is given by the two vectors

(0,—1,1,0) and (3,-3,0,1).

In order to determine U n W, consider a generic vector of U, i.e.,
one of the form

v =a(1,0,-1,2) + b(0,1,2, —2) + ¢(0,0, 1, —1)
= (a,b, —a + 2b + ¢,2a — 2b — ¢).

We require it to satisfy the equations describing W:

a+b+(—a+2b+c)=0
a—3(2a —2b—c)=0.

Simplifying these expressions gives the system

3b+c=0
—ba + 6b + 3¢ = 0.
Therefore ¢ = —3b, plugging this into the second equation gives,
after simplifying, —b5a — 3b =0 or a = —%b. Thus, our vector v € U
belongs to W precisely if it can be written as
3 3 3 6
—gb(l, 0,—1,2) +b(0,1,2,—-2) + (=3b)(0,0,1, —1) = (_Eb’ b, Sb + 2b — 30, —gb —2b+ 3
3 2 1
( 5’ ) 57 5)7
where b € R is arbitrary. Thus, a basis of U n W is this vector
3 2 1
——,1,—=,—=).
( 5’ ) 5? 5)

In particular, dimU n W = 1.
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Solution of Exercise 3.30: The map f is given by multiplication
with the matrix, which we bring to row echelon form by elementary
row operations

0o -1 2 2 0o -1 2 0 0 0 0 O
1 0o -1 2 ~ -3 6 0 4 ~ 0 0 0 1
-5 1 2 =3 -8 1 2 =3 -2 1 2 =3

It has 2 leading ones in the first two columns, soim f = L((0,2,—1,1),(—1,1,2,2))J]
The third variable z is a free variable, and ker f = L(—1,2,1).

The space W defined by the equation x — 3x3 = 0 is the kernel
0
of the matrix _13 , which gives (for example) three free variables
0
x1, X3, 24, and accordingly a basis consisting of (1,0, 0,0), (0,3, 1,0), (0,0,0,1).J]
We have dim W = 3.
An element in U = im f is a linear combination of the first
two column vectors, so of the form (—b,2a + b, —a + 2b, a + 2b), for
arbitrary a, b € R. This lies in W precisely if 2a+b—3(—a+2b) = 0,
i.e., if ba —5b = 0 or if a = b. A basis of U n W is then given by
choosing, say, a = 1, and U n W = L(-1,3,1,3).
We know dim U+ W = dim U+dim W —dim(UnW) = 2+3—1 =
4. So, for example, the three basis vectors of W, together with any
u € U\W will form a basis. Thus, (1,0,0,0),(0,3,1,0),(0,0,0,1),(0,2,—1, 1)}
forms a basis of U + W. (Note the last vector is not in W since its
does not satisfy the equation xy — 3z3 = 0.)

In order to check when (a,4,3,b) is in the image, we form the
matrix corresponding to the linear system:

0 —-1]a 0 -1 a
2 1 |4 0 —3|4—2
-1 21031710 4/|0b+3
1 2|0 1 2 b

This shows that 4 — 20 = 3a and 4(4 — 2b) + 3(b + 3) = 0, ie.,
25 —bb=0,s0b=>5and a = —2.
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C.4 Linear maps

Solution of Exercise 4.9:  Recall that ker f = {( o ) €

T2
. 0
R? | f(( xl )) = | 0 |}. Thus a vector is in the kernel pre-
2
0
cisely if it is a solution of the homongeneous system
1+ 22, =0
To = 0
3I1 + 51’2 = 0.

Solving this system gives x5 = 0, then z; = 0. Thus, ker f =
(o)
o |

For the second question, recall that im f consists precisely of

a a

those vectors | b | that are of the form | b |=f (( il >) for

2
c c

some x1, 2 € R. Thus, the question amounts to this: do there exist

x1, 29 € R with

. T1 + 229 1
f(( xl )) = Ty =10 I
2 3.751 + 5]32 3
Again, this leads to a linear system:
T+ 215 =1
Ty = 0
3x1 + dxo = 3.

The first two equations give x5 = 0, 1 = 1. This also satisfies the
1

last equation, so the vector | 0 | is indeed in the image, because
3
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Solution of Exercise 4.10: To determine the kernel of f, one
has to solve the homogeneous system

21’2—ZL’Q+1’3+ZL’4=0
5r9 — 3x3 — dxy =0
3x1 — 4xy + 33 + 44 = 0.

For the second task, one has to solve the non-homogeneous sys-
tem

2$2—$2+£IZ’3+LE4=1
5$2—3I3—5ZE4 =-3
3$1—4$2+31’3+4$4 = 3.

This solution set is not a subspace, since the zero vector

o O O

0
not a solution for the system: the left hand side of all three equations
is 0, while the right ones are not.

Solution of Exercise 4.11: We compute the rank using Gaussian
elimination:

1 3 -1 2 1 3 -1 2
A=15 1 1 |~-{0 2 2 -1
2 4 t 5 0 -2 t+2 1

1 3 -1 2

~lo0o2 2 —

0 0 t+4 0

1 3 -1 2

o1 1 -1

0 0 t+4 0

If t # —4, then we can further divide the last row by t +4(% 0), and
the rank is then 3. For t = —4, the rank is 2.
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For the second task, the system we are considering here is

I1+3$2—LE3+2$4=1
T1+0%0 + 23+ T4 =«
2$1+4I2—4I3+5$4 = 0.

For the last task: the rank of A; is at most 3. Thus, dimim f < 3,
and therefore

dimker = dimR* — dimim f >4 -3 = 1.

This means that, for all ¢, the kernel of f is not just consisting of
the zero vector, hence the answer to the question is no.

Solution of Exercise 4.14: To determine a basis of ker f and of
im f, we bring A into row echelon form:

2 -1 -2 1 0 -3 =2 0
-1 0 1 -3 0 1 £ 0
A= - 2 |~ 2
1 1 32 4 1 1 -1
0o 2 1 0 0 2 1 0
L1

Lo 1 5 0

0 -3 =2 0

0 2 1 0
11—

01 3 0],

~1 0o & o |=B
00 0 0

According to Proposition 4.32, tk A = dimim f equals the number
of columns (of B) with a leading 1, i.e., dimim f = 2. A basis of
im f is given by the columns of A corresponding to these columns
of B, i.e., the first two columns. Thus, a basis of im f is given by
the two vectors (2,—1,1,0) and (—1,0,1,2). To determine a basis
of ker f, the third and fourth columns correspond to a free variable,
i.e., we can choose x3 = a, x4 = b with a,b € R arbitrary. We obtain
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the equations

+ ! + 1b =0
I ) 2@ 2 —
1
Ty + 5@ = 0.
This gives z2 = —3a and ;1 = a — 3b. Therefore,
1 1
ker f = {(a — §b,—§a,a,b | a,be R}
1 1
— {a(l,—§,1,0) +b(—§,0,0,1) | a,be R}
1 1
= L((lv_ia170)7(__70,0,1>>.

2

These two vectors form a basis of ker f.
In order to determine im f n ker f, we need to consider elements
of
im f={a(2,-1,1,0) + b(—1,0,1,2) | a,b e R}

that also belong to the kernel, i.e., the vector (2a — b, —a, a + b, 2b)
must lie in ker f. This means that

2a — b
—a
a-+b
2b

0

0

4 1 0
0

Again we use the row-echelon form of A, computed above. So this
system is equivalent to

2a —b 11 -1 4 2a —b 0
—a 0 1 % 0 —a 10
a+b 00 0 O a+b 0
2b 00 0 O 2b 0

This gives the two equations
1 1
(2a —b) + (—a) — §(a +b) + 5(26) =0

1
—a+§(a+b)=0.
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This simplifies to

This is equivalent to the condition a = b. Therefore,

ker f nim f = {a(2,-1,1,0) + a(—1,0,1,2) | a € R}
={a(1,-1,2,2) | a e R}
= L((1,-1,2,2)).

That is, the vector (1,—1,2,2) is a basis of ker f nim f.

Solution of Exercise 4.16: We have v; = (1,1,0), and compute

2 -1 0 1 1
=1 0 2 1= 1|,
0 2 -1 0 2
2 -1 0 1 1
=1 0 2 1 =15
0 2 -1 2 0

In order to confirm that they form a basis, we apply Method 3.44
and Method 3.53 by forming the associated matrix and bringing it
into row echelon form:

1 1 0 1 1 0
1 1 2 |~ 0 1 2
1 5 0 —4 0 0
1 1 0
~1 0 1 2

0 4 0

1 1 0

~ 1 0 1 2

0 0 -8

1 1 0

~ 1 0 1 2
0 0 1
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This matrix has three leading ones, so that the vectors do form a
basis.

2 -1 0 1 -3
We compute vy = f(vs)=| 1 0 2 5 | = 1
0o 2 -1 0 10
The equation vs = a1v1 + asve + agvs is the linear system
ay+ as + a3 = —3
aq + a9 -+ 5(13 =1
2ao = 10.
We solve this: the last equation gives as = 5, which leads to
ap +5+az3=—3
ay + 5+ 5@3 = 1.
Therefore
a; + az = —8
a + dag = —4.
This can be solved to a3 = 1 and a; = —9. Thus, (a1, as,a3) =

(1,5,—9) are the coordinates of v, in the basis vy, vg, vs.

We now determine the matrix of f with respect to the basis
v1, U2, v3 (both in the domain and the codomain of f). We therefore
write each f(v;) as a linear combination of these three vectors:

f(’Ul) = vy = 0vy + 1vg + Ovg
f(UQ) = V3 = 0U1 + O’UQ + 11)3
f(vg) = vy = —=9v1 + By + vs.

According to Proposition 4.43, the matrix of f with respect to
V1, Vg, U3 18

-9

5

1

o = O
e )

Solution of Exercise 4.17: The matrix for f is

-1 0
AZ(Q1 a9 asg CL4)= 0

10
01
1 0 0

—1
-1
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To compute the image of f, we bring this matrix into row-echelon
form:

-1 0 1 0

A~ 0 -1 0 1
0 -1 1 0

-1 0 1 0

~s 0 -1 0 1

0 0 1 0

After multiplying the first two rows with —1, we get a matrix with

three leading ones. Therefore dimim f = 3, which implies that

im f = R3. This tells us that dimker f = 1, so ker f is generated by
1

any non-zero vector in it. An example of such a vector is _11 ,

-1

which therefore constitutes a basis of ker f.

Solution of Exercise 4.18:
(1) f5 and f5 are not linear (f(a + b) # f(a) + f(b) for most a and
b). The remaining ones are linear.

(2)

For the linear maps fi, f4, f5, this can be checked by forming
the matrix of these maps with respect to the standard bases and
bringing it into row echelon form.

(3) According to the rank-nullity theorem, we see that f; is injective,
f4 is bijective (i.e. sujective e injective) and f5 is bijective.
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Solution of Exercise 4.27: We write any vector v = (a,b) =
a(1,0) + b(0,1) = aey + bes in terms of vy, vy:

v =av; + fue = a(l,-3) + 5(2,1).

As an example, if v = (0,6), then (0,6) = «(1,—3) + 3(2,1) gives
the linear system

0=a+2p3
6 =—3a+ 0.
This can be solved as 8 = g and o = —1—72. Thus, we can write
12 6

v = (0’6)(61762) = (_7a ?)(Ul,vz)a

where the subscripts indicate that the coordinates are with respect
to the standard basis, resp. to the basis vy, vs.

We now determine the base change matrix. We have to write
the matrix of the identity map in terms of the standard basis in the
domain, and the basis vy, vo in the codomain:

e = (1,0) '—>1d(€1) = (1,0) = 1V1 + QioV2
€y = (0, 1) *—>1d(€2) = (0, 1) = 51111 + 621}2.

The base change matrix is then the matrix
ar b
ay P2 )
We can compute oy etc. similarly as above:
1=a;+ 2a9
0= —-3a1 + as

We solve this as o = %, Qg = % As for By, (2, the relevant system
is

0=/p1+ 26,
1= =361+ 52
whose solution is ff; = —%, by = % Therefore, the base change

matrix 1s

-

ENI[SEN g

2
i)
7
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We compute the coordinates of (2, —5) in terms of the basis vy, vo:

(5)-00 ) (5)=(1)

Thus, the coordinates of (2, —5) with respect to the basis vy, vy is
(% 7).

Solution of Exercise 4.28: We have, for example,
id(vl) =V = (1,0, —1) =1- e+ 0- €2 + (—1) - €3.

Likewise for v, and v3. Therefore, the base change matrix is

1 2 -1
0 1 -1
-1 1 7

Solution of Exercise 4.30: We follow the given hint, and first
compute H. We have

vy v = (1, —1) = e; — e,

Vg V9 = (3, —1> = 361 — €9.

1 3
-1 -1

We now compute the base change matrix K from the standard
basis to the basis v = {vy, ve, v3}:

Thus H = (

er = (1,0,0) — (1,0,0) = ayv; + v + azv3.
Plugging in the values of vy, v, v3, this gives the linear system

1 =01+ 209 — a3
02042—043

O=oz1+oz2—oz3.

This has the solution a; = 0, ap = 1, ag = 1. Similarly, if instead
of e; = (1,0,0), we consider e; = (0,1,0), the constants in the
above system change accordingly to 0, resp. 1, resp. 0 in the three
equations above. The solution is then oy = 1, ap = —2, ag = —3.
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Similarly, for e3, we obtain the solution a; = 1, ap = —1, az3 = —1.

Hence
0 1 1

K = 1 -2 -1
1 -3 -1

We compute

0 2 1 L3
KAH=|1 —2 -1 |- | 0 1 -(_1 _1)

1 -3 -1 -3 1

0

1

1

Solution of Exercise 4.32: We follow the solution of Exer-
cise 4.30, see above:

id f id
R? — R? vy R? — R2.

We have H = (
then

1 ) One computes K = < _21 )—11 and

(481
(3
:<gg).

Solution of Exercise 4.33: For the given matrix A, the system
Ax = x is written out like so:

1
2

T3 = T
To = T2

Iy = I3.
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The second equation holds for all x, and the first is equivalent to
the third. Therefore, the system is equivalent to the one consisting
of the single equation

Tr1 — T3 = 0.

This corresponds to the system
Bzx =z,

where B = (1 0 —1) is the corresponding 1 x 3-matrix. This matrix
has rank 1, so that the solution space is two-dimensional, given by

L((1,0,1),(0,1,0)).

Solution of Exercise 4.34: We write out the given system

1 0 0 T Iy
0 4 2 Ty | =0 @2
0 2 1 T3 T3
as
1 0 0 5 0 0 1 0
04 2 |- 050 g |=1 0
0 2 1 0 0 5 T3 0
This simplifies to
-4 0 0 1 0
0o -1 2 g |=1{( 0 |,
0 2 —4 T3 0
_B

which can be solved by bringing B into row-echelon form:

1 0 0
B ~~ 0O 1 -2
0 0 O

Thus z1 = 0, o = 223 and z3 is a free variable. Thus the solution
space of the given system is

L((0,2,1)).
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Solution of Exercise 4.35: We proceed the same way as for
Exercise 4.30 (see its solution above):

. A .
R2 L R?2 f— R2 L R2

Here H is the base change matrix from v to the standard basis
e = {e1 = (1,0),ea = (0,1)}. The base change matrix from e to v

is then H~!. From the given vectors we have H = < ? (1] ) We

compute the inverse H~! using Theorem 4.80:
2 0|1 0 - 1 1]0 1 - 1 1 ]0 1
1 110 1 2 0|1 0 0 —2]1 -2

2
(1o 1y (10
0 1]—3 1 0 1

=({id | H™).

10
Thus, H! = ( 4 1 ) Therefore the requested matrix of f is

2

10 3 0 2 0 10 6 0

-1 - 2 - 2
o= (2 5)(3 ) (1) - (5 1)(6

0

(3 0)

Solution of Exercise 4.37: This can be done as for Exercise 4.35
above. The final solution is

-2 0 0
0 2 0
0 0 -1

Solution of Exercise 4.38: One computes this solution space as
L((~1,2,3)) = L((1,~2,-3)).

According to Theorem 3.67(2), this vector [ = (1,—2,—3) can
be completed to a basis of R? by picking any basis vq, vs, v3 of R3.
Then it is possible to find two of these three vectors which together
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with {; will form a basis of R3. We pick the standard basis, v; = ea,
vy = e9 and v3 = e3. We check that [q, es, e3 form a basis. Indeed,
the matrix whose rows are these vectors,

1 -2 -3
0o 1 0 |,
0 0 1

is a row-echelon matrix with three leading ones, so its rank is 3.
We compute the matrix of f with respect to this basis v =
{lla €2, 63}:

3 id 3 f 3 id 3
Rg—>Re—>R§—7>Rv.
H A H-1

We have
1 0 0
H= -2 1 0
-3 0 1

We compute the inverse using Theorem 4.80:

1 001 0 0 10 0[1 0 0
—2 1 0[0 1 0 |~|0 10210 |=(@dH™).
3 0 1[0 0 1 00 130 1

Hence the matrix for f with respect to the basis v is

3 -1 0
H'YMH=[ 0 0 1
0 -2 3

Remark C.3. The choice of the two vectors e; and e3, in addition
to [y above, is arbitrary. To begin with, one may choose a different
basis (other than the standard basis) to complete [; to a basis. Even
if one takes the standard basis, for this particular value of Iy, any
two of the three vectors eq, €3, e3 together with [; would form a basis.
The resulting base change matrix H will then be different, and also
the result H'AH will be different.

Solution of Exercise 4.39: The vectors

v = {Ul = (1707 1)77}2 = <0a37 _1)7U3 = (0707 1)}
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1 0 1
form a basis of R? since the corresponding matrix | 0 3 -1

0 0 1
has rank 3. Hence we can compute the matrix of f with respect to
that basis as follows:

f(v1) =0 = 0vy + Ovy + Ovg
f(UQ) = V2 = 0vy 4+ 1vy + Ovg
f(?]g) = (07 07 2) = 2u3 = 0vy + Ovg + 2v3.

Therefore the matrix of f with respect to that basis is

A —

o OO
o = O
N OO

As before, we compute that matrix of f with respect to the standard
basis using the method above:
v €

R34 RS L, R34, RS,

The base change matrix K is easily read off:

1 0 O

K= 0 3 0

1 -1 1

We compute the inverse K '

1 0 01 0 O 1 0 0} 1 0 O
0O 3 0|0 1 0 |~ 0O 3 00 1 0
1 -1 1]0 0 1 O -1 1/—-1 0 1
1 0 0|1 0 O
~|0 1 0[0 Lo
0O -1 1,-1 0 1
1 0 01 0 O
~> 0 1 0| O % 0
00 1/-1 11
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Therefore the requested matrix is the product
1 0 0 0 0 0 1 0 0
KAK'=( 0 3 0 0 1 0 0 % 0
1 -1 1 0 0 2 -1 11
1 0 0 0 0 0
=1 0 3 0 0 %0
1 -1 1 -2 2 2
0 0 0
= 0 1 0
1
-2 % 2

Solution of Exercise 4.41: 1t is convenient to observe

T 5 0 0 T
50 z2 |=1 0 5 0 |5| =z
I3 0 0 5 I3
Thus the given system can be rewritten as
1 0 0 x1 5 0 0 X1
0 4 2 i) = 0 5 0 i)
By Lemma 4.59, this is the same as the system
1 0 0 5 0 0 1 0
0 4 2 0 5 0 e |=1 0
0 2 1 0 0 5 x3 0
-4 0 0
The left hand matrix equals 0 —1 2 ]. From here, one can
0 2 -4

use the standard method to solve the linear system. (As a forecast
to §5, one can note that the determinant of the latter matrix is 0,
so that the matrix is not invertible. Hence the system above has
non-zero solutions. )

Solution of Exercise 4.43: Consider the vectors v; = (1,0, —1),
vy = (1,1,0), v3 = (1,0, -2) € R?.
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We have f(v1) = (3,0,—5) = v + 2v3, f(v2) = 209 and f(vs) =

(5,2,—5) = v1 + 2vy + 2v3. Therefore the matrix A with respect to
the basis v := (v, v, v3) in the domain and the codomain is

A=

N O =
O N O
DO = =

In order to to compute the matrix B with respect to the standard
basis of R3, we express the standard basis vectors e, e, e3 as linear
combinations of the vy, vy, v3, then compute f(ey) using the linearity
of f. We have

61=2U1—1)3
€2=U2—€1=—2U1+U2+’U3

€3 = U1 — V3.

This implies

f(€1>_2f(vl) f(3)—( 0)‘( 5):( 2—5)
fle2) = =2f(v1) + f(v2) + ( 3) = (— 6010)+( ) (5,2,-5) =
fles) = f(v1) = f(vs) = (3,0,=5) = (5,2, -5) = (-2, -2,0).
Therefore
1 1 -2
B = -2 4 =2
-5 5 0

A slightly different way to solve this is to observe that the matrix
of f with respect to the basis v in the source and the standard

3 2 5
basis e in the target is C' = 0 2 2 |. We consider the
-5 0 =5
1 1 1
matrix H = 0 1 0 whose columns are the three vectors
-1 0 =2

v;, 1.e., the base change matrix from the basis v to e. Compute the

inverse of this matrix, for example using Theorem 4.80. This gives
2 =2 1

H! = 0 1 0 ]. This is the base change matrix from e
-1 1 -1

(1,4,5)
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to the basis v. Then B = CH™': R} 1;_(}1 R} —é» R}, which confirms
the above computation. Likewise A = H~'C, corresponding to
R3 % R3 51»1 R3, which confirms the above computation.
v e o1

The kernel and image of f can be computed by bringing B into
row echelon form. The result is ker f = {(z,z,z)|z € R}, i.e., it is
1-dimensional and has as a basis vector (1,1,1). We have im f =
L((1,4,5),(1,-2,-5)).

For the last part, we form the matrix

1 1 -2 3 1 1 =2 3 1 1 =213
-2 4 =2| 1 ~1 0 6 -6 |t+6 |~ 0 O 0 |t
-5 5 0 | -5 0 10 —-10| 10 01 —-1]1

and bring it into row echelon form as shown above. We find that it
has rank 2 (the same as the rank of B), if and only if ¢ = 0. and
74(3,0,-5)) = {(z,z — 1,z — 2)|x € R}.

These computations can also be performed with any computer
algebra software, such as Wolfram Alpha:

e https://www.wolframalpha.com/input?i=Inverse’28%28%281%}

2C1%2C1%29%2C%280%2C1%2C0%29%2C%28-1%2C0%2C-2%29%2971
29 (compute the inverse of H)

e https://www.wolframalpha.com/input?i=%28%283%2C2%2C5%}
29%2C%2807%2C2%2C2%29%2C%28-5%2C0%2C-5%29%29* Inverse’ll

28%28%281%2C1%2C1%29%2C%280%2C1%2C0%29%2C%28-1%2C0%2C-2%1
29%29%29 (compute H1C)

e https://www.wolframalpha.com/input?i=kernel’,28%281%2C1%}
2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29, https:|]
//www.wolframalpha.com/input?i=column+space’28%281%2C1%]
2C-2%29%2C%28-2%,2C4%2C-2%29%2C%28~-5%,2C5%2C0%29%29 (com-|
putation of kernel and image of f)

e https://www.wolframalpha.com/input?i=Solve%28%287%281%}
2C1%2C-27%29%2C%28-27,2C4%,2C-2%29%2C%28-5%2C5%2C0%29%29* 7}
28x%2Cy%h2Cz%29%3D%283%2Ct%2C-5%29%29 (compute the preim-J
age of a vector)

Solution of Exercise 4.44: We form the matrix of f and bring
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https://www.wolframalpha.com/input?i=%28%283%2C2%2C5%29%2C%280%2C2%2C2%29%2C%28-5%2C0%2C-5%29%29*Inverse%28%28%281%2C1%2C1%29%2C%280%2C1%2C0%29%2C%28-1%2C0%2C-2%29%29%29
https://www.wolframalpha.com/input?i=%28%283%2C2%2C5%29%2C%280%2C2%2C2%29%2C%28-5%2C0%2C-5%29%29*Inverse%28%28%281%2C1%2C1%29%2C%280%2C1%2C0%29%2C%28-1%2C0%2C-2%29%29%29
https://www.wolframalpha.com/input?i=kernel%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29
https://www.wolframalpha.com/input?i=kernel%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29
https://www.wolframalpha.com/input?i=column+space%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29
https://www.wolframalpha.com/input?i=column+space%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29
https://www.wolframalpha.com/input?i=column+space%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29
https://www.wolframalpha.com/input?i=Solve%28%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29*%28x%2Cy%2Cz%29%3D%283%2Ct%2C-5%29%29
https://www.wolframalpha.com/input?i=Solve%28%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29*%28x%2Cy%2Cz%29%3D%283%2Ct%2C-5%29%29
https://www.wolframalpha.com/input?i=Solve%28%28%281%2C1%2C-2%29%2C%28-2%2C4%2C-2%29%2C%28-5%2C5%2C0%29%29*%28x%2Cy%2Cz%29%3D%283%2Ct%2C-5%29%29
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it to row echelon form:

1 -1 2 1 -1 2 1 -1 2
-2 3 -1 - 0 1 3 - 0 1 3
0 1 3 0 1 3 0 O 0
-1 3 t 0 2 t+2 0 0 t—4

The dimim f equals the rank of that matrix, which is 2 if £ = 4 and
3 otherwise.

For no t € R, f is surjective, since dimim f < 3, but it would
need to be 4 for f to be surjective. For ¢ # 4 it is injective. Indeed,
the rank-nullity theorem (Theorem 4.26) asserts that dimker f =
3 —dimim f, which is 0 for ¢ # 4.

Fort = 4, we have ker f = L(—5,—3,1)andim f = L((—1,3,1,3),(1,-2,0,

We have w ¢ im f for all t € R. This can be shown by forming
the augmented matrix

1 -1 2 |1 1 -1 2|1 1 -1 2
-2 3 —-1]1 — 0 1 313 — 0 0 O
0 1 310 0 1 3]0 0 1 3
-1 3 t |1 -1 3 t|1 -1 3

and the underlined entry 3 shows w ¢ im f.

For t = 0 we have seen above that dimim f = 3. By Theo-
rem 3.67, a basis vy, vy, v3 of im f(< R*) can be extended to a basis
of R*, say vy, v, v3, v4. By Proposition 4.39, there is a unique linear
map ¢ : R* — R3 such that g(v;) = e; (for i = 1,2, 3, and e; denotes
the i-th standard basis vector of R?, and g(vy) = 0 (or any other
vector in R3). Then g(f(x)) = x for any z € R3.

C.5 Determinants

Solution of Exercise 5.5: According to Proposition 5.17, the
determinant equals 3 - 4 - 5 = 60.

Solution of Exercise 5.6: Both matrices are non-invertible,
since the rows are not linearly independent. Thus they both have
determinant O.

— oW

-1))1
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C.6 Eigenvalues and eigenvectors

Solution of Exercise 6.5: The condition ker f = L((1,1,1))
implies that f(1,1,1) = (0,0,0), which we can also rewrite as

f(1,1,1))=0-(1,1,1).

Thus, this vector is an eigenvector for f, with eigenvalue 0. We
therefore have three eigenvectors as follows:

v1 = (1,0,1) — 2(1,0,1)
vy = (2,0,-3) — —1(2,0,-3)
vy = (1,1,1) — 0(1,1,1).
We check that these three vectors form a basis of R? (note that this

is therefore an example of an eigenbasis). To this end, we compute
the rank of

1 1 0 1
-3 |~10 0 =5
1

1
2
1 1 0 0

_ o O

This implies that the matrix has rank three, and therefore the three
vectors form a basis of R?. The matrix of f with respect to the
basis v = {vy, vg, v3} is

2 0 0
0 -1 0
0 0 0

In order to compute the matrix of f with respect to the standard
basis e = {e1, 3, €3}, we use the usual diagram:

id f id
S SRS R} 5 R}
= 2 0 0 - K1 =
0 -1 0
0 0 o0

¢ K
It turns out that K~! is easier to compute than K. It is given
by expressing the v; in their coordinates in the standard basis vec-
tors, e.g. vy — id(vy) (1,0,1) = ley + Oes + leg. This im-

1 2 1
plies K1 = 0O 0 1 We can use this to compute K =
1 -3 1
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(K~H™1), cf.(4.71). This inverse (of K~') can be computed using

3 -5 2
Theorem 4.80, which gives K = % 1 0 —1 |. Then, one
0 5 0
computes the product
2 0 0 1 4 —-10 6
K*'l 0 -1 0 |K==|0 0 0
0 0 0 >\ —10 1

This is the basis of f with respect to the standard basis.

This is a typical example of the situation that one basis of R?
may be more adapted to describing a linear map than another one.
An eigenbasis, such as vy, v9, v3 gives a particularly simple matrix.

4—t
Solution of Exercise 6.7: We have det(A,—tid3) = det a
—2
We compute the determinant by developing the first row (Proposi-
tion 5.20), which gives

det(A, — tids) = (4 — O)[(2—t)(=2 — )] + 4[2(2 — 1)]
=(@-1)2-1)(-2-1)+8(2-1)
= (t=2)[(4-0)(2+1) - 8]
= (t—2)[8+2t —t* —§]
= (t — 2)(—t* + 2t)
= —(t—2)%.

The roots of this polynomial, i.e., the eigenvalues are 2 and 0 (re-
gardless of the value of a). The exponent of ¢ — 2 in the above
polynomial is 2, the one for ¢ is 1. This implies that

<lforallteR
im Fy < 2 for all t € R.

According to Method 6.15, A, will be diagonalizable precisely if
dim Fy = 2. We compute E, by bringing A, — 2id into reduced row
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echelon form:

4—2 0 4 2 0 4 2 0 4
a 2—2 a = a 0 a ~ a 0 a
-2 0 —2-2 -2 0 -4 0 0 0
1 0 2 1 0 2
~ a 0 a |~ 0 0 a—2a

0 0 0 0 0 0

1 0 2

= 0 0 —a

0 0 O

This matrix has rank 1, or equivalently dim £y = 2, if and only if
a = 0. Thus, the matrix A, is diagonalizable precisely if a = 0.
The second part of the exercise then has only to be done for a = 0,

4 0 4
ie. A:= Ay = 0 2 0 |. This can be dealt with as in the
-2 0 -2

previous exercises.

Solution of Exercise 6.11: If A and B represent the same map,
then A = PBP~! for some invertible matrix P. This implies that
det A = det Pdet Bdet P~! = det B. In short, A and B have to
have the same determinant. This is true: det A = det B = 9.

In addition A and B have to have the same characteristic poly-
nomial:

xa(t) = det(A — tid)
1-t¢ 0 2

= det 0 33—t 0
0 0 3—1

=(1-1)B-1t)
= det(B —tid) = xp(t).

Again, this is true.

Finally, the dimensions of the eigenspaces of the eigenvalues (1
and 3) need to be equal. For A, the eigenspace E; 4 for the eigen-
value A = 1 has dim F; 4 = 2 (as one computes!). For B instead,
dim Ey p = 1. Therefore A and B do not represent the same linear
map.
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Solution of Exercise 6.12: The matrix A has eigenvalues 1
and 2. The eigenspace Ey = L(1,0,0) and Ey = L(1,1,0). Their
dimensions sum up to 2, which is strictly less than 3, so that A is
not diagonalizable.

The matrix A2 therefore has 2> = 4 as an eigenvalue. Since
similar matrices have the same eigenvalues, A is not similar to A%

Solution of Exercise 6.13: We first check that vy, vs,v3 are a
basis of R?. Indeed, one can compute

1 0 1
det| 1 1 1 |=1=%0,
1 1 2

so the rank is 3 and the vectors form a basis.

The condition that vs be an eigenvector for the eigenvalue 4
means f(v3) = 4vz = (4,4,8). Acccording to Proposition 4.39, there
is a unique linear map f whose value on vy, vo, v3 is prescribed.

We now compute A. We have to express f(v;) as a linear combi-
nation in terms of vy, vq, v3:

F(v1) = (0,0,0) — Ovy + Ovs + Ous
f(ve) = (1,0,3) = avy + bug + cus
f(’U3) = (4, 4, 8) = Ovy + Ovy + 4U3.

We compute a, b, c above by solving the system
(1,0,3) =(a+b+c,b+c,a+ b+ 2c).
Thus b = —c¢, 1 = a and then ¢ = 2. Thus

0 1 0
A=10 -2 0
0 2 4

In order to compute B we could use the base change matrix, but it
is also possible to compute B directly. We will express the standard
basis vectors (1,0,0) as a linear combination of the vy, vq, v3:

avy + bvy + cvs = a(1,0,1) + b(1,1,1) + ¢(1,1,2)
=(a+b+c,b+c,a+b+2c).
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Thus, the equation (1,0,0) = avy + bvy + cvg amounts to the linear
system

l=a+b+c

0=b+c

0=a+b+2c
One solves this: a = 1, b = 1, ¢ = —1. Similarly, one solves the
linear system (0,1,0) = av; + buy + cvz. Its solution is a = —1,

b =1, ¢c = 0. Finally, for (0,0,1) = av; + bvy + cvs one gets the
solution a =0, b= —1, c = 1.
Thus, since f is linear (!), we have

f(l, 0, O) = f('Ul + Uy — ’03)

flor) + f(v2) — f(v3)
— (0,0,0) + (1,0,3) — 4(1,1,2)
(

— (=3, —4,-5).
Likewise
f(O, L, ) f(_vl + UQ) = _f(vl> + f(?)z) (17 73)
f(0,0,l):f(_U2+U3):_f(U2)+fUg): ) 75)

Therefore (writing f(1,0,0) as the first column etc.), we get

-3 1 3
B=| -4 0 4
-5 3 3

The vector v; belongs to the image precisely if is a linear combina-
tion of the vectors f(v1) = 0, f(ve) = (1,0,3) and f(v3) = (4,4, 8).
This translates into the linear system

a+3b=2
4h =t
3a + 5b = 5.

One solves the first and third equation to a = %, b= }L. Therefore,
the system has a solution precisely if t = 1. (Alternatively, one may

also solve the linear system B( v ) = ( : ))

5
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Solution of Exercise 6.14: The matrix A is invertible precisely
iff det A = 0. We compute the determinant, for example using
Sarrus’ rule, as det A = 0 — 24 + 6t — 10t — 0 + 30 = 6 — 4¢. Thus,
the condition det A = 6 — 4t = 0 amounts to t = % The matrix A
is therefore not invertible precisely if ¢ = 2.

0o 2 2
We compute the eigenvalues of A = -3 —5 6 | by com-
-2 =2 5

puting its characteristic polynomial. It is given by
Xxat)=thb+t)(b—t)—24+12+4(-5—t)— 12t + 6(5 — 1)
=—t3+3t—2.
One zero of this polynomial is t = 1. Dividing the above polynomial
by t — 1 gives —t? — t + 2, which has zeroes 1 and —2, respectively.
Thus
Xalt) = —(t = 1)*(t +2).
The eigenvalues of A are therefore A =1 and A = —2.

We compute the eigenspaces by bringing A — Aid into row echelon
form

2 2 2 11 1
A—(=2id=| -3 =3 6 |~ [ 1 1 —2
—2 -2 3 2 2 -3

11 1 1 1 0

~1001|~|010

0 0 1 00 0

This matrix has rank 2, and its kernel is thus 1-dimensional. It is
spanned by (1, —1,0). Similarly

-1 2 2 1 -2 -2
A—id = -3 -3 6 |~ 0 1 0
-2 =2 4 0 1 0

1 0 -2

~1 0 1 0

0 0 0

This again has rank 2, so that the eigenspace F is again 1-dimensional.]
It is spanned by (2,0, 1).
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Since v = (2,0, a) was requested to be an eigenvector, it will be in
one of the two eigenspaces. One sees it must lie in Ey, and (2,0, a)
lies in Fy precisely if a = 1. Thus v = (2,0, 1), and its eigenvalue is
1.

The matrix A is not diagonalizable, since dim Fs +dim F; = 2 <
3.

The matrix A is not similar to A2 since similar matrices have the
same determinant. Above we computed det A = 6 — 4t, so for t = 2
we have det A = —2, so that det A% = (—2)? = 4 # det A.

These computations can also be performed using any computer
algebra software such as Wolfram Alpha:

e https://www.wolframalpha.com/input?i=Characteristic+}j
polynomial+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C}
28-2%2C-2%2C5%29%29 (characteristic polynomial)

e https://www.wolframalpha.com/input?i=Ker+%28+%28%2807%]
2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-27,2C-27,2C5%29%29+}
-+%28%281%2C0%2C0%29%2C%2807%2C1%2C0%29%2C%280%2C0%2C1 71
29%29%29 (eigenspace)

Solution of Exercise 6.15: The kernel of A is different from {0}
precisely if A is not invertible or, equivalently, if det A = 0. For
example using Sarrus’ rule, we have det A = 2t — 6, so t = 3.

For t = 3, we have x4(t) = —t3 + 6t — 8t = —t(t* — 6t + 8) =
—t(t — 2)(t — 4). The eigenvalues are then 0, 2 and 4.

The eigenspaces are Fy = ker A = L(1,-5,2), Fy = ker(A —
2id) = L(1,1,0) and E; = ker(A — 4id) = L(—1,1,2). The matrix

1 1 -1
P = =5 1 1 (whose columns are the three eigenvectors
2 0 2
0 0 0
comprising an eigenbasis) is then such that PAP~' = 0 2 0
0 0 4

If B satisfies xp(t) = xa(t) = —t(t —2)(t —4), its eigenvalues are
0, 2 and 4. These are 3 distinct eigenvalues (i.e., equal to the size
of the matrix), so B is diagonalizable.

Solution of Exercise 6.16: We compute det A = —4t — 2, this


https://www.wolframalpha.com/input?i=Characteristic+polynomial+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-2%2C-2%2C5%29%29
https://www.wolframalpha.com/input?i=Characteristic+polynomial+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-2%2C-2%2C5%29%29
https://www.wolframalpha.com/input?i=Characteristic+polynomial+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-2%2C-2%2C5%29%29
https://www.wolframalpha.com/input?i=Ker+%28+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-2%2C-2%2C5%29%29+-+%28%281%2C0%2C0%29%2C%280%2C1%2C0%29%2C%280%2C0%2C1%29%29%29
https://www.wolframalpha.com/input?i=Ker+%28+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-2%2C-2%2C5%29%29+-+%28%281%2C0%2C0%29%2C%280%2C1%2C0%29%2C%280%2C0%2C1%29%29%29
https://www.wolframalpha.com/input?i=Ker+%28+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-2%2C-2%2C5%29%29+-+%28%281%2C0%2C0%29%2C%280%2C1%2C0%29%2C%280%2C0%2C1%29%29%29
https://www.wolframalpha.com/input?i=Ker+%28+%28%280%2C2%2C2%29%2C%28-3%2C-5%2C6%29%2C%28-2%2C-2%2C5%29%29+-+%28%281%2C0%2C0%29%2C%280%2C1%2C0%29%2C%280%2C0%2C1%29%29%29
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is 0 precisely if t = —%. Thus, A is non-invertible for ¢t = —% and
invertible otherwise.

We compute the characteristic polynomial. It is helpful to de-
velop the determinant of A — \id along the second column (Propo-
sition 5.20), since there are two 0’s in this column, simplifying the
formula:

. 1—A t
det(A — Aid) = (2—)\)det( 9 _1_)\>

=2-NW\-2t—-1).

The eigenvalues of A are therefore \; = 2 and Ayj3 = +£4/2¢ + 1.
The latter two eigenvalues are real numbers precisely if 2¢t +1 > 0,
ie.,ift > —3.

An eigenvalue appears with multiplicity 2 in the above charac-
teristic polynomial precisely if either 2¢ + 1 = 0 (so that Ay = A3),
le,t=—1 orif 2t +1=2 ie.,ift=3.

For t = —%, we compute the eigenspaces for the eigenvalues \; =
2 and Ay = 0. These are both 1-dimensional, respectively given by
E, = L(0,1,0) and Ey = L(2,—-3,4). The sum of their dimensions
is 2, which is less than 3, so A is not diagonalizable (Method 6.15).

C.7 Euclidean spaces

Solution of Exercise 7.2: The given equation describing U can
be rewritten as

ORI

which gives, with free parameters y = a and z = b, x = a—3b. Thus
U= {(CL - 3b7 a, b) ’ a, be R} = L((L 17 0)7 (_3’ 07 1))

As for the orthogonal complement U+, we know that dim U+ =
3 —dimU = 1 (Corollary 7.30). In order to compute Ut we need
to find the vectors that are orthogonal to U. The above equation

tells us that U is the orthogonal complement of the vector < ! )
3

Therefore U+ = L(( 4 >)

3
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In order to compute the projection of ¢ onto U, we apply the
Gram—Schmidt orthogonalization method. The vector v; = (1,1,0)
has norm ||v1]| = 2, so that w; = -=(1,1,0). Then

V2
—3,0,1>( e )] w;
0

(1,1,0)

wé =V — <v2,w1>w1 = (—3707 1) -

| —
—~

=(-3,0,1) +

g
Sl

=(-3,0,1) + (

3 3
= (=2,2,1).
(2727)

[\CRGV]
DO | o

70)

Y

We finally normalize this vector: [wh|| = 4/ + % +1 =4 /4 There—l

fore
2,33 3 3 2
A (=2 ) = (a2,

According to Theorem 7.24, the orthogonal projection is given by

Ct wipw + <t wa)wz = [(0,175)< ﬂog )} wy + [(0,1,5) 3( 3

11
1 n 213
N ST
11 13

:(5757 )+ﬁ<
_(—28 50 13)
V922792711
= (

33
22

?

14 25 13)
i1’ 1”

An alternative way to solve this, with slightly fewer computa-
tions, is the following: since t = ¢ty + t; is the unique decomposi-
tion, we can compute ty = t — t;. By the positive definitness of
(=, =) we have (U+)t = U, so we can also apply Gram-Schmidt to
U*L. This is somewhat simpler since U+ has dimension 1. Apply-
ing Gram-Schmidt to v = (1,—1,3), we have |v| = v/11, so that

w = \/Lﬁ(l, —1,3) is an orthonormal basis of Ut. Then, again by

)l



C.7. EUCLIDEAN SPACES 271

Theorem 7.24

t, = {t,wyw
1
=1(0,1,5)—(1,-1,3) | w
0.1, =0.-13)|
-2 g
Vi1
B (14 14 42)
M1 11 11”
Therefore
14 14 42 14 25 13
= —_ = 1 — —_— —— — = _— — . — ).

Solution of Exercise 7.4: U is given by the solutions of the
homogeneous linear system

(111)()-()

The left hand matrix can be brought to reduced row echelon form

as ( (1] ? (1) >, so that z = a is a free parameter and x = 0,

y = —a. This shows that U = {(0, —a,a) | a € R} and (0,—1,1) is
a basis vector of U. The orthogonal complement consists of vectors
orthogonal to (0, —1,1). As in the solution of Exercise 7.2 above, U
has been defined as the orthogonal complement of the two vectors
( 0 ) and ( . ) . These vectors therefore constitute a basis of U~.

0 1

We compute the orthogonal projection of t = (5,1, 3) onto U and
U+. This can be done using Gram-Schmidt orthogonalization as
above, but also by solving the linear system

()=l ) () (1)

This is quickly solved as ( b ) = ( 3 ), so that the projection of
2

(&

tOIltOUiSCL’(—Ol):<—01)
1 1
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Solution of Exercise 7.5: The orthogonal complement of T
is given by vectors (z,y,z) such that x — 3z = 0. le., with free
parameters y = a, z = b, x = 3b. Thus

T+ = L((3,0,1),(0,1,0)).

Solution of Exercise 7.6:

We want to find U such that U® U+ = R?® and t = (1,5,6) + 1,
with (1,5,6) € U and t; € UL. This in particular means that
(1,5,6)Lt,. Solving the equation

(1,1,0) = (1,5,6) + t,.
gives t; = (1,1,0) — (1,5,6) = (0,—4, —6). But
((1,5,6), (0, —4, —6)) = —20 + 36 = 16 # 0,

so these two vectors are not orthogonal. Therefore there is no such
subspace U.

We solve the second part similarly: we have t—(1,1,1) = (1,—1,0) ]
so the Ansatz is t; = (1,—1,0). We compute {(1,1,1),(1,—1,0)) =
0, so these vectors are orthogonal. We now compute U: (1,1,1) € U,
so that we can take U = L(1,1,1).

Solution of Exercise 7.7: According to Proposition 7.44, the
unique point v € R3 that is lying on L and as close as possible to
the origin is given by

v = Vg —pL(U0)7

where vy = ( 3 ) We will use Theorem 7.24 in order to compute
5

V1 v

Renormalizing this vector to norm one, gives wy = o] = \/—1—8. This

vector w; is therefore an orthonormal basis of TV. We then have

this. The underlying subspace W of L is spanned by v; = (

B

24
pr(ve) = g, wdwy = — (1
18\ 4
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(1 _% 1 s
=) ml) =)

This vector has norm

and therefore

lol = /27/9 = V3.

Solution of Exercise 7.8: The subspace W underlying L is

spanned by < 1 ) , while the equatios for L’ are equivalent to x = z
1

and y = z + 2. Therefore, this line has the underlying subspace

1 ) as well. Therefore, the lines are parallel. Let w = .
1 1

be the direction vector for both lines. Below, we will consider its

. . . . 1
renormalization to norm 1, which is w; = \/Lg< 1 >

1

Let vy = ( 0 ) and v = < 5 ) Then the distance vector
2 0

d = v — v, = ( 2 ) is not orthogonal to L ({d,w) # 0). We

2
compute the orthogonal projection of d onto W+ by computing

tamim=(1) (o -1(7)

This vector has norm 4/2/3, which is therefore the distance of L

and L'

Solution of Exercise 7.9: The two lines have underlying vector

spaces W = L(( | )) and W' = (< 4 )) respectively. These
1 1/2

two one-dimensional subspaces are not contained in each other: the
two vectors are linearly independent.

Letdz’l)g—’l)(l):((l))—(g):(_f). We compute the
0 0 0

orthogonal complement of

Z=W+W’=L(< 1 )( _51 )1/2)=L(( : )( _52 )1).
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It is given by the equations

r+y+z=0
20 =2y 4+ 2=0

which can be solved as L(< | )) This vector has norm 6, and
—2

1
is renormalized to norm 1 as w; = \/Lé( 1 ) We compute the
-2

orthogonal projection of d onto Z* as

prel(d) = d—{d,wdHw, = < i ) _%1( i > :é

This vector has norm 4/ %.

In particular, this distance is positive. This, together with the
above observation that W s W’ means that the lines are skew.
(If one is only required to show that the lines are skew, without
computing their distance, one can also solve the linear system given
by the intersection of L and L’; one finds out that this system has
no solution, so the lines are skew.)

Solution of Exercise 7.10: A useful way to sketch lines and

planes is by considering some points on them where several coordi-

nates are zero. In the case of P, three such points are (5,0, 0), (0, 4,0), (0,0, 2),}
while for L two such points are (0,5,0),(0,0,5). This leads to the

following sketch:
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z

The equation can be rewritten as

() (2))==

Thus, the underlying vector space W is the orthogonal complement

of the vector ( g

10

The line L has as its underlying vector space W’ = L(< 1 ))

-1

If P and L are parallel, then W’ < W. This means that ( 1 )
—1

is orthogonal to ( 5 ) Their scalar product is 5 — 10 = —5 # 0,

10
so that these vectors are not orthogonal and therefore L and P are
not parallel.
We compute the distance of P to the origin using Proposition 7.46:

2
40, p) = — 20

20

(g v
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We compute the closest point by determining the (unique) intersec-
tion point P n W+. We are thus seeking the real number 7 such

that T( 5 ) = ( o ) lies on the plane P, i.e., such that

10 107

((3) ()=

The left hand side equals (16 + 25 4+ 100) = 141r, so that r = %,

and therefore the point in P that is as close as possible to the origin

is
20 4
— 5 .
141\ 10

Solution of Exercise 7.11: We apply Theorem 7.37, according

to which a matrix is orthogonally diagonalizable if and only if it is

symmetric. This excludes A = _12 ? . The other two matrices

are symmetric and therefore orthogonally diagonalizable. The ma-

trix A = 8 8 > is already a diagonal matrix, so for P = id the

matrix PAP~! is diagonal. The standard basis vectors e, e; are an
orthonormal eigenbasis.
1 2 . .
For A = 9 1 >, we compute the eigenvalues as was indicated

after Theorem 7.37.

a+d (a —d)
Aijp = + b2
s N T T
=142

Thus the eigenvalues are —1 and 3. We compute the eigenspaces.

The matrix A—(—1)id = < ; g

-2 2
2 =2
These vectors are orthogonal:

<61—62,€1+62>=<< 4 ),( : >>=0.

) has kernel given by w; := e; —es.

The matrix A—3id = ( ) has kernel given by wy := e;+es.
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However, they are not normal, so an orthonormal eigenbasis for A
is given by

w1 1 L Wo 1 .
mzjﬁ( _1>andm=\/—§( 1 )
Solution of Exercise 7.12: If Av = \v, Aw = Aw, we compute
Mo, wy = Qw,w)

= (Av,w)

= (Av)Tw

= ol ATw

=T Aw since A = AT

= (v, Aw)

= (v, pw)

= v, w).
Since A\ # p, this forces (v, w) = 0.

Solution of Exercise 7.13: By definition, the hyperplane P is
given by the equation

(2,0,1,-1)7, (21,...,20)") = 4.

In other words, the underlying sub-vector space W < R* of that
hyperplane is the subspace

((2,0,1,-1)", (21,...,24)" ) = 0,
T

or, what is the same, the orthogonal complement of (2,0,1,—1)".
The underlying subspace W} of the line L, is spanned by (¢,1,0, —1).J]

By Definition 7.41, P is parallel to L; if W < W/ (which is impos-

sible for dimension reasons) or if W) < W. The latter is equivalent

to (t,1,0,—1) € W or, yet equivalently,

(t,1,0,-1)7,(2,0,1,-1)") = 0.

This equates to 2t + 1 =0 or t = —%.
We now compute the pair(s) of points realizing the minimal dis-
tance between P and L := L_1. We will use that these are exactly

the points (p,!) such that p — EJ_W and p — [ LW,
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The point [ € L = L_1 is of the form

%
1
L= (1,0,0,1) + (=5, 1,0,~1)
—(1-5,25,0,1—25) withs=g.

On the other hand a point p = (z1,...,x4) € P satisfies
201 + x3 — x4 = 4,

so we can take 1 = a, xo = b and x3 = ¢ as free parameters and
get x4 = 2a + ¢ — 4. That is p = (a,b,¢,2a + ¢ — 4). Therefore

p—Il=(a+s—1,b—2s,¢,2a+ c+2s—5).

Note that a,b,c,s are the unknowns. We now determine the
values of these unknowns. The orthogonal complement of W, W+ =
(((2,0,1,—-1)T)4)t = L(2,0,1, —1). Here we use that for a subspace
U < R"™, we have

(UHt =U.
(Indeed, U <= (U*)*: for u € U and v’ € U+ we have (u,u’) = 0,
so that v € (U1)L. Both vector subspaces of R" have the same
dimension, and therefore they agree.)

This means that we are looking for a,b,c,s € R such that the
following conditions are satisfied

e p—lisamultipleof (2,0,1,—1),say A(2,0,1,—1) = (2X\,0,\, —=\).}}
This translates into a linear system

a+s—1=2\
b—2s=0
c= A\

2a +c+25s—5H = —)\.

e We now spell out the condition that p — [ is orthogonal to
(—%, 1,0, —1)T or equivalently, to (—1,2,0, —2):
0=<p—1(-1,2,0,—2)")
=—(a+s—1)+2(b—2s) —2(2a + ¢+ 25— 5)
= —ba + 2b —2c —9s + 11.
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We obtain a linear system in the 5 unknowns a, b, ¢, s, A:

a+s—2\A=1

b—2s=0

c—A=0

20+ c+2s+A=5
—ba + 2b —2¢ — 9s = —11.

One solves this using Gaussian eliminiation (or, using an appro-

priate computer algebra system, cf. https://www.wolframalpha.|]
com/input?i=Solve%28%28-5a%2B2b-2c-9s%2B11%3D0%2Ca%2Bs- 1%}
3D217%2Cb-2s%3D0%2Cc%3D1%2C2a%2Bc%2B2s-5%3D-1%29%29) and]]
obtains as solutions the vectors

1 1
(a,b=4—2a,c=5,)\25,5:2—@).

Thus

1 7
= (a,4 —2a,~,2a — ~
p <a7 a’727 a’ 2)

l=(1-(2—-a),2(2—a),0,1-2(2-a)) = (a—1,4—2a,0,—-3 H2a).

This implies that for any point [ € L, there is a unique point
p € P such that (p,[) realizes the minimal distance between P
and L.

Solution of Exercise 7.17:  We compute in fact directly an
orthonormal basis, which in particular is then orthogonal. (The
property of also being normal is convenient further below.) We
apply the Gram—Schmidt procedure:

wq

/
Wy

Wy =

1
— —(1,2,0,-1),
oy )
1 1
= (0,-4,3,4) — { (0,-4,3,4), —(1,2,0,-1) Y—(1,2,0, -1
( ) << ) >>%< )

6
= (0,-4,3,4) +2(1,2,0, 1)
= (2,0,3,2),
1

—_(2.0,3,2).
WA )


https://www.wolframalpha.com/input?i=Solve%28%28-5a%2B2b-2c-9s%2B11%3D0%2Ca%2Bs-1%3D2l%2Cb-2s%3D0%2Cc%3Dl%2C2a%2Bc%2B2s-5%3D-l%29%29
https://www.wolframalpha.com/input?i=Solve%28%28-5a%2B2b-2c-9s%2B11%3D0%2Ca%2Bs-1%3D2l%2Cb-2s%3D0%2Cc%3Dl%2C2a%2Bc%2B2s-5%3D-l%29%29
https://www.wolframalpha.com/input?i=Solve%28%28-5a%2B2b-2c-9s%2B11%3D0%2Ca%2Bs-1%3D2l%2Cb-2s%3D0%2Cc%3Dl%2C2a%2Bc%2B2s-5%3D-l%29%29
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The vectors w; and ws then constitute an orthonormal basis of U.
We compute the orthogonal complement of U by solving the equa-
tions (for some v € R?)

(v,(1,2,0,-1)y =0
(v, (0,—4,3,4) = 0.

We consider the matrix of the resulting linear system, and bring it
into row echelon form:

1 2 0 -1\ (12 0 -1\ (10 5 1
0 —4 3 4 01 -3 1 01 =3 1)

Thus, if v = (21, ...,1x4), then x5 and x4 are free variables, so that a
basis of U+ is given by the two vectors (—%, %, 1,0) and (—1,1,0,1).

We compute the orthogonal projection

pu(v) = (v, wHwy + (v, wa ywoy
~ (3,2,3,1).

If we write w = [ + [+ with I+ € L*, then It = w—1 =
(2,—,1,0,2) — (1,1,2,0) = (1,—2,—2,2). This vector would need
to be orthogonal to (1,1,2,0), which however it is not (since their
scalar product is —5 # 0). Therefore, such a subspace L does not
exist.
These computations may be carried out also using a computer
algebra system, for example the Gram—-Schmidt orthogonalization
procedure like so: https://www.wolframalpha.com/input?i=0rthogonalize}
5B%7B%7B1%2C2%2C0%2C-1%7D%2C%7B0%2C-4%2C3%2C47,7D%7D%5D.

Solution of Exercise 7.18: We first compute L in the form
L = vy + W. We choose vyp = (0,1,—1). In addition, the point
(1,2,1) is also lying in L. Therefore W is spanned by (1,2,1) —
(0,1,—1) = (1,1,2).

Similarly, we can compute M = (1,—2,0) + L((2,1,1)). The
two vectors (1,1,2) and (2,1, 1) are linearly independent, so that L
and M are not parallel nor identical. We compute the intersection
L n M. We have the equations 1 —y =z = 2y + 1, so that y = 0.
We also have 20 — 1 = 2 =y + 2, so that 2 =2 and x = %, but then
we get a contradiction to 1 —y = x. Thus L n M = J. Therefore,
L is skew to M.


https://www.wolframalpha.com/input?i=Orthogonalize%5B%7B%7B1%2C2%2C0%2C-1%7D%2C%7B0%2C-4%2C3%2C4%7D%7D%5D
https://www.wolframalpha.com/input?i=Orthogonalize%5B%7B%7B1%2C2%2C0%2C-1%7D%2C%7B0%2C-4%2C3%2C4%7D%7D%5D
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We compute the requested plane P by observing that its underly-
ing vector space W is spanned by (1,—1,2) and (2,1, 1). Moreover,
the point (1,0,2) € P. Thus P = (1,0,2) + L((1,-1,2),(2,1,1)).
The orthogonal complement of W is spanned by (1, —1,—1), as one
sees by solving the linear system a —b+2c = 0,2a+b+c = 0. Thus,
P is of the form

(v, (1,-1,-1)) =d.
To compute the number d, we use that (1,0,2) € P, so that d =
((1,0,2), (1, =1, -1)) = —1.

A general point on M is of the form (1 + 2r,r,2 + r). With
[ = (0,1,—1), the vector v :=m —1 = (14 2r,r — 1,3+ r). The
line spanned by this vector is parallel to the plane defined by the
equation 3z — z = 0 precisely if (v, (3,0, —1)) = 0. This leads to the
equation

3+6r—3—r=20,
ie, r=0,so that m = (1,0,2).

We compute the coordinates of r, = (z,y,2) as z = a, v =

11+ ),y = 3(1 — ). Similarly, s, = (2a — 3,a — 2,a). The

midpoints m, = o3 = (22=2 223 ) are precisely the points on
the line

4 7 4

(—2 =20+ L((5, 3. ).

Solution of Exercise 7.19: We have L = p + L(q — p), i.e.,
L = (3,1,0) + L(-3,0,3). (Other solutions are possible as well,
eg., L = q+ L(—3,0,3).) We determine whether r lies on L by
considering the linear system

3—3t=-3
1=0
3t = —3.

The second equation is a contradiction, therefore there is no t € R
satisfying this linear system. Thus r ¢ L.
We describe the plane P containing the points p, ¢, 7 in two ways:

P=p+Lig—p,r—p) =(3,1,0)+ L((-3,0,3),(—6,—1,—-3)).

The orthogonal complement of w; = (—3,0,3) and wy = (—6, —1, =3)|
is the line spanned by a := (1, —9,1). Thus

P = {z e R¥(z,a) = (p,a)}
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which we can write out as

1
P={ze R3|<x, -9 > = —6}
1

or, equivalently

Solution of Exercise 7.20: The line M, given to us by the systen
r+2z =2, x—2y=2is also described as M = (2,0,0)+ L(2,1, —2).
Its underlying vector space is therefore spanned by (2,1, —2), while
the underlying vector space of L is spanned by (1,0,—1). These
two vectors are linearly independent. We compute the intersection
of L and M by taking a general point [ = (3 +¢,1,—t) € L and
m = (2 + 2s,s,—2s) € M, with ¢, s € R. The three coordinates of
the equation [ = m read:

3+t=2+2s
1=s
—t = —2s.

The second and third equations give s = 1, t = 2. The first then
gives 5 = 4, which is a contradiction. Thus, there is no point lying
on L and on M, ie., Ln M = ¢&. Thus L and M are skew, so no
plane contains L and M.

Solution of Exercise 7.21: Writing ¢ = (z,y, 2) for z,y,z € R,
the line M is then given by M = p + L(¢g —p) = (—=1,—-1,—-1) +
Lx+1y+1,z2z+1).
The line M will be orthogonal to L precisely if
(x+1,y+1,z+1)L(1,0,—1),

ie,ifr+1—2—1=0,ie.,ifx =2z
As in the solution of Exercise 7.20 above, the line M (with x = z)
intersects L precisely if the linear system
3+t=—-1+s(z+1)
1=—1+s(y+1)
—t=—-1+s(x+1)
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has a solution (s,t) € R% To get a clearer view of this, we write
down the augmented matrix for this linear system, keeping in mind
that z,y are parameters in this linear system, and s,¢ are the un-
knowns. Note this is a linear system in two unknowns, but three
equations.

—r—1 1 | -4 —r—1 1|—-4
—y—1 0 | =2 |~ —y—1 0| =2
—rx—1 —1|-1 —2xr—2 0| -5
A —rx—1 1| —4
if y#— 2
—2x—2 0| =5
z+1
0 1] —4+2%5
~ 1 1 0 2
y+12x+2
0 0] =5+233
If y = —1, then we have no solution in the above system, due to the

row 0 0 | —2 in this case. Otherwise, for y # —1, we can perform the
elementary row operations as indicated above. This system has no
solution if the term —5 + 22;%12 # 0. If, on the contrary, the bottom
right entry is zero, then the system does have a unique solution
(since we then have two leading ones in the matrix). This bottom
right entry is zero precisely if 5(y + 1) = 4z + 4, or, equivalently, if

4r—1

5
We therefore find that the line M through p and ¢ = (z,y, 2)
intersects L orthogonally precisely if z = x, y = “T_l and y # —1.

Solution of Exercise 7.22: Any line M passing through p is of
the form M = p + L(w). We compute w = (a, b, c) by considering
the two conditions on M:

e M 1L holds exactly if wl(1,1,1),i.e,ifa+b+c=0.

e M < P holds exactly if wl(3,—4,1). Indeed, the underlying
subspace of P is given by 3z—4y+2z = 0, i.e., it is the orthogonal
complement of (3, —4,1). That is, 3a — 4b + ¢ = 0.

We have to solve the homogeneous linear system associated to the

matrix
1 1 1 — 1 1 1
3 -4 1 0o -7 =2
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so a solution is given by b = 2, ¢ = —7 and a = 5. (Any other
non-zero multiple of (5,2, —7) is also a solution.) Therefore

M =p+ L(w) =(0,1,6) + L(5,2,—T7).

Solution of Exercise 7.23: The cartesian equations of the line
Ly are obtained by inserting x = t into the equation for z, which
gives

Yy =2
T+ z=4.

We compute the intersection of L; and L,, and at the same time
determine whether they are parallel or not. The linear system for
L1 n Ly is (the first two equations are for Lo, the latter two for L;)

Yy =2
r+z=4
20 —y = -3
y+z=-2

We form the augmented matrix of this linear system and bring it
into row echelon form:

1 0 1] 4 1 0 1 | 4 1 0 1
0102W0102W010
2 -1 0|3 0 -1 —-2|-11 0 0 -2
0 1 1|-2 0O 1 1 | =2 0 0 1
10 1] 4
W0102
00 -2 -9
0o 0 0 |-—-17

If we only consider the first three columns (corresponding to the
three variables), the matrix has rank 3. This shows that the lines
are not parallel (otherwise the rank would be 2). The full matrix
has rank 4. Therefore there is no solution of the linear system and
the lines are skew.

Part (2): The plane m contains Ly and the direction of L; (i.e.,
the underlying sub-vector space) is contained in the directions of 7
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(i.e., its underlying sub-vector space). We therefore first compute
the direction of L;. The system

Ly : 22 —y= -3
y+z=-2

leads toy = 2x + 3, 2 = —y — 2 = —2x — 5, in which x is a free
variable. Thus

Ly = {(z,2x + 3,—2x — 5)|r € R}
={(0,3,-5) + x(1,2,-2)|z € R} (C4)

Thus the direction of Ly is (1,2,—2). (Alternatively, one may ob-
serve that the points p = (0,3, —5) and ¢ = (1,5, —7) satisfy the
linear system describing Ly, so that Ly = (0,3, —5) + L(q — p).)

The plane 7 is of the form 7 = {v = (z,y,2) € R*|(v,a) = d}
for some vector a = (a1, as,a3) and d € R. Le., 7 = {(z,y, 2)|a1x +
asy +azz = d}. Its underlying subvector space is a1z + ag + azz = 0.
The condition L; being parallel to 7 translates into (a,v;) = 0,
where vy = (1,2, —2) is the direction of L;. The condition Ly < 7
translates into {(a,vyy = 0, where vy = (1,0, —1) is the direction
vector of L. These two conditions give the linear system

ay + 2a, — 2a3 =0

al—a3=0.

Thus a; = ag and a; = 2as, and ay (say) is a free variable. We choose
as = 1 (note: any other non-zero number as would eventually give
rise to the same plane 7 below), so that a = (a1, a2, a3) = (2,1,2).
Thus, 7 = {(z,y, 2)|2x +y+ 2z = d}, where we still need to compute
d. 1t is enough to choose d such that 7 contains any point of Ls, for
example e := (0,2,4). We compute {(a,e) =2-0+1-2+2 -4 = 10.
Thus, d = 10, so that

7 ={(z,y,2)]2x + y + 2z = 10}.

Part (3): By construction L is parallel to m, so to compute
the distance of m and Ly, we may choose any point ¢ € L; and to
compute its orthogonal projection onto m, which we call ». Then
d(ﬂ-a Ll) = d(Q7 T)'

The line passing through ¢ and r is orthogonal to 7, so it has
direction vector (2,1,2). We choose ¢ = (0,3, —5). The line passing
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through ¢ and orthogonal to 7 is then of the form
M =(0,3,-5) + L(2,1,2),

its points are of the form r, = (2¢,3 + t, —5 + 2t) where t € R. The
intersection of that line with 7 is given by the unique value of ¢ such
that r, e m, i.e.,

2(2t) + (3+t) +2(—5 —2t) = 10.

This simplifies to 9t = 17 or t = 137. Thus r = 79 = (2,4, —
We then have

34 44 11
d(Ly,m) = dg.7) = (0,3, -5) = (G g~ 5
IR O N
— 9 Y 9 ) 9 - 3 .

Part (4): we already know the lines are skew, so there will be
unique points in L; and Ls, respectively, realizing the minimal dis-
tance. We compute these points using Theorem 7.56(4). A general
point p; € Ly is of the form p; = (¢,2,4 —t) (with t € R). By (C.4),
a general point in L; is of the form ¢, = (s,3 + 2s,—5 — 2s) (with
s € R). The vector p, — qs = (s —t,1 + 25, —9 — 25 + t) needs to
be orthogonal to the directions of L; and Lo, which we computed
above as (1,2, —2) and (1,0, —1). This leads to the linear system

O0=s—t+2(1+2s)—2(—9—2s+1%)=9s—3t+20
O=s—t—(-9—2s+t)=3s—2t+9

This can be solved to t = % and s = —133, which gives
7T .5
= (=2 =
Pry3 (37 ) 3>a
y 13 17 19)
q-13/9 = 9' 9’ o’

Solution of Exercise 7.24: We first compute a basis of U by
computing the kernel of the matrix

1010W1010
21 0 -1 01 -2 -1
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The third and fourth variables are free, and a basis of U is given by
the vectors u; = (0,1,0,1) and us = (—1,0,1,0). These two vectors
happen to be orthogonal, so they form an orthogonal basis. (If one
chooses a different basis of U, one may apply the Gram—Schmidt
algorithm to make them orthonormal, for example.)

Since dim U+ = 4 — dim U = 2, it suffices to find any non-zero
vector wy € U™ that is also orthogonal to w;. We are thus looking for
a non-zero vector in L((—1,0,1,0),(0,1,0,1),(1,1,—1,—1))*. This
is the kernel of the matrix

-1 0 1 0 o1 0 -1
01 0 1 |~[01 0 1 |,
1 1 -1 -1 1 1 -1 -1
so if wy = (xy,...,24), We obtain 9 = x4 = 0 and z; = x3, so

wy = (1,0, 1,0) satisfies the requested properties.
The orthogonal complement U* is defined by the equations

—xr1+23=0

$2+$4=0.

Solution of Exercise 7.25: The points l; := (0,2,1) and I :=
(2,3,0) lie in L, so that the direction vector of L, which is the
difference of the two points, is (2,1, —1).

Likewise the points m; := (1,1,2) and (5, 3,0) lie on M, so that
its direction vector is (4,2,—2). This is a multiple of (2,1,1), so
the two direction vectors span the same (1-dimensional) subspace of
R3, so the lines are parallel.

In order to compute the plane P containing M and L we use
that P is uniquely determined (since M # L) by the condition that
l1,l3,mq € P. Thus

P = ll + L(lg — ll,ml — ll)
= (0,2,1) + L((2,1,-1), (1,—1,1)).

In order to compute the cartesian form of P, we compute the orthog-
onal complement of (2,1, —1) and (1, —1,1): it is the 1-dimensional
subspace of R? spanned by a vector (a, b, ¢) satisfying 2a+b—c =0
and a — b+ ¢ = 0. This implies a = 0 and b = ¢, and c¢ is a free
variable. Thus the normal vector of the plane P is (0,1,1) (or any
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nonzero multiple thereof). Taking into account that (0,2,1) € P,
we have

P ={veR*[v,(0,1,1)) = {(0,2,1),(0,1,1))}
= {ve R*(v,(0,1,1)) = 3}
= {U = (x,y,z)]er Z = 3}

For the second part, we first compute what a general point g € M
looks like. From the above, we have

M = (1,1,2) + L(4,2,-2),

SO
gq=(1+4r,1+2r,2-2r),r€R.

For p = (0,2, 1), this implies
p—q=(—4r—1,-2r+1,2r—1).

This vector needs to be orthogonal to the direction vector of L,
which is (2,1, —1). Thus

0=2(-4r—1)+1(=2r+1)—(2r—-1)
= —12r

so that r =0, and ¢ = (1, 1, 2).
For the third part, we write X in cartesian form

X = {veR*(v,a) = b}.

We need to compute the normal vector a and the number b. Since
we seek L < X, the direction vector of L, (2,1,—1) needs to be
orthogonal to a = («, f3,7), i.e.

2+ 3 —v=0.

Moreover, the vector w := r—Il; = (—=1,1,0)—(0,2,1) = (—1,—1, 1)}
needs to be orthogonal to a as well, since r and [; € X. Thus

—a—pF—v=0.

We solve this as o = 27, § = —3v, and v € R is a free variable,
which we choose to be 1. Thus a = (2,-3,1). We compute b by
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observing that the equation defining X needs to be satisfied for r,
so that d = (a,r) = —5. Thus

X ={(z,y,2)]2z — 3y + z = —5}.
For the last part, we have
N =r+ L(w),

and we need to compute the direction vector w of the line .
Since N < X, we have wla = (2,-3,1). Since NLL, we have
wl(2,1,—1) (the direction vector of L). In other words, w is a
vector in the orthogonal complement of these two vectors, or equiv-
alently, the kernel of the matrix

2—31W2—31
2 -1 0 4 =2 )

1
Thus for w = (a, 8,7), v is a free variable, which we can choose to

be?,sothatﬁzéﬂy 1,anda=3ﬂTﬂz¥=%. Thus

N

1
(—1,1,0) + L(§, 1,2)
or, equivalently, for example:
N =(-1,1,0) + L(1,2,4).

Solution of Exercise 7.26: We form the matrix associated to
the linear system and bring it into row echelon form

1 =2 0 1 1 =2 0 1 1 =2 0 1
0 3 1 -2 |~ 0 3 1 =2 ~1 0 3 1 =2
3 0 2 t 0 6 2 t-3 0 0 0 t+1

This matrix has rank 2 if ¢t + 1 = 0, i.e., if t = —1. Otherwise, for

t # —1, its rank is 3. We compute a basis of U for t = —1 using

Method 2.32. The result is u; = (—2,—1,3,0) and us = (1,2,0, 3).
We apply Proposition 7.31:

1
wy = ur/|w] = —=u

Vi -
/
wy = Uy — (U, Wy yw
4
— (1,2,0,3) + (~2,1,3,0)
= (3/7,12/7,6/7,3).
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The vectors wy and w, form an orthonormal basis of U. (It is possi-
ble, but here not asked for, to compute wy = wh/||wh|, then w; and
wy form an orthonormal basis of U.)

The subspace U+ consists of the vectors that are orthogonal on
the basis vectors of U, i.e., the kernel of the matrix

-2 -1 3 0
1 2 0 3 )°
A basis of this can be computed again by Method 2.32, for example
(2,-1,1,0) and (1,-2,0,1) form a basis of U*.
The subspace W will be the orthogonal complement of the line

passing through v and w. The direction of that line is v — w =
(2,0,1,—3), so that

W = {2$1+.’L’3*3CE4=0}.

Solution of Exercise 7.27: We verify B € X by plugging in the
coordinates of B:
2.1-1-2-(—1) =3,

so it satisfies the equation defining X. We now compute C' = px(A).
The normal vector of the plane X is n = (2,—1,—2). Thus C =
A—rn = (6—2r,—1+r,—4+ 2r), for some r € R. In order for
C € X, this needs to satisfy the equation defining X, i.e.,

26 —2r)—(—1+7r)—2(—4+2r) =3,

which simplifies to 21 — 9r = 3, i.e., r =2 and C' = (2,1, 0).
The plane containing the points A, B, C is of the form

A+ L(C—A,B- A).

In order to present this in cartesian form, we compute the orthogonal
complement of C'— A = (—4,2,4) and B — A = (=5,2,3), which is
the line spanned by w := (—1,—4,1). The plane is then given by

{33' € R3‘<x7w> = <A7 w>}7

le.,
{x e R®| — ) — 4wy + 73 = —6}.
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The line that a) passes through B, b) is contained in the plane X
and c) is orthogonal to the line passing through A and B, is given
by

L =B+ L(v).

By the conditions, (v,B — Ay = 0 and {v,n) = 0. le., v is any
non-zero vector in the orthogonal complement of B — A = (—5,2,3)
and n = (2,—1,—2), for example v = w = (—1,—4,1). Thus

L=(1,1,-1)+ L(-1,-4,1).

The direction vector of M; can be found by choosing two points
on M, for example E = (0,2,—1) and F' = (1,2 + t,—2). So the
direction vector of M, is equal to F' — E = (1,t,—1). This needs to
be orthogonal to n = (2,—-1,-2). Le., (n, F — E) = 0, which gives
2—t+2=0,s0t=4.
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absolute value, 8, 150
adjugate, 156
affine subspace, 197
algebraic form, 7
angle sum identities, 12
argument, 10
associativity, 12

of addition, 44

base change matrix, 130
basis, 67

standard, 67
bilinear form, 181
bilinearity, 181

Cartesian equation, 201
cartesian equations, 203
characteristic polynomial, 165
codomain, 83
coefficient, 19, 52
cofactor, 156
cofactor expansion, 160
column space, 99
commutativity, 12

of addition, 44, 45
complex conjugation, 8
complex numbers, 7
component, 42
composition, 109, 222
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constant, 102
constant term, 19
coordinate system, 68

de Moivre’s formula, 14
degree, 52

of a polynomial, 53
derivative

of a polynomial, 84
determinant, 152

of a 2 x 2-matrix, 149
diagonalizable, 169
dimension, 68
direct sum, 54
distance, 186
distributive law, 45
distributivity law, 12, 45
domain, 83

eigenbasis, 145, 171
eigenspace, 145, 168
eigenvalue, 145, 164
eigenvector, 164
elementary matrices, 117
elementary operations, 25
elementary row operations, 31
equation

linear, 19

nonlinear, 21
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equivalent, 125

Euclidean vector space, 185
Euler’s identity, 16
exponential, 170

field, 13, 20
function
bijective, 94
constant, 52
injective, 94
linear, 52
quadratic, 52
surjective, 94
Fundamental theorem of
algebra, 13, 167

Gaussian algorithm, 31
Gaussian elimination, 30
Gaussian eliminiation, 31
generating system, 60
Gram—Schmidt
orthogonalization, 192

Hesse matrix, 185
Hesse normal form, 201
homogeneous linear system,

47
hyperplane, 200

identity matrix, 115
image, 94, 137
imaginary part, 8
imaginary unit, 167
intersection, 222

of subspaces, 50
intersects, 198
inverse, 104, 119
invertible, 119
isomorphism, 119

kernel, 95

INDEX

law of cosines, 180
linear
approximation, 21
combination, 57
equation, 19
hull, 58
independence, 63
map, 83
system, 21
transformation, 83
linear combination, 57
linear hull, 58
linear map
inverse, 119
linear system
equivalent, 25
homogeneous, 24
linearly dependent, 63
linearly independent, 63

main diagonal, 115

map
identity, 85
zero, 89

matrix, 27
associated to a linear

map, 106
associated to a linear
system, 29

augmented, 29
diagonal, 163
indefinite, 183
lower triangular, 158
orthogonal, 194
positive definite, 183
rotation, 91, 161
row-echelon, 30
shearing, 171
similar, 176
square, 27
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upper triangular, 142, 158
Minkowski space, 183

negative definite, 183
norm, 180, 183
nullity
of a linear map, 97
of a matrix, 98

one-to-one, 94
onto, 94
ordered
pair, 41
triple, 41
tuple, 41
origin, 48
orthogonal, 182, 186
orthogonal complement, 188
orthogonal projection, 190,
194
orthogonally diagonalizable,
195
orthonormal basis, 190
orthonormal system, 189

parallel, 198
parallelogram law, 44
parametric equations, 203
polynomial, 52

linear, 52

quadratic, 52
preimage, 94, 138
principal argument, 10
principal axes, 195
principal axes theorem, 195
principal submatrix, 184
product, 110, 222

of polynomials, 54
Product formula, 157
proper subset, 222
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Pythagorean theorem, 180

rank
of a linear map, 97
of a matrix, 98
rank-nullity theorem, 73, 97
real part, 8
realize the minimal distance,
198
reciprocal, 123
reflection, 84
row space, 99
row-echelon form, 30
reduced, 30

saddle point, 185
Sarrus’ rule, 155
scalar multiplication, 44, 45
scalar product, 179, 181
skew, 198
solution set, 19
span, 58, 60
standard basis, 67
subset, 222
subspace, 49
sum
of polynomials, 53
of subspaces, 59
of vectors in R", 43
of vectors in a vector
space, 45
symmetric, 141
symmetry, 181
system, 21
system of linear equations, 21

Taylor series, 72

trace, 141, 173

transpose, 132
trigonometric functions, 226
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trivial solution, 25

union, 76, 222
unit circle, 9
unknown, 19

variable, 19
free, 33
vector, 42, 45

INDEX

column, 27
row, 27
zero, 42, 45
vector equations, 203
vector space, 45
finite-dimensional, 69
infinite-dimensional, 69

zero vector, 42
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